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1. Introduction

In an attempt to generalize the notion of a metpace, Gahler and Dhage proposed
different generalizations and proved many fixechpttieorems for such generalizations.
Later, Mustafa and Sims proved that most of thelteslaimed by Dhage are invalith
2006, Mustafa and Sims [5] introduced G-metric sphy generalizing metric space.
After that, several authors studied many fixed paimd common fixed point results for
self-mappings in G-metric spaces under certainraotive conditions [5,6,7].

On the other hand, in 2011, Sintunavaratl.€B] introduced the notion of common
limit in the range of F (CLR property for a pair of self mappings in metricases.
Afterwards, several common fixed point theoremsensgtudied by many authors under
this notion. Recently, Karapinar et al. [3] extethdbe concept of common limit range
property to two pairs of self mappings in symmespaces. For more results on fixed
points, we refer to [9,10,11].

2. Preliminaries
In this section, we present some definitions asdlite which will be used in the sequel.

Definition 2.1. [5] Let X be a non empty set and I€tX X X X X — [0,o) be a
function satisfying the following properties:

G(x,y,z) =0if x =y =2z
G(x,x,y) >0forall x,y € X, withx # y.
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G(x,x,y) <G(x,y,z)forallx,y,z € X, withy # z.
G(x,y,z) =G(x,z,y) = G(y,2,x) =..., (Symmetry in all three variables)
G(x,y,z) <G(x,a,a) +G(a,y,z), forallx,y,z,a € X
(rectangular inequality)
Then the functiors is called & -metric onX and the paifX, G) is called &-metric
space.

Example 2.1. [5] Let (X,d) be a usual metric space. Thgh G) is G-metric space,
where G(x,y,z) = d(x,y) +d(y,z) + d(x,z), forall x,y,z € X.

Definition 2.2. [6] A G-metric space (X, G) is said to be symmetfi€(x,y,y) =
G(y, x,x) forall x, ye X.

Proposition 2.3. [6] Every G -metric space(X, G) defines a metric spadgX, d;;),
whered; defined by
de(x,y) =G(x,y,y) + G(y,x,x) forallx,y € X.

Proposition 2.4. [5] Let (X, G) be aG-metric space. Then for anyy,z,a € X, the
following hold.

G(x,y,z) =0thenx =y = z.

G(x,y,z) <G(x,x,y) + G(x,x, z).

G(x,y,y) <2G(y,x,x).

G(x,y,z) <G(x,a,z) + G(a,y,2).

G(x,y,z) < %{G(x, a,a) +G(y,a,a) + G(z,a,a)}.

Definition 2.5. [2] A mappingu: [0, ) — [0, ) is called an altering distance jf is
continuous, non-decreasing gn@) = 0 if and only ift = 0.

Definition 2.6. [1] Two self-mappings E and F of a metric space (Xard) said to be
weakly compatible if Efu = FEu whenever Eu=Fu,domeu ] X .

Definition 2.7. [1] Two self-mappings E and F are said be occasionatakly
compatible (owc) if EFu = FEu for some coincidepoint u of E and F.

Remark 2.8. Every pair of weakly compatible mappings is ocoaally weakly
compatible but the converse is not true in general.

Definition 2.9. [8] Two self-maps E and F of a metric space (X, d)said to satisfy the
common limit in the range of F property, denotedGiyRr property, if there exists a

sequencégx,} in X such that lim,,_,, Ex,, = lim,_ Fx,, = Fu for someu € X.

Definition 2.10. [3] Two pairs (A,E) and (f,g) of self-maps of a symrwesipace (X, d)
are said to satisfy the common limit range propeith respect to the mappings E and g,
denoted by CLRe g property, if there exist two sequendes } and {y,,} in X such that
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lim,_,, Ax, = lim, o, Ex, = lim,_ fy, = lim,_,, gy, =t witht=Eu =gv
for somet, u, v € X.

Remark 2.11. If A = f and E = g, then the above definition reduceIdRg) property
[8].

3. Main results
Lot _{¢/¢ :[0,00) - [0,00)is lower semi continuous andmdecreasin};

~ |function such thap(t)= 0iff= 0

LetP, Q, R, f, g and h be six self maps @-metric spacé€X, G) such that

w(G(Px,Qy,Qz)) < n(L(x,y,2)) — ¢(L(x,y,2)) forallx,y,z € X 1)
wherep is an altering distance functiog,0JJC and

L(x,y,z) = max {G(Rfx, ghy, ghz), G(Rfx, Px, Px), G(ghy, Qy, QZ),é{G(RfX, Qy,Qz) +
G(ghy, Px, Px)}

Theorem 3.1. Let P, Q, R, f, g and h be six self maps of a sytrimg-metric space
(X, G) satisfy (1) and also, if

3.1.1. (P,Rf) and (Q,gh) satisfy Cldry) propery and

3.1.2. (P,Rf) and (Q,gh) are weakly compatiblenttitee mappings P, Q, Rf and gh have
a unigue common fixed point in X. Further P, Q,fRy and h have a unique common
fixed point in X provided the pairs of mappingsfiR(P,R), (P,f), (g,h), (Q,g) and (Q,h)
are commuting.

Proof: Since (P,Rf) and (Q,gh) satisfy Cldsn property, we can find two sequences
{x,} and{y,} in X such that%i_pgo Px, = rlll_r)I;lo Rfx, = T{l_)ngo Qyn = Tlll_)ngo ghy, =t

with t = Rfu = ghv for some, i, v € X.

We first claim that Rfu = Pu.

From (1) withx = u,y = z = y,,, we get

”ﬁG (Pu, Qyn, Q¥n)) < u(L(W, Yy yn)) — @ (L (U, Y, Y1) 2
where

L((u: Yn Yn)) =
1 G(Rfu, Qyn: Qyn) }
max {G(Rfw, ghyn, ghyn), G (Rfu, Pu, Pu), G(ghyn, Q¥n, Q¥n), 3 { + G(ghy,, Pu,Pu)
. _ i Gt }
Sgl_)ngoL(u, Yo, Vo) = max {G(¢, t,t), G(t, Pu, Pu),G(t,t,t), 3 {+ G(t. Pu, Pu)}

= max {0, G (t, Pu, Pu), 0,5 {G (t, Pu, Pu)}}

= G(Pu,t,t), since G is symmetric.
On lettingn — o in (2),
u(G(Pu,t,t)) < u(G(Pu,t,t)) — o(G(Pu,t, t)) which implies thatp(G(Pu,t,t)) =0
and saoG(Pu,t, t) = 0,that is,Pu = t = Rfu, showing that u is a coincidence point of P
and Rf.
Since (P, Rf) is weakly compatible, we ha&@f)u = (Rf)Pu and saPt = Rft.
Claim : Qv = ghv.
From (1) withx = x,,,y = z = v, we get that
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p(G(Pxy, Qv, Qv)) < pu(L(xp, v,v)) — @(L(xp, v, V) 3)
where

L((xn, v, v)) =
G(Rfx,, Qu,
max {G(Rfx,, ghv, ghv), G(Rf x,,, Pxy, Px,), G(ghv, Quv, Qv),%{_l_ é(sz, gzn?;in)}}
G(t, Qu, Qv)}}

+ G(tt,t)

= max 0,0, (¢, v, Q). 5 {615 2% Oy}

= G(t,Qv, Qv).
Taking limit asn - o in (3),
u(G(t,Qv,Qv)) < u(G(t,Qv, Qv)) — p(G(t, Qv, Qv)) which implies that
@(G(t,Qv,Qv)) =0 and sa:(t,Qv,Qv) = 0,thatis,Quv = t = ghv, showing that v is
a coincidence point of Q and gh.
Since (Q, gh) is weakly compatible, we h&Mgrh)v = (gh)Qv and saQt = ght
Claim :Pt = Rft =t.
From (1) with x =t, y =z = v, we have
u (G(Pt, Qv,Qv)) < ,u(L(t, v, v)) —(L(t, v, v)) or

u (G(Pt, t,t)) < u(L(t, v, v)) —o(L(t,v, v))
where
L(t,v,v) =
max {G(Rft, ghv, ghv), G(Rft, Pt, Pt),G(ghv, Quv, Qv),é{G(th, Qv,Qv) +
G(ghv, Pt, Pt)}
amax {G(Pt, t,t), G(Pt, Pt, Pt),G(t,t, t),%{G(Pt, t,t) + G(t, Pt,Pt)}}
= max {G(Pt,t,t), 0,0,E{G(Pt, t,t)}}, since G is symmetric.
= G(Pt, ¢, t)
Hence, we get,
1(G(Pt,t, 1)) < u(G(Pt,t,t)) — (G(Pt, t, ) which implies thatp(G(Pt, t, 1)) = 0,
and hencé& (Pt,t, t) = 0, thatis, Pt = t.
ThereforePt = Rft =t.
Finally we prove that Qt = ght = t.
We get from (1) with x =u, y =z = t, that

U (G(Pu, Qt, Q) < u(L(w t,t)) — p(L(u, t, t)) or

1 (6(tQt,Q0) < u(L@wt,0) — p(L(w t,0))

where

L(u,t,t) =

max {G(Rfu, ght, ght), G(Rfu, Pu, Pu), G(ght, Qt, Qt),%{G(Rfu, Qt,Qt) +

G(ght, Pu, Pu)}
mmax {G(t, Qt,Qt),G(¢,t,t),G(Qt, Qt, Qt),%{G(t, Qt,Qt) + G(Qt, t,t)}}
max {G(t, Qt, Qt), 0,0, {G(t, Qt, Qt) + G(Qt, £, )}

1

S(;llingoL((xn, v, v)) =max {G(t,t,t),G(¢,t,t),G(t, Qu, Qv),g{
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mmax {G (¢, Qt, Qt),%{G(t, Qt, Qt)}}, since G is symmetric.
= G(t, Qt, Qt).

Hence we get,
u(G(t,Qt, Qt)) < u(G(t, Qt,Qt)) — p(G(t, Qt, Qt)) which implies
thate(G(t, Qt,Qt)) = 0, and hencé(t, Qt,Qt) = 0, that is, Qt = ¢.
ThereforeQt = ght =t and hencePt = Rft = Qt = ght =t, showing that t is a
common fixed point of P,Q,Rf and gh.
Uniqueness. Let s & t) be another common fixed point of P, Q, Rf and Thus, we
have
Ps = Rfs = Qs = ghs = s.
Now from (1) with x =t, y = z = s, we obtain
pr(G(Pt,Qs,Qs)) < p(L(¢,s,5)) — (L(t,s,s)) or
,Ll(G(t, S, S)) =< ,Ll(L(t, S, S)) - (p(L(t, S, S)):
where
L(t,s,s) = max {G(Rft, ghs, ghs), G(Rft, Pt, Pt), G(ghs, Qs, Qs),é{G(th, Qs,Qs) +
G(ghs, Pt, Pt)}
max {G(t,s,s),G(t,t,1),G(s,s,s), § (G(t,s,5) +G(s,t, O}

Tmax {G(t, s, s), 0,0,E{G(t, s,s)}}, since G is symmetric

= G(t,s,s).
Thus u(G(t,s,s)) < u(G(t,s,s)) — (G(t,s,s)) which implies tha(o(G(t, S, s)) =0,
and hencé&(t,s,s) = 0, that is, t = s.
Hence, P, Rf, Q, gh have a uniqgue common fixedtpoiKX.
We shall now prove that P, Q, R.f.g.h have a unitpramon fixed point.
Since (R,f),(P,R),(P,f) are commuting, we have RRRft) = (Rf)Rt and Rt = R(Pt) =
P(Rt).
Also, ft = f(Rft) = (RHft and ft = f(Pt) = P(ft).fis shows that Rt and ft are common fixed
points of Rf and P. Hence by the uniqueness of comfixed point, we have Rt = ft = t.
Similarly, since (g,h), (Q.9), (Q,h) are commutinge have gt = g(Qt) = (Qg)t and gt =
g(ght) = gh(at).
Also, ht = h(Qt) = Q(ht) and ht = h(ght) = gh(hthis shows that gt and ht are common
fixed points of gh and Q. Hence by the uniquenéssammon fixed point, we have gt =
ht = t. Therefore, Pt = Qt = Rt =ft = gt = ht =tpping that t is a unigue common fixed
point of P, Q, R, f, g, h. This completes the proof

Corollary 3.2. Let P, Q, f and h be self mappings of a symmegdnetric spacé€X, G)
satisfy the following conditions:

3.2.1u(G(Px,Qy, Qz)) < u(L(x,y,2)) — @(L(x,y,z)) for allx,y,z € X, where pu is an
altering distance function angk:[0,0) — [0,) is lower semi continuous and non-
decreasing function such that(t) =0 if and only if t=0 and L(x,y,z) =

max {G(fx, hy, hz), G(fx, Px, Px), G(hy, Qy, Qz), % {G(fx,Qy,Qz) + G(hy, Px, Px)}

3.2.2. (P,f) and (Q,h) satisfy CkR property and
3.2.3. (P,f) and (Q,h) are weakly compatible. The® mappings P, Q, f and h have a
unique common fixed point in X.
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Proof: Follows from the Theorem 3.1. by setting R = Iy fldentity mapping).

Lemma 3.3. Let X be a set, A and B be occasionally weaklypatible mappings of X.
If A and B have a unique point of coincidence w t=ABt for some t in X, then w is the
unique common fixed point of A and B.

Theorem 3.4. Let P,Q,R,f,g and h be six self maps of a synmeétinetric spac€X, G)
satisfy the following conditions:

3.4.1u(G(Px,Qy, Qz)) < p(M(x,y,2)) — e(M(x,y,z)) for allx,y,z € X, wherep is an
altering distance function angk:[0,0) — [0,) is lower semi continuous and non-
decreasing function such that(t)=0 if and only if t=0 and M(x,y,z) =
max {G(Rfx, ghy, ghz), G(Rfx, Px, Px), G(ghy, Qy, Qz), G(ghy, Px, Px)} and
3.4.2. (P,Rf) and (Q,gh) are occasionally weaklypatible. Then the mappings P, Q, Rf
and gh have a uniqgue common fixed point in X. Fent®, Q, R, f, g and h have a unique
common fixed point in X provided the pairs of maggs (R,f), (P,R), (P,f), (g,h), (Q,9)
and (Q,h) are commuting.
Proof: Since (P,Rf) and (Q,gh) are occasionally weakly gatible, we can find u and v
in X such that Pu = Rfu ='uand P(Rflu = (Rf)Pu and Qv =ghv £ \and Q(gh)v =
(gh)Qv.
We first claim that Pu = Qv.
From 3.4.1. withk = u,y = z = v, we get
u(G (P, Qu, Qv)) < u(M(w,v,v)) — p(M(w, v,v)) (3)
where
M((u,v.v)) =
max {G(Rfu, ghv, ghv), G(Rfu, Pu, Pu), G(ghv, Qv, Qv), G(ghv, Pu, Pu)}
= max {G(Pu, Qv, Qv), G(Pu, Pu, Pu), G(Qv, Qv, Qv), G(Qv, Pu, Pu)}
= max {G(Pu, Qv, Qv), 0,0, G(Qv, Pu, Pu)}
= G(Pu, Qv, Qv), since G is symmetric.
Henceu(G(Pu, Qu, Qv)) < u(G(Pu, Qv, Qv)) — ¢(G(Pu, Qu, Qv)) which implies that
@(G(Pu,Qv,Qv)) =0 and saz(Pu, Qu,Qv) = 0,that is,Pu = Qv. Thus, Pu=Rfu=
Qv = ghv.
Let u'be another point such that'PuRfu" Then, we get, from 3.4.1., that RuRfu* =
Qv = ghv. Hence Pu = Buhat is, u = §j showing that P and Rf have a unique point of
coincidence. Therefore by the Lemma3.3. P and &feta unigue common fixed point,
say t. Similarly it can be proved that Q and ghehawnique common fixed point, say t
We now claim that t ="t
From 3.4.1. withx = t,y = z = t', we get that
1(G(Pt, QtL, QtY)) < u(M(t, 4, t1)) — p(M(t, ¢4, tY))  or

u(G(t, thth) < p(M(t, e, t1) — p(M(t, £, th)) (4)

where

M(t, th,th) =
max {G(Rft, ght!, ght), G(Rft, Pt, Pt), G(ght', Qt1, Qt'), G(ght!, Pt, Pt)

=max {G(¢t, t%,t1),G(¢, t,t), G(tL, t1,tY), G(tL, ¢, 1)}
= max {G(t,t},t1),0,0,,G(t}, t, t)}
= G(t,tL, t1), since G is symmetric.
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Hence, p(G(t th ) < u(G L thtY) — (Gt t4tY))  which  implies that
e(G(t, t1,tY)) =0 and saG(t, tt,tt) = 0,that is,t = t1. Thus P, Q, Rf, gh have a
unique common fixed point in X. The rest of theqdris same as that of Theorem 3.1 and
hence, we get that Pt = Qt = Rt =ft = gt = htprgving that t is a unique common fixed
point of P, Q, R, f, g, h. This completes the proof

Corollary 3.5. Let P, Q, f and h be four self maps of a symmeirimetric spacé€X, G)
satisfy the following conditions:
3.5.1 u(G(Px,Qy,Qz)) < u(M(x,y,2)) — e(M(x,y,2)) for allx,y,z € X, wherep is an
altering distance function angl: [0,00) — [0, ) is lower semi continuous and non-
decreasing function such that(t) =0 if and only if t=0 and M(x,y,z) =
max {G(fx, hy, hz), G(fx, Px, Px), G(hy, Qy, Qz), G(hy, Px, Px)} and

3.5.2. (P,f) and (Q,h¢ accasionally weakly compatible. Then the mapphg®, f and
h have a unique common fixed point in X.
Proof: Follows from the Theorem 3.4. by setting R = Iy fldentity mapping).

4. Conclusion

In this paper, existence and uniqueness of two comiixed point theorems for six self

maps in a symmetric G metric spaces have beenlisbidh In the first one common

limit in the range property and weakly compatilyilitere utilized whereas in the second
one CLR property and weakly compatibility were xeld and occasionally weakly

compatibility was utilized.
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