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Abstract. Graph theory is a helpful tool in studying groupmmerties. There has been a
strong relationship between group (finite groupll ayraph theories for more than a
century. The order graph of a finite group is theph (undirected) whose vertices are the
elements of the group and for any two distincticesH andK there is an edge from
toK, if and only if, order ofH divides order ofK (or vice-versa). In this paper, we
focus on the interplay between the group-theomtiperties ofG (finite group) and the

graph-theoretic properties d)'f(G)(undirected graph).
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1. Introduction

Graph theory is the study of graphs, which are erattical structures, used to model
pair wise relations between objects. Group is atebjects with a rule of combination.
Given any two elements of the group, the rule weddother group element depending
upon the elements chosen. The information in aman be represented by a graph,
which is a collection of points, called “verticesiid lines between them, called “edges”
There are many ways to establish a link betweephgead a finite group, which results
into many of the group properties. The associatigiveen a graph and a group (finite) is
usually determined by the adjacency of the vertiGesbe more specific, to make the
edges we pick some elements from the group. Thebicmtorial properties of graphs
have been employed to investigate the theoretieba#ic properties of groups and vice
versa The relationship between a graph and a group é)initas first introduced by
Arthur Cayley in 1878 [1,7] in which a graph regeats a finite group. Cayley graphs
geometrically display the actions of a finite grodmere are some other well-known
graphs associated with finite groups such as theepgraph [6]. It is the graph of a
group G which has all elements of G as verticeshdhat two distinct vertices are
adjacent if and only if, one of them is a powertloé other Prime graphs, came into
existence as a by-product of some cohomologicastoures raised by K.W. Gruenberg in
the 1970s [10]. The order graph of a finite grosiphie undirected graph whose vertices
are the elements of the group (finite) and for amy distinct vertices there is an edge if

21



Avinash J. Kamblend Ravindra P. Rewaskar

and only if, one divides the other. The main oliyecof the paper is to focus on the
structure of order graphs with its basic resultse paper is organized as follows. In
Section 2, we recall some basic definitions of pmpSection 3 and Section 4
respectively deals with order graphs, Sub-graphaobrder graph with their basic
properties.

2. Prerequisites
Throughout this papels denotes a finite group anid represents an undirected graph.
Let o(G) denotes the order db, the number of elements in a group. A grdapis said

to be ap -group, p-prime, if order of every element of the groGp is the power of
primep .

Definition 2.1. A graph " is a triple (V, E,¢) consisting of a non-empty SM(F) of
vertices, a seE(F)of edges and an incidence functignthat associates with each edge
of [ a pair of vertices (not necessarily distinct)lof

Consider an undirected grab(\/, E,¢). Then we have the following observations.

Let x,yDV(I') are said to be adjacent, if there is an djgeo that
(e = (x, y) or g(e) = (y, x). An edgeellE is called a loop (self loop), if
#(e = (x,x) for xaOV(r)

« Asub grath(VD, ED,¢D)of a graphl"(V, E, @) is a graph in whict/" OV,
E'CE.

* The graphl" has multiple edges, if there exist two ed@esnd f in E(F), such
thatg(e) = () = (x,y) for x,yOV().If xOV(), then the degree oX,
denoted bydeg(x), is the number of edges incident with it.

e« The graphl is a simple graph, if it has no loops or multigleges. A path
between two elements(,yDV(F) is a sequence of edges which connect a

sequence of distinct vertices. The number of edgaspath is called the length
of a path.

* The distance betweelx,yDV(F) denoted byd(x, y), is the length of a
shortest path betweex andy. The diameter of a graph is denoted by

diam(I") and is defined to beiam(I") = max{d(x, y) : x, y OV ()} .

¢ Acycle is a non-trivial path in a graph from atearto itself. The girth of graph
I", denoted bygr(l’) and is defined to be the length of shortest cytlé ,

gr(l’) = if [ contains no cycles.

22



On Structure of Order Graphs Arising from Groups

e Agraphl is said to be connected, if there is a path betveagntwo distinct
vertices, otherwise it is disconnected graph.

« A complete graph is a simple graph whose verticespair-wise adjacent; the
complete graph with vertices is denoted biK .

e A graphl is called complete bipartite, if there exist digjosubset#\, B of
V(F) such that ALl B =V(F) and (x,y) for any xUJAandyOB. When

graph[ is finite, complete bipartite graphs are denotg&fy ; whereH =m
andB| =n. A star graph if given by’ = K,

3. Order graphs and their properties
Definition 3.1. Let G be a group. The order graph Gfis the graph (undirected)(G),

whose vertices are non-trivial sub-groups@fand for two distinct vertice$d and K
there is an edge frorhl toK, if and only if eithero(H)/o(K) or o(K)/o(H)
The order graphs o, and Z,, are as follows

Example 3.1. Let G = Z; be the cyclic group of order 8 then, vertex‘s’et{l,Z,4,8}
and edge seE ={g,.¢,.6,,€,,6,,6,} whereg(e,) = (12), #(e,) = (14), 4(e;) = (18)
 #e,)=(28), ¢(e;) = (48) andg(e,) = (24)

Figure 1:
Example 3.2. Let G = Z,, be a cyclic group of order 10. Then vertex‘es‘et{ 12,510}

and edge seE ={g,,e,,,,&,,6,} whereg(e)) = (12), ¢(e,) = (15), #(e;) = (110),
#(e,)=(210) and ¢(e,) = (510)
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Lemma 3.1. For any finite groufo, there exist a vertex d’r’(G) which is adjacent to
every other vertices.
Proof: Let H be a subgroup o6, then by Lagrange’s Theorem [4] [)(H)/0o(G)

(order of a subgroup divides order of a group),&ohas a vertex of(G), which is
adjacent to every other vertices.

Coroallary 3.1. Let Gbe a finite group, thelﬁ(G):(p, if and only if G is a simple
group. FurtherJ'(G) # @, if and only if I'(G) has not a single vertex.

Corollary 3.2. Let G be a finite group. Theh'(G) is a regular graph, if and only if, it is
complete.
Proof: Let F(G) be a graph withn-vertices then maximum degree d'f(G),

AF(G)=n-1
Hence, F(G) is regular, if the degree of any other verticegdgial ton—1, which
implies thatF(G) is complete.

Lemma 32 Let Gbe a finite group. ThenF(G) is connected graph with
dianT (G)< 2

Proof: By Lemma3.1, F(G) has a vertex adjacent to every other verticesthdg
I'(G) is connected graph and hemtiearrf(G) <2

Theorem 3.1. Let G be a finite group. Theﬁ(G) is complete graph, if and only i6
is a p -group, wherep is a prime number.

Proof: Let I’(G) be a complete graph ardG) = pgn, where p,q are prime numbers
and N is a natural number. By Cauchy’'s Theorem, theeesabgroupsH and K of G
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with o(H ) = pand O(K) = (. By assumption we must hayg/q, it follows that p=q.
Thus, G is a p -group.

Conversely, letG be a p-group. Then the orders of all subgroups@fis a prime
power for somep ( p-prime number) so that, all vertices EI(G) are adjacent with
each others. Thust',(G) is a complete graph.

Let G be a finite group. The order grarﬁl{G) is a complete bipartite graph, whenever
F(G) is a star graph whose vertex is adjacent withrotbgices.

Lemma 3.3. Let G be a finite group. Then(G)=K,, (n > 2), if and only if any
subgroups of5 has prime order an@ has only one subgroup with any orders.

Lemma 3.4. Let G be a finite group. Theﬁ(G) is a star graph, ifand only & = C
where p,q are prime numbers.

4. A subgraph of aorder graph

Let G be a finite group. The sub-graph B(G) denoted byQ(G) with vertex set given

by V(Q(G)) :V(F(G))—{G}; so that Q(G) is a simple graph with vertices
V(Q(G)):{H}, where H is a non-trivial proper subgroup d& and two distinct

verticesH andK are adjacent, if and only if eithe{H )/o(K ) or o(K)/o(H).

Theorem 4.1. Let G be a finite group. The@(G) is a connected graph with diameter
at most four.

Proof: Let H and K be two proper subgroups &, then there must be a path frdrh
toK in Q(G).If o(H).o(K) >0o(G)then o(H n K) =m, for m>1 there is path
fromH-HnK-K

If o(G)>o0(H).0(K) then HK is a proper subgroup d&. Then there will be path
H-HK-K

Now, let o(G) = o(H).o(K) and If o(H n K) =m, for m>1 then we are done.
Supposeo(H n K) =1, then there are prime numbeggq such thatp/o(H) and
q/o(K)

If o(G) = pq, thenQ(G) = ¢ then we are done. Assume tha(G) > pqg then clearly
G has three subgroups which establishes a pathebatid — K. So Q(G) is a
connected graph and diameter at most foimm(Q) <4.

Corollary 4.1. Let G be a finite group andH be a subgroup o6& with o(H) = p"m,
where p is a prime numbem = 2 and m>1 then gr(Q(G)) =3.

25



Avinash J. Kamblend Ravindra P. Rewaskar

Theorem 4.2. Let G be a finite abelian group such th@l(G);t @; (Q(G); being the
sub-graph of a order graph) Th@(G) is a complete graph if and only i& isa p-

group.
Proof: Suppose thad(G) = pgn, for some prime numberp,q& n=1. ThenG has

at least three proper subgroups with orde(sl) = p, o(K) =q and o(L) = pq, it
follows that H,K are not adjacent to each other which is contragicto the
suppositionQ(G) is a complete graph. So, either=1or p=q.If m=1and p#q

thenG OC ,, and Q(G) = @, which is a contradiction to assumption. Herge q. By
continuing this way, one can show tlatis a p -group.

Lemma4.1. Let G be a finite group witro(G) = pq, (p <q) where p,q are distinct
prime numbers, then eith@(G) =@or Q(G) = K,,, complete graph witli-vertices.

Lemma4.2. Let G be a finite group. Theﬁ}(G)is not a star graph.
For a finite groupG , one can show tha®(G) # K, for n=2,

Conclusion 5. The paper is an attempt to highlight the associatibgraphs and finite

group, called order graphs and sub-graph of a aydgsh. One can extend the concept to

investigate some underlying structures of ordeplgsgor further study.
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