Annals of Pure and Applied Mathematics
Vol. 22, No. 2, 2020, 75-82 ——
ISSN: 2279-087X (P), 2279-0888(online) R

Published on 9 October 2020 Pllre alld Applied
WwWW.researchmathsci.org "
DOI: http://dx.doi.org/10.22457/apam.v22n2a02702 Mathematics

On Star-critical (Kin, Kim+ €) Ramsey Numbers
C.J.Jayawardeng, J.N.Senadheerg K.A.S.N.Fernandé and W.C.W.Navaratna

Department of Mathematics, University of Colombo Sri Lanka
email: c_jayawardene@maths.cmb.ac.lk
2Department of Mathematics, The Open University of Sri Lanka Sri Lanka,

E-mail: jnsen@ou.ac.lk
“Corresponding author

Received 10 September 2020; accepted 2 October 2020

Abstract. We say that K, — (G,H), if for every red/blue colouring of edges of the
complete graph Kn, there exists ared copy of G, or a blue copy of H in the colouring of
Kn. The Ramsey number r(G,H) is the smallest positive integer n such that K, — (G,H).
Let r(n,m)=r(K,, Kn). A closely related concept of Ramsey numbers is the Star-critical
Ramsey number r*(G, H) defined as the largest value of k such that K gny1 vV Kik—
(G,H). Literature on survey papers in this area reveals many unsolved problems related
to these numbers. One of these problems is the cal cul ation of Ramsey numbers for certain
classes of graphs. The primary objective of this paper is to calculate the Star critical
Ramsey numbers for the case of Stars versus Kim+e. The methodology that we follow
in solving this problem is to first find a closed form for the Ramsey number
r*(Kin , Kimte) for al n, m> 3. Based on the values of r*(Kin, Kimte) for different n,
m we arrive a a genera formula for r*(Kyn , Kimt€). Henceforth, we show that
r*(Kin , Kumte) = n+m-1 is defined by a piecewise function related to the three digoint
casesof n, mbothevenandn<m-2,nor misodd and n<m-2 and n > m-2.
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1. Introduction

Given two graphs G and H, we say that K, — (G, H), if any red and blue two colouring
of K, contains a copy of G in red or a copy of H in bue. Studies on Ramsey
numbergMultipartite Ramsey numbers related to different classes have been studied
extensively in the past few decades (see [4-7,9]). Studies on Star- criticd Ramsey
numbers related to different classes of graphs are trees vs complete graphs [3], paths vs.
paths [2], stars vs. stripes [1] and complete graphs vs stripes are some such examples
(also see [8,10]). In this paper, we extend this list by calculating Star-critical Ramsey
numbersrelated to starsversus Kim + €.

2. Notation

Consider a simple graph G and let v/V(G). We denote the neighborhood of v by I'(V)
which represents the set of vertices adjacent to v. The degree of v which isequa to |T(V)|
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is denoted by d(v). Consider a red/blue colouring of the complete graph K, given by
Kn = Hr @ Hg where Hr and Hg denote the red and blue graphs with vertex set V (G).
Likewise, the degree of vertex vin Hg and Hg are denoted by dg(v) and dg(v) respectively.
Then clearly, weget n — 1 = dr(V) + ds(V).

3. The exact values of r+(Kypn, Kym+€) for n, m>3

In order to find lower bounds for Star criticd Ramsey numbers, we dea with
constructions of graphs generated by regular K, convex n-gons drawn in an Euclidean
plane. Label the vertices of K by vo, v, W, ..., -1 in the anti-clockwise order. Given any
0<i,k<n -1, Vitk mod n) @d Vi—« mod ) are represented by the two vertices separated
from vi by a path of length k along the outer cycle of the n-gon, in the anti-clockwise
direction and the clockwise direction respectively. The red/blue colorings of K. insuch a
scenario are caled standard regular colorings of K The following lemma plays an
crucia roleinfinding r«(Kyn, Kim+ €) for n, m>3.

Lemma2.1. Given n, n®> 3

n+m-—1if nand m are are bothevenand n<m-—2
r(Kin, Kim+€) = n+m if normisoddand n < m—2
2n+l ifn>m-2

Proof. We break up the proof into 4 parts correspondingly.

Case 1. If n and m are both even anckrm-— 2

Consider a standard coloring on Kn:m-2 such that each vi € V (Hg) (0 <i <n+ m-3) is
adjacent in red to al vertices of { V(i+k) mod (em-2) | 0 < k <(n-2)/2} and adjacent in blue
to al the other vertices of V (Knm-2) \ { vi } except for the (m-2) / 2 diagonal red edges
joining vi to the diametrically opposite vertex Vi + wm2)/2) mod (n+m-2) when i = 0,
1, ...,((m-2) / 2)-1 (see Figure 1). We note that there are many alternative colorings with
different number of red diagonals. However, this particular coloring was selected as the
same coloring can be used to find Star-critical Ramsey numbers. Such a coloring is well
defined, since by definition, (v, v) is a red edge iff (v;, ) is a red edge. In such a
construction, any vertex of Kmm-2 will be adjacent in red to (n-2)/2 vertices
immediately left of it, (n-2) / 2 vertices immediately right of it and at most one vertex
oppositeit. Therefore, the red degree of any vertex adjacent in red to its opposite vertex is
equal to 2 x (n-2) / 2+ 1 =n— 1. Similarly, the red degree of any vertex not adjacent in
red to its opposite vertex is equal 2 x (n-2) / 2 = n — 2. Accordingly, the blue
degreewillbe(n+m-3)-(n-1)=m-2orelse(n+m-3)-(h-2)=m -1,
respectively. In this coloring, Hg has no red Kin. Also, Hg has no blue Kiym + €. That is,
Knim-2 # (K1n, Kim+ €). Hence, r(Kin, Kim+ € >n+m - 1.

Next, we need to show that, r(Kin, Kim+€) < n+m- 1. Suppose there exists a
red/blue coloring of Knm-1 such that Hg contains no Ki» and Hg containsno Kim + €. In
order to avoid ared Ky, every vertex v € V (Kn:m-1) must satisfy dr(v) <n — 1. However,
by Handshaking lemma, all vertices of V (Kmm-1) cannot have dg(v) = n-1 since
otherwise it will force Hg to have an odd number of odd degree vertices. Therefore, there
exists a vertex o € V (Knim-1) such that dr(vo) < n — 2. Hence dg(vo) > m. In order to
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avoid a blue Kim + €, dl vertices of I's(Vo) must be adjacent to each other inred. That is,
the vertices of I'g(Vo) induce ared complete graph of order at least m.

Figure 1: A Ramsey critical (Kis, K110 + €) coloring of Kis = Hr @ Hs

Let w €T's(Vo). Then, dr(Ww) > m —1 > n. That is, Hg contains ared Ky, a contradiction.
Therefore, Knim-1 — (Kin, Kim + €). Hence, r(Kyn, Kim + €) < n+ m -1. Combining
with the earlier result, we find r(Kyn, Kim+€) =n+ m -1, asrequired.

Case2. Ifnisodd and im -2
As before, consider a standard coloring on Knm-1 such that eachvi e V(Hg) (0<i<n+
m - 2) is adjacent to {V(i+k) mod n+m-1) | 0 < k <(n-1)/2} in red and adjacent to all the
other vertices of V (Kn+m-1) \ {Vi} in blue. This coloring is aso well defined. In such a
construction, any vertex of Kn:m-1 Will be adjacent in red to (n-1)/2 vertices immediately
left of it, (n-1)/2 verticesimmediately right of it. The red degree of any vertex is equal to
2 x (n-1)/2= n - 1 and the blue degree of any vertex is(n+m-2)-n-1=m -1
Therefore, Hr has no red Kin Also, Hg has no blue Kim + e Tha is
Knim-1 # (Kin, Kim+ €). Hence, r(Kin, Kim+€) > n+m.

Next we need to show that, r(Kin, Kim +€) < n+tm. Suppose there exists a
red/blue coloring of Kn.+m such that Hg contains no Ky, and Hg containsno Kym + €.

In order to avoid ared Ky, every vertex v € V (Knsm) must satisfy dr(V) < n—1.
That is, for any vertex v €V (Kn+m), ds(v) > m. Let vo € V (Kn+m). In order to avoid a blue
Kim + €, al vertices of I's(Vo) must be adjacent to each other in red. However, asn + 1 <
m, we argue that I's(Vo) contains ared K n, a contradiction. Hence, r(Kin, Kynt€) < n+m.
Combining with the earlier result, r(Kyn, Kint€) = n+m, as required.

Case 3. If nis even, m is odd anddm -2

Now consider a standard coloring on Knm-1 such that eachvi €V (Hg) (0O <i <n+m -
2) is adjacent to { V(i +k) mod (m-1) | 0 < Kk < (m-1)/2} in blue and adjacent to al the other
vertices of V (Knm-1) \ {Vi} in red. This coloring is aso well defined. In such a
construction, any vertex of Kn:m-1 Will be adjacent in blue to (m-1)/2 verticesimmediately
left of it, (m-1)/2 vertices immediately right of it. Therefore, the blue degree of any
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vertex is equa to 2 x (m-1) /2 = m - 1 and the red degree of any vertex is
mn+m-2)- (m- 1) = n - 1 Therefore, Hr has no red Ky Also Hg has
no Kiym + e since it has no blue Kym That is, Knim-1 # (Kin, Kim + €). Hence,
r(Kim Kim+€) >n+m.

Next we need to show that, r(Kin, Kim +€) < n + m. Suppose there exists a
red/blue coloring of K,m such that Hg contains no Ky, and Hg contains no Kymte. In
order to avoid ared Ky, every vertex v €V (Knm) must satisfy dr(v) < n— 1. Hence, for
any vertex v € V (Knim), de(v) > m. Let Vo € V (Kn+m). In order to avoid ablue Kim + €, al
vertices of T'g(Vo) must be adjacent to each other in red. Asn + 1 <m, I's(vo) contains a
red Ky,n, @ contradiction. Hence, r(Kyn, Kym+€) =n+m.

Case4d.n>m-2

Consider astandard regular coloring of Kzn = Hr €0 Hg such that eachvi €V (Kzn) (0<i <
n) forms a red clique of size n and each vi € V(Kzn) (n + 1 <i < 2n) aso forms an
independent red clique of sizen. Thatis, Hr = 2K, and Hg = Knn (see Figure 2).
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Figure 2: A Red/blue graph coloring of Ki> with no red K16 and no blue Ky7 + e

Blue neighborhood will be forced to induce
ared Kn+1

Figure 3: Neighborhood of a vertex of Kan1 Used in the argument containing no
I’ed Kl,n
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Clearly, Hr has no Ki,n. Furthermore, Hg has no Kim + €, since it has no blue Cs.
Thatis, Kan » (Kin, Kim+ €). Hence, r(Kyn, Kim+€) >2n+ 1.

Next we need to show that, r(Kin Kint€) < 2n+1. Suppose there exists a
red/blue coloring of Kan+1 such that Hgr contains no Ki» and Hg contains no Ky m + €.

Let vo € V (Kans). In order to avoid ared Ky, Vo must satisfy dg(vo) > 2n — (n
-1)=n+1>m Toavoid ablue Kyn + €, al vertices of I's(vo) must be adjacent to each
other inred. That is, the vertices of I's(Vo) induces a red complete graph of order at least n
+ 1 (see Figure 3). Hence, V (Kan+1) Will contain a vertex of red degree n, a contradiction.

Lemma2.1. Given n, n> 3

n+m—2 if n and m areare bothevenand n<m— 2
r*(Kin, Kim+€) = 1 ifnormisoddandn< m-—2
n+1 ifn=m-—2

Proof. We break up the proof into 3 cases.

Case 1. n and m are even andshm -2
To show that, r(Kin, Kim+ €) > n+ m— 2, consider the coloring of Knim-—2 V Kinim-3
introduced in Case 1 of Lemma 1.

Add a vertex (say x) and connect it in blue to all the vertices vi and the
diametrically opposite vertices Vi mod (vm-2) for i =0, 1, ...,(m-2)/2 — 1 where j=1i +
(n+m-2)/2. Connect al the other vertices excluding the vertex v nim-42 to X in red (see
Figure 4).

Figure 4: A red/blue coloring of Knim-2 V Kinem-z Whenn=8and m= 14

This coloring of Knim-2 VKimm-3 contains neither red Ky nor blue Kim +e. Thus,
Knim-2 V Kinem-3 # (Kin, Kum + €) . Therefore, r{(Kyn, Kim+ €) > n+ m— 2. Findly,
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using r<(Kyn, Kim + €) < r(Kyn, Kbm +€) = 1 = n + m - 2, we conclude that
r(Kyn, Kim+€ =n+m- 2.

Case2.normis odd and g m -2
We first show that, r+(Kin, Kim + €) < 1. Suppose there exists a red/blue coloring of
Knsm-1 V Ki1 such that Hg contains no Ky, and Hg contains no Kim + €. First et usrestrict
our attention to the red/blue coloring of Knim-1. In order to avoid a red Ky, any vertex
V € Knim-1 must satisfy dr(v) < n — 1 and hence dg(v) > m — 1. Suppose that there exists a
vertex Vo € Knm-1 Such that dr(vo) < n — 2. That is, dg(vo) > m. In order to avoid a blue
Kim+ € I's(Vo) must induce ared complete graph. Since n < m - 1, the vertices of I's(Vo)
will contain a red complete graph of order at least n + 1. Hence, Hg contains ared Ky, a
contradiction. Thus, we can assume that, any vertex v € Knpsm-1 must satisfy dr(v) =n - 1
and dg(v) = m - 1. Choose the point outside of Knm-1. In order to avoid ared Ky, this
vertex cannot be adjacent in red to any vertex of Knim-1. Furthermore, if this vertex vo is
adjacent to some vertex in blue, then since n < m-2, I's(Vo) will contain a red complete
graph of order at least n + 1, a contradiction. Therefore, if the vertex outside of Knim-1 iS
adjacent in any colour to avertex of Knim-1, we will get ared Ky, or ablue Kim+e.
Hence, r+(Kin, Kim + €) < 1. Since by definition, r«(Kyn, Kim + €) > 1, we
conclude that r+(Kyn, Kim+€) = 1.

Case3d.n>m-2

Consider the regular standard coloring of Kan = Hr @ Hg given in Case 4 of Lemma 1.
Extend this coloring to a coloring of Kz, VK3 s such that the new vertex (say x) of degree
nis adjacent in blue to all vertices of one partite set of Hg = K, (See Figure 4). Observe
that, Hr has no Ky .. Furthermore, Hg has no Ky + e since it has no blue Cs. That is,
Kon V Kin # (Kin, Kim+ €). Hence, r+(Kin, Kim+€) >n+ 1.

Figure5: The blue graph of Kan vV Ky, considered in proving r+(Kin, Kim+€) >n+1
whenn=6andm<7

Next we show that, r<(Kyn, Kim + €) < n + 1. Suppose there exists a red/blue
coloring of Ko, vV Kine1 such that Hg contains no Ky, and Hg contains no Ky m + €. Let us
first restrict our attention to ared/blue coloring of Kzn. Inorder to avoid ared Ky, any
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vertex v € Kan must satisfy dr(v) < n — 1 and hence dg(v) > n. Next, suppose that there
exists a vertex vo € Kon such that dr(vo) < n— 2. Then, dg(vo) > n+ 1> m In order to
avoid ablue Kim + €, al vertices of I's(Vo) must be adjacent to each other in red. Thus,
the vertices of T'g(vo) Will contain a red complete graph of order at least n+1. Hence, Hg
contains a red Ky, a contradiction. Therefore, we can assume that, any vertex v € Ko,
must satisfy dr(v) =n — 1and dg(v) = n.

Let the vertex outside of Kz, in Kan VKy 41 be denoted by x. In order to avoid a
red Ky,n, X cannot be adjacent in red to any vertex of K. If the vertex xis adjacent to n +
1 vertices of Kz, in blue, then since n + 1 m, T'g(X) will contain a red complete graph of
order at least n + 1, a contradiction. Hence, x cannot be adjacent to n + 1 vertices of Kz,
inany color. Therefore, r+(Kyn, Kim+€) < n+1. Since by definition, r«(Kyn, Kym+€) >n+
1, we can conclude that r<(Kyn, Kim+€) =n+ 1.

4. Resultsand discussion

In this paper, we proved that the Ramsey number r(Kin, Kim + €) is 2n + 1 for
n>m-2. Whenn> m -2, r(Kyn, Kim+ € isn+m+ 1 orn+m depending on
whether n and m are both even or at least one of them is odd, respectively. Furthermore,
we showed that the Star critical Ramsey number r<(Kyn, Kim+ € isn+1forn>m 2.
Whenn < m -2, r«(Kyn, Kim+ €) isn+ m-2 or 1 depending on whether n and m are both
even or at least one of them is odd, respectively. This result is consistent with the known
result that, Star critical Ramsey number r+(G, H) for any two simple graphs G and H,
satisfies 1< r+«(G, H) < r(G, H)-1. These findings are in agreement with the known result
that, Star-critical Ramsey number r+(G, H) for any two simple graphs G and H, satisfies
1<r(G, H<rG,H-1
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