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Abstract. Graph theory is a helpful tool in studying group properties. There has been a 
strong relationship between group (finite group) and graph theories for more than a 
century. The order graph of a finite group is the graph (undirected) whose vertices are the 
elements of the group and for any two distinct verticesH andK  there is an edge fromH  
to K , if and only if, order of H divides order of K (or vice-versa). In this paper, we 
focus on the interplay between the group-theoretic properties of G (finite group) and the 
graph-theoretic properties of ( )GΓ (undirected graph). 
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1. Introduction 
Graph theory is the study of graphs, which are mathematical structures, used to model 
pair wise relations between objects. Group is a set of objects with a rule of combination. 
Given any two elements of the group, the rule yields another group element depending 
upon the elements chosen. The information in a group can be represented by a graph, 
which is a collection of points, called “vertices” and lines between them, called “edges”. 
There are many ways to establish a link between graph and a finite group, which results 
into many of the group properties. The association between a graph and a group (finite) is 
usually determined by the adjacency of the vertices. To be more specific, to make the 
edges we pick some elements from the group. The combinatorial properties of graphs 
have been employed to investigate the theoretic algebraic properties of groups and vice 
versa. The relationship between a graph and a group (finite) was first introduced by 
Arthur Cayley  in 1878 [1,7] in which a graph represents a finite group. Cayley graphs 
geometrically display the actions of a finite group. There are some other well-known 
graphs associated with finite groups such as the power graph [6]. It is the graph of a 
group G which has all elements of G as vertices, such that two distinct vertices are 
adjacent if and only if, one of them is a power of the other. Prime graphs, came into 
existence as a by-product of some cohomological questions raised by K.W. Gruenberg in 
the 1970s [10]. The order graph of a finite group is the undirected graph whose vertices 
are the elements of the group (finite) and for any two distinct vertices there is an edge if 
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and only if, one divides the other. The main objective of the paper is to focus on the 
structure of order graphs with its basic results. The paper is organized as follows. In 
Section 2, we recall some basic definitions of graphs. Section 3 and Section 4 
respectively deals with order graphs, Sub-graph of a order graph with their basic 
properties. 
 
2. Pre-requisites 
Throughout this paper,G  denotes a finite group and Γ  represents an undirected graph. 
Let )(Go denotes the order of G , the number of elements in a group. A group G  is said 

to be ap -group, p -prime, if order of every element of the group G  is the power of 
prime p . 
 
Definition 2.1. A graph Γ  is a triple ( )ϕ,,EV  consisting of a non-empty set ( )ΓV  of 

vertices, a set ( )ΓE of edges and an incidence function ϕ  that associates with each edge 
of Γ  a pair of vertices (not necessarily distinct) of Γ . 
Consider an undirected graph( )ϕ,,EVΓ . Then we have the following observations. 

• Let ( )Γ∈Vyx,  are said to be adjacent, if there is an edgee, so that 

( )yxe ,)( =ϕ  or ( )xye ,)( =ϕ . An edge Ee ∈  is called a loop (self loop), if 

( )xxe ,)( =ϕ  for ( )Γ∈Vx  
 

• A sub graph ( )∗∗∗Ω ϕ,,EV of a graph ( )ϕ,,EVΓ  is a graph in which VV ⊆∗ , 

EE ⊆∗ . 
 

• The graph Γ  has multiple edges, if there exist two edges e and f in ( )ΓE , such 

that ),()()( yxfe == ϕϕ  for ( )Γ∈Vyx, .If ( )Γ∈Vx , then the degree of x , 

denoted by )deg(x , is the number of edges incident with it. 
 

• The graph Γ  is a simple graph, if it has no loops or multiple edges. A path 
between two elements ( )Γ∈Vyx,  is a sequence of edges which connect a 
sequence of distinct vertices. The number of edges in a path is called the length 
of a path. 
 

• The distance between ( )Γ∈Vyx,  denoted by ( )yxd , ,  is the length of a 
shortest path between x  andy . The diameter of a graph Γ  is denoted by 

( )Γdiam  and is defined to be ( ) ( ){ }Γ∈=Γ Vyxyxddiam ,:),(max .  
 

• A cycle is a non-trivial path in a graph from a vertex to itself. The girth of graph
Γ , denoted by ( )Γgr  and is defined to be the length of shortest cycle in Γ , 

( ) ∞=Γgr  if Γ  contains no cycles. 
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• A graph Γ  is said to be connected, if there is a path between any two distinct 

vertices, otherwise it is disconnected graph. 
 

• A complete graph is a simple graph whose vertices are pair-wise adjacent; the 
complete graph with n  vertices is denoted by nK . 

 
• A graph Γ  is called complete bipartite, if there exist disjoint subsetsA , B  of 

( )ΓV  such that ( )Γ=∪ VBA  and ),( yx  for any Ax ∈ and By ∈ . When 

graph Γ  is finite, complete bipartite graphs are denoted by nmK , ; where mA =  

and nB = . A star graph if given by nK ,1=Γ  

 
3. Order graphs and their properties 
Definition 3.1. Let G  be a group. The order graph of G is the graph (undirected) ( )GΓ , 

whose vertices are non-trivial sub-groups of G  and for two distinct vertices H and K
there is an edge from H  toK ,  if and only if either  ( ) ( )KoHo   or  ( ) ( )HoKo  
The order graphs of 8Z  and 10Z  are as follows. 

 
Example 3.1. Let 8ZG =  be the cyclic group of order 8 then, vertex set { }8,4,2,1=V  

and edge set { }654321 ,,,,, eeeeeeE =  where ( )2,1)( 1 =eϕ , ( ) ( )4,12 =eϕ , ( ) ( )8,13 =eϕ
, ( ) ( )8,24 =eϕ , ( ) ( )8,45 =eϕ  and ( ) ( )4,26 =eϕ  

 

 
 

Figure 1: 
Example 3.2. Let 10ZG =  be a cyclic group of order 10. Then vertex set { }10,5,2,1=V  

and edge set { }54321 ,,,, eeeeeE =  where ( )2,1)( 1 =eϕ , ( ) ( )5,12 =eϕ , ( ) ( )10,13 =eϕ , 

( ) ( )10,24 =eϕ  and ( ) ( )10,55 =eϕ  



Avinash J. Kamble  and Ravindra P. Rewaskar 

24 

 

 
Figure 2: 

 
Lemma 3.1. For any finite groupG , there exist a vertex of ( )GΓ  which is adjacent to 
every other vertices. 
Proof: Let H be a subgroup of G , then by Lagrange’s Theorem [4] [7], )()( GoHo  
(order of a subgroup divides order of a group), So G  has a vertex of ( )GΓ , which is 
adjacent to every other vertices. 
 
Corollary 3.1. Let G be a finite group, then( ) φ=Γ G , if and only if G  is a simple 

group. Further, ( ) φ≠Γ G ;  if and only if ( )GΓ  has not a single vertex. 
 
Corollary 3.2. Let G  be a finite group. Then ( )GΓ  is a regular graph, if and only if, it is 
complete. 
Proof: Let ( )GΓ  be a graph with n -vertices then maximum degree of ( )GΓ ,  

( )( ) 1−=Γ∆ nG  

Hence, ( )GΓ  is regular, if the degree of any other vertices is equal to 1−n , which 

implies that ( )GΓ  is complete. 
 
Lemma 3.2. Let G be a finite group. Then ( )GΓ  is connected graph with 

( ) 2≤Γ Gdiam  

Proof: By Lemma 3.1., ( )GΓ  has a vertex adjacent to every other vertices. So that, 

( )GΓ  is connected graph and hence ( ) 2≤Γ Gdiam  
 
Theorem 3.1. Let G  be a finite group. Then ( )GΓ  is complete graph, if and only if, G  
is a p -group, where p is a prime number. 

Proof: Let ( )GΓ  be a complete graph and ( ) pqnGo = , where qp,  are prime numbers 

and n  is a natural number. By Cauchy’s Theorem, there are subgroups H and K  of G  
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with ( ) pHo = and ( ) qKo = . By assumption we must have qp , it follows that qp = . 

Thus, G  is a p -group. 

Conversely, let G  be a p -group. Then the orders of all subgroups of G  is a prime 

power for some p ( p -prime number) so that, all vertices of ( )GΓ  are adjacent with 

each others. Thus, ( )GΓ  is a complete graph. 

Let G  be a finite group. The order graph ( )GΓ  is a complete bipartite graph, whenever 

( )GΓ  is a star graph whose vertex is adjacent with other vertices. 
 
Lemma 3.3. Let G  be a finite group. Then( ) nKG ,1=Γ ( )2≥n , if and only if any 

subgroups of G  has prime order and G  has only one subgroup with any orders. 
 
 Lemma 3.4. Let G  be a finite group. Then ( )GΓ  is a star graph, if and only if pqCG =
where p , q  are prime numbers. 
 
4. A subgraph of a order graph 
Let G be a finite group. The sub-graph of ( )GΓ  denoted by ( )GΩ  with vertex set given 

by ( )( ) ( )( ) { }GGVGV −Γ=Ω ; so that ( )GΩ  is a simple graph with vertices 

( )( ) { }HGV =Ω , where H  is a non-trivial proper subgroup of G  and two distinct 

vertices H andK  are adjacent, if and only if either ( ) ( )KoHo  or  ( ) ( )HoKo . 
 
Theorem 4.1. Let G  be a finite group. Then ( )GΩ  is a connected graph with diameter 
at most four. 
Proof: Let H and K  be two proper subgroups of G , then there must be a path from H
to K  in ( )GΩ .If )()().( GoKoHo > then mKHo =∩ )( , for 1>m   there is path 

from KKHH −∩−  
If )().()( KoHoGo >  then HK  is a proper subgroup of G . Then there will be path 

KHKH −−  
Now, let )().()( KoHoGo =  and If mKHo =∩ )( , for 1>m   then we are done. 

Suppose 1)( =∩ KHo , then there are prime numbers qp,  such that )(Hop  and 

)(Koq  

If pqGo =)( , then φ=Ω )(G  then we are done. Assume that , pqGo >)(  then clearly 

G  has three  subgroups which establishes a path between KH − . So )(GΩ  is a 

connected graph and diameter at most four, ( ) 4≤Ωdiam . 
 
Corollary 4.1. Let G  be a finite group and H be a subgroup of G  with mpHo n=)( , 

where p  is a prime number, 2≥n  and 1>m  then ( )( ) 3=Ω Ggr . 
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Theorem 4.2. Let G  be a finite abelian group such that ( ) φ≠Ω G ; ( ( )GΩ ; being the 

sub-graph of a order graph) Then ( )GΩ  is a complete graph if and only if, G  is a p -
group. 
Proof: Suppose that pqnGo =)( , for some prime numbers 1&, ≥nqp . Then G  has 

at least three proper subgroups with orders pHo =)( , qKo =)(  and pqLo =)( , it 

follows that KH ,  are not adjacent to each other which is contradiction to the 

supposition ( )GΩ  is a complete graph. So, either 1=m or qp = . If 1=m  and qp ≠  

then pqCG ≅ and ( ) φ=Ω G , which is a contradiction to assumption. Hence qp = . By 

continuing this way, one can show that G  is a p -group. 
 
Lemma 4.1. Let G  be a finite group with pqGo =)( , )( qp <  where qp,  are distinct 

prime numbers, then either ( ) φ=Ω G  or ( ) nKG =Ω , complete graph with n -vertices. 

 
Lemma 4.2. Let G  be a finite group. Then,( )GΩ is not a star graph. 

For a finite group G , one can show that ( ) nKG ,1≠Ω  for 2≥n . 
 
Conclusion 5. The paper is an attempt to highlight the association of graphs and finite 
group, called order graphs and sub-graph of a order graph. One can extend the concept to 
investigate some underlying structures of order graphs for further study. 
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