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Abstract. In [1] among other equations, the author conmeidi¢he equatiop*+ (p + 1) +
(p+2Y=M? whenp=4N+ 3 is prime,x=1,y=z=2 andM is a positive integer.
For all values & N <50, he established that the equation has exaw#ysolution when
N =2, namely whenp = 11. In [1 — Conjecture 1] he stated that theatign has no
solutions for all valuesN > 50. In this note we verify that Conjecture Inideed true for
all valuesN > 50.
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1. Introduction
The field of Diophantine equations is ancient, vastl no general method exists to decide
whether a given Diophantine equation has any swigfior how many solutions.
The famous general equation
p+q=7
has many forms. The literature contains a vegdarumber of articles on non-linear such
individual equations involving particular primesdapmowers of all kinds.

In [1], we extended the above equatiod,@nsidered equations of the forir+ (p
+ 1Y+ (p+ 2f=M? forall primes p>2 and integers,y, z satisfying <x,y, z< 2.
The value M is a positive integer. All the possibilities farfinitely many solutions, no
solution cases and unique solutions have beenndieied, except for the equatignt (p
+ 1F + (p + 2F=M? when p is of the form & + 3. In this case, it was established that
p = 11 is the only solution when 3p < 199. We have conjectured [1 — Conjecture 1]
that for all primesp > 199, the equation has no solutions. In thig net provide a formal
proof as to the validity of our conjecture in [ithplying now that the solution withp =
11 is unique.

2. Allthesolutionsof p+(p+ 12+ (p+2)>2=M? when p=4N+3
In the following theorem we will show that the etjaahas a unique solution.
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Theorem 2.1. Suppose thap=4N+3 (N>0) is prime. Then the equation
p+ (p+ 1P+ (p + 2= M2 has a unique solution when= 11 (\ = 2).

Proof: The left side of the equation yields
p+P+1f+E+2P=2p+Tp+5=0+D@+5=p+ 2P+ +3I. (1)
If (p+ 1)(2(p +1)+ 3 =M? has a solution for some valye then the two factorsp &

1), (2(p +1) + 3 in (1) must satisfy simultaneously the two coiodi$ in each of the
following cases, namely:

(@ p+1=A, 20+ 1) + 3 =B
(b) p+1+A2 20+ 1) + 3£ B

Suppos€a): p+ 1=A2 2@+ 1)+ 3 =B
The equalityp + 1=A? implies thatp= A?—1=A?-2=(A-1)A+ 1). WhenA =2,
thenp=3. But 2(3+1)+3=1% B2 ThusA#2. Forall valuesA > 2, the primep
= (A-1)A + 1) is a product of two distinct factors which impossible. The two
conditions in(a) are not satisfied simultaneously.

Hence caséa) does not exist.

Suppos€b): p+1#A% 2(p+ 1)+ 3£B%

We have two cases, namely dgi+ 1, 2p+ 1) +3 =1, gcd(p+ 1,20+ 1) +3 =3.

If ged(p+1,2p+1)+3 =1, and p+1)(2(p+ 1) + 9 = M?, itthen follows that
p+1=A> and 2p+ 1) + 3 =B> must exist simultaneously. But this contradimis
supposition, and hence gfpl+ 1, 20 + 1) + 3 # 1.

If gcd(p+1,20+1)+3 =3, denotep+1=%K, and 20+ 1) +3=23K+3=
3(2K + 1) where gedK, 2K+ 1) =1. If p+1)2(p+1) +3 = (3K)-3(2K + 1) = F-K(2K
+ 1) =M?, it now follows that the two condition€ =H? and K + 1= 2H?+ 1 =L? exist
simultaneously. In order to achieve the smallessible differencel? — 2H? = 1, setH
as the largest possible valle=L — 1. We then obtain

L2—2H2=2-20L - 1f= —L2+4 -2 =L(4-L)-2. 2)
Since for all valuedL > 4, it follows from (2) thatL(4 —L) — 2 < 0, thereford. may
assume only the two valuds= 2, 3. WhenL = 2, thenin (2)L?-2H?>=2>1. Thus
L+ 2. WhenL =3, thenL?-2H?= L(4 —L) — 2 =1, and hencél = 2. This in turn
implies that K=H?=4, p+1=X =12 andp=11 for whichM = 18. Whenp =
11, it follows that the two conditions in whigh+ 1 = 12£ A%, and 20+ 1) + 3 = 2%
B? are indeed satisfied simultaneously.

The equatiorp + (p + 1¥ + (p + 2¢=M? has a unique solution in whigh= 11 and
M = 18.

This concludes the proof of Theorem 2.1. O

Final remark. In [1] we have shown that whe®i< p< 199 the equationp + (p + 1)
+ (p + 2F = M? has exactly one solution witpp = 11. Theorem 2.1 establishes that
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Conjecture 1 in [1] which stated that for @lI> 199 the equation has no solutions is
indeed true now, and the solution with= 11 is therefore unique.
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