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Abstract. Euler has proved that an odd perfect number, i$teximust be of the form
p%q,%P1q,%P2..q,%Pr, p = a = 1 (mod 4). In this article, we show:

() An alternative proof to the Euler’s form of odd feet numbers.

(i) An odd number of the fornp®q?#, p = a = 1 (mod 4) cannot be perfect.
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1. Introduction
A natural numbeN is said to be perfect M equals the sum of all its proper divisors. As
of May 2020, fifty-one perfect numbers have beamth all of which are even. All even
perfect numbers have one-one correspondence witkeMee primes. Euclid proved that
if 2P~ 1 is prime, then its corresponding perfect numbegiven as2?~1(2? — 1). The
existence of an odd perfect number still remainsg@n open question. But many forms
of an odd perfect number were given by the reseasch

Recent work by Hare [1] states that an odd perfaoiber if exists must have 75
or more factors. In 1973, Pomerance [8] proveddhabdd perfect number is divisible by
at least 7 distinct prime factors. In 1979, Ché&ihifnproved the number of distinct prime
factors of an odd perfect number to 8. In 2003ki#sn[5] showed that the odd perfect
numbers have a prime factor exceec10’. Nielsen [6] provided an upper bound for odd

perfect numbers to k24 with k distinct prime factors. There have been varioleiot
advancements [3-4] on perfect numbers in the lasade. Euler [2] has given the form of

an odd perfect number p%q,2f1q,2P2..q,%Prp = @ = 1 (mod 4). In this article, we
provide an alternative proof to the Euler’s fornodfl perfect numbers.

2. Results
Theorem 2.1.An odd number with each prime factor occurringyomhce in its prime
factorisation cannot be perfect.

n
Proof: Consider an odd numb&, whereN = [] p; with p;,p,, ps,-..,p, @S its prime
i=1

factors. As all the prime factors Nfare oddp; can be represented 2k; +1. All prime
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factors toN will be represented in the similar fashion. Throogt this article the sum of
all proper factors o is given ass(N).
For example, let's assume thihas only three factop;, p,,ps, then
N = 2k, +1)(2k, +1)(2k3 +1).
o(N) =1+ Q2ky+1) + 2k, +1) + (k3 +1) + 2k +1)(2k, +1) + (2k, +1)(2k3 +1)
+ 2k, +1)(2k4 +1).
o(N) = 4k k, + 4k, ks + 4k k3 + 6k, + 6k, + 6ks + 7. @
N = 8k kyks + 4kiky + 4k ks + 4k ks + 2ky + 2k, + 2k5 + 1. @3]

For the number to be perfes{N) andN both should be equal.
Subtracting (2) from (1), we obtain

o(N) — N = 4k, +4k, +4k;5-8k k. k5 + 6. 3)
As 6(N)—N = 0, it can be inferred that for any valuesk,, k,, k5, (3) doesn’t stand true,
which indicates thatl cannot be perfect. The same is extendéd with n prime factors.

Consider an odd numbbrwith n prime factors namep’;,p,,ps, ...pn. 6(N) has a
constant term which we represeniS,sthe factors with degree 1 are representesS; as
Similarly, the factors with degram are represented S,,,.

Therefore,

o(N) =S+ S+ S,+....+5,_1. (4)
For exampleS, is given asp, +p, +ps+ .. +p,, Which in turn can be written as
2k, #1) + 2k, +1) + (k3 +1) + -+-... +(2k, +1). The sum of higher degree terms in
each ofS,, 54, S5, ..., S,—1 Will be the sum of all non-higher degree termslof
Let A = Sum olS,, S,, S5, ..., S,—1 without their higher degree term8 = Higher degree
terms ofN. So,

o(N)-N=A-B.

The number of factors that has is 0 (mod 4). So, the constant term in theesipn of
o(N)-N will be 2 (mod 4). Here if it can be proved thiitthe terms other than the con-
stant have the coefficient as 0 (mod 4), we carlode thaiN is not perfect.

The coefficient of a term with degreem appearing anywhere in
S0,51,S2,..., 5,1 will be 2™, which indicates that any term with degree 2 oremuas
the coefficient as 0 (mod 4).

The coefficient of a term with degree 1 (amk4 k-, ... ,k,,) In S, is given as,
n

Zm_m
n
<2n - 1)
m—1
Coefficient of a term with degree 1 in the expansbc(N)-N is
n-1/n—1
221 —2) =0 (mod 4)

As the coefficients of all the terms with degreerlmore is 0 (mod 4) and the constant
term is 2 (mod 4). Hence, we conclude tRatith the given form, is not perfect.
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Lemma 2.2.An odd number with either 0 (mod 4), 1 (mod 48dmod 4) factors is not
perfect.

Proof: Let us assume that an odd number héctors. As stated in Theorem 2.1, the
constant ternt in the expansion af(N)-N depends on the number of factord\ofvhe-
reas the coefficients of all the higher degree $ei81® (mod 4).

From Theorem 2.1, we haee=f - 2, If f = 2 (mod 4) there = 0 (mod 4), any other form
of f would lead toc being either of 1 (mod 4), 2 (mod 4), 3 (mod 4hick contradicts
with the form of odd perfect numbers. So, for ad admber to be perfect it should have
2 (mod 4) factors.

Lemma 2.3 The only form of an odd number with 2 (mod 4)t¢es is
p“q,2Frq,?P2..q,%Fr . = 1 (mod 4)
Proof: As we know,

f=m1+ D2+ D3+ 1D..(pn + 1) )
From Lemma 2.2, it is understood that an odd perfember has 2 (mod 4) factors.
f=2 (mod 4). (6)

From (5) & (6), we have

(1) Exactly one of the terms amo(p; + 1) (v, + 1) (p3 + 1)...(p, + 1) is even.

(2) Furthermore, the even power cannot be 0 (mod 4hasvould mak to be 0 (mod
4).

(3) Therefore, exactly one power frcpyi,p,,ps, - P, Will be odd. From (2) it can be in-
ferred that the odd powew)(is 1 (mod 4).

Here we conclude that exactly one powgrémong the powers of all prime factors
should be odd and additionally it should be 1 (mnd

Theorem 2.4.0dd numbeN from Lemma 2.3 cannot be perfecpiE 3 (mod 4), which
makes the odd perfect number top®q, 2f1q,%Pz2..q,%Pr p= 0= 1 (mod 4).

Proof: Let us assume that= 3 (mod 4), each power gpfranging from 0 tax occurs an
equal number of times in the expansiors@fl)+N. Similarly in the expansion a@f(N)-N

except the highest powej( all the other power occurs an equal numberrés, which
. 4n+2 an+2
is

— times, whereas the higher powelpaﬁccursm — 2 times.
So, the constant term in the expansion(@®f)-N becomes,
a-14n + 2 m_|_<4n+2 2)3a

m=o0 a+1 a+1
a-24n+ 2 n+2 4n+ 2
m 3“‘1+< —2)3“
m=0 @ +1 a+1 a+1

which is,
=0(mod4)+0(mod4)-2.83
=2 (mod 4)

Hence, we conclude thptshould be 1 (mod 4). The only form that an oddgemum-

ber takes ip®q,2f1q,%P2..q,%Pr,p = a = 1(mod 4). This concludes the proof of Euler's
form of an odd perfect number.
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Theorem 2.5.An odd number of the fornp®q?,p = a = 7 (mod 4) cannot be perfect.
Proof: LetN = p%*q?2.

o(N)=A+p+p*+....+pH)(@*+q+1)—N
Asc(N) =N,
1+p+p?+...4p"H(A +q+q%) =2N
1 1 1 1 1
. . (1+;+F+”"+p_“)(1+;+q_2)_2 (7)
Considering (7) to be of the form,
A+x)Q+y)=2
Then,x = %; y # —1 and (7) can be represented as,

1 1
A4l R
poop2 T p T (144 )
q q?
pelip@ 24 41 q?-q-1 (8)
p“ T q2+q+1

If % = 2 ;a, b are co-primes anc, d are co-primes thea = ¢ andb = d.

Aspis oddp® ! + p*2+....+1 andp“ are co-primesq? — q — 1 andq? + q + 1 are
co-primes as well.So, the only possible solutio(Bjas

p* 14+ p* 2+ +1=q*—q—-1 9)
p*=q*+q+1 (10)
(9) can also be represented as,
=1 a1 (11)
Substituting (10) in (11), we have
_ _4*+q
p—1= pr— (12)

2
qf_“’ is an integer, which indicates that there is

There is no positive integgrfor which e
no p value that satisfies (12). Hence, we concludeahatdd number of the forp®q? is
not perfect.

Theorem 2.6.An odd number of the fornp®q?#,p = a = 1 (mod 4)is not perfect.
Proof: LetN = p%q?#, Rewriting (12), we have

q21’l+q21’l—1+""+q

1= (13)

an_an—l_""_q_l

q2"+q2" 14 4q
qzn_qzn—l_._"_q_l'
a - -
z = #, wherea = q2n T+ q2n 2441

— qa 2n _ _
z= PYZRETYEE asq a(q—1)+1
__ qa
T a(g-2)+1 (14)
z has negative gradient at ¢'> 0, so it has a maximum valuegat 3.

At q =3,z =-%. Hencez € (1,3).

a+1’

The only integer value in this region tlzatan take is 2. Substitutiry= 2 in (14), we
get

Let us consider thiz =
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qa _ 9. — _
ek 2;,qa=2(a(q—-2)+1)
ga—4a+2=0
a(q—4)=-2 (15)
As a is positive, For (15) to be trig < 4, The only odd prime which is less than 4 is 3.
So,q = 3.From (14) it is clear thiztis not an integer, wheqn= 3, asz = ”3%
We can deduce that there is no prigrfer which (13) stands true. Hence, we conclude

that an odd number of the fop®q?# is not perfect.

3. Conclusion and future scope

This work can be extended in various directionssag; how the factors with even pow-
ers behave with respectd¢oThe main idea behind this article is to prove tidd perfect
numbers do not exist. So, the proof of Theorem @#)d certainly help the fellow re-
searchers to proceed in that direction.
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