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Abstract. In this paper, the Rosenzweig-MacArthur predateypmodel with the
hyperbolic tangent functional response is investigaWe choose capturing efficiency of
predator as the bifurcation parameter and mainbgudis the existence, direction and
stability of Hopf bifurcation by Poincaré-Androndiepf bifurcation theorem.
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1. Introduction
In recent years, ‘paradox of enrichment’ is a logid in both mathematical biology and
population dynamics. More and more people givecttreesponding explanations about
this phenomenon. At present, some scholors workiging curve fitting method and
graphical representation way to predict the pomniatlynamics of the model. It can be
referred to [1,2,3]. Their research direction tetwimathematical analysis and numerical
simulation, rather than biological phenomena oregixpental results. It means that the
mathematical form of the model may play an impdrtate.

Back in 2005, Fussmann and Blasius [4] consideredlaasical Rosenzweig-
MacArthur predator-prey model as follows
% =g(u)-o(u)v,

t
v (2)
" (®(u)-m)v,

whereu(t) andv(t) stand for the prey population and predator popuiatiespectively.
ris prey intrinsic growth rate is carrying capacitymis per capita mortality rate.
Predator and prey population grow logistically ke trate g(u) and the nonlinear
functional response(u).

Fussmann and Blasius [4] found a different resulthat ‘paradox of enrichment’
phenomenon may depend on the mathematical formnatibnal response function.

As is known to all, modef1) has three different response functions: Hollingetyp
[5], Ivlev [6], and hyperbolic tangent [7] as fols
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®, (u)=a (1-¢""),
@, (u) = a, tanh(b; (u)) .

There is little literature that studies the R-M rabdith above three different response
functions. Naturally, no one comes to a valuablectigsion. It was not until 2018 that Seo
and Wolkowicz [8] concentrated on the general Rpaeig-MacArthur predator-prey
model with three different response functions. Toaclusion is that in the case of
hyperbolic tangent functional response, sysfgnexhibits richer dynamics.

Hence, inspired by Seo and Wolkowicz [8], we disdire following modified model
in this new direction of research

% = ru[l—%) —atanh(cu)v.

(2)

dv
T (atanh(cu) -m- h)v,

wherea is the conversion rate;, implies the efficiency of the predator for captgriprey.
h is the harvesting effort. And other parametersrareduced in(1) .

Obviously, model2) has a trivial equilibriumg,=(0,0), a semi-trivial equilibrium
E,=(K,0), and a unique positive equilibrium =(u",v ) if and only if

(Ho) arctan!{m

where

+h
)<CK a>m+h.
a
u :Earctan}{m+hj V= arctanl{m+hj 1—i arctar(hm—mj
c a c(m+h) a cK a
2. Hopf bifurcation

We choose capturing efficienay of predator as the bifurcation parameter to seek th
condition for Hopf bifurcation of modg2) occurring atE™. We verify thatc,is the

unique positive root 0©=0 in the following.
Set

y(b) = (a2 —bz)arctank{g —ab b=m+h>0.
Notice that
y(0)=0, y'(b)=-2b arctam{gj <C
Hence,y(b) <0, ¢, >0.
Suppose thafl (c) =a(c)+ifB(c) be a pair of complex roots d¥(4) =0 whenc
is nearc,, then

a(c)=2, p(c)=4(m+h)a,-aj.
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Simple computations show that
2
rk [(a2 -(m+ h)z)arctan!{n:hj a(m+ h)}
>0
m+ h){ a(m+h) (az -(m+ h)z) arctar(hnlhﬂ
a a

Thus, systen{2) undergoes a Hopf bifurcation &t asc passes through.

In the following, we perform a further analysis fime normal form to study the
detailed property of Hopf bifurcation. We make th@nsformationi=u-u", v=v-v'.
For convenience, we still denofeand V by uand v, respectively. Thus, syste(®) is
transformed by

a'(c)=

2a(m+h) arctan?(

=l )1 |- atant{efu (o),

(3)
dv . .
E:(atanh(c(u+u ))—m—h)(v+v ) .
System(3) can be written as
du
dt :J[U}_ f (u,v,c) | (4
av v) (g(uv.c)
dt
where
f (uv,c) =au’ +auv+ay’+au’ rauv+au’+.,
g(u,v,c) =bu’ +buv+ by’ +b,u’ U+ v+,
and
(me)Ke? (o = (m+f v =rac elat~(m+ 1)
= , —__\ ] :O’
2 Ka® 2 a S
e (@ ~(me+h)*) (a2 -3(m+ b)) me? (a7~ (m+h)?)
& = 333 ' & = 2 ' a = 0,
(m+h)cz(a2—(m+h)2)v* c(az—(m+h)2)
= - , :—' :0’
by 2 b, 8 b
¢*(a’~(m+h)’)(a~3(m+h)’)v (m+h)c?(a?-(m+h)’
o --Cl I N Gl Gl Ll SRS

3a° a
Set the matrix

whereA=-22 p=22"% Th,g
B 2B
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PLIP=0(c) = [;8 _f((ct;)}

Assume that
A=A B=B . A=B(c)

T_

By the transformatiorfu,v)’ =P(x,y)", model(4) is written as follows

where

fl(u,v,c):%\g(Bx+ y,Ax,c)
2 3
:(%bl+Bbz]x2+[2—£bl+b2jxy+%y2+(%b4+ szij3
3B? 3B b
+(Tb4+ZBb5jx2y+[Tb4+b5jxy2+—;\ Yo+,
g'(uv.c)=f(Bx+ y,Ax,c)—%g(Bx+ y,AXc)
B® 2B°
:(BzaﬁABaz—Kbl—szzjx2+[28al+ Aaz—Tbl— Bbz]xy
B 2 3 2 B 3
+ al—xb1 y’+| B%a,+B Aa5—7b4—8305 X
3B°
+| 3B%a, + 2ABa, —be B%b, |x°y
2
3i b4 - Bbs] Xy2 "{34_%*34} y3 RERR
The polar coordinate form db) is as follows
p:a(c)p+a(c)p3 +.oe,

9:ﬁ(c)p+d(c)p2 +.ee
then the Taylor expansion ¢6) at c =, is

+[38a4 + Aa, -

p=a'(c,)(c—c,) p+a(c,) p* + 0((C_Co)2 p.(c=c) /031/75) ;

Q:ﬁ(co)+,8'(CO)(C—CO)+d(CO)p2+0((C—CO)2,(C—CO)p2,p4)_
In order to understand the stability of Hopf bifation periodic solution, we need to
calculate the sign of(c,), the formulation yields

a(e)= go( 1+ 1+ 6l 03, S g (000 0) 03 (02 v o)~ Rin e 1,8,
0
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where all partial derivative are evaluated at tifiertation point(X,y,c) =(x,y,c,) as
follows

fee (0,0,6)) = E{Egb4+B§b5], fe, (0,0,c,) = {ﬁb4+b5j .
. A > A

3B? B
g]);xy (010100) = {330234"' ZA‘OBoas_T;)tM_ thps] gi:yy(o'o'co) = E{aA_K?bAJ )

fl(OOC)ZZ(B—gbl+BbJ fl(OOCO):ZBobl+b
XX L (] 0~2 [ L] 2
A N A
1 _ 2 1 2 B03 2)
fW(O,O,CO)——bl, gxx(O,O,CO): Boa1+AoBoa2__b1_B<pz )
A A
L = —Zng— ! (0,0c,) = _By
gxy(o’o’co)_ 23oa“l"'Aoaz x 1 Bcbz* gyy( ’ !Co)_ a:l. '% 1|
Note thata, =-b,,a, =-b,,a,=-b, andb =Vv'b,. Hence, we have
a(c,)=- B +B, o+ By +3B;A,+ B+ AOalbz VBBV ap,
45, 86, 4”5,
+v*Bg —-VBA+2VE, +V AB +V b, + B,-BA&,+ B°b§
8AL, 86
_3BIA, +3A, b, + B2 - 2AB,+ 1b5

8A, ' 8
Define
_3(a)
a'(c)
Recall thata'(c,) >0 and Poincaré-Andronov-Hopf bifurcation theorem [@f have the
following conclusion.

b =

Theorem 2.1. Suppose thafH,) holds, then systerfe) produces a Hopf bifurcation at

C=¢,. Furthermore,

(a) the direction of the Hopf bifurcation is subcritieaad the bifurcated periodic solutions
are unstable ia(c,)>0;

(b) the direction of the Hopf bifurcation is superaiti and the bifurcated periodic
solutions arerbitally asymptotically stable if(c,) <0.

3. Conclusion

In this paper, Hopf bifurcation of Rosenzweig-MattAur predator-prey model with the
hyperbolic tangent functional response is mainlynsidered. We chose capturing
efficiency c of predator as the bifurcation parameter and \estifihe transversality

condition. Moreover, the result specifically showiakt o' (c,) >0. Then the direction and
stability of Hopf bifurcation were determined byiRmaré-Andronov-Hopf bifurcation
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theorem. The conclusion is that the direction &f iHopf bifurcation is subcritical (resp.
supercritical) and the bifurcated periodic solusiomre unstable (resp. orbitally
asymptotically stable) iti(c,) >0 (resp a(c,) <0). It's worth noting that mod¢2) has

richer dynamic behaviors that we'll reconsider thertie future.
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