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Abstract. In this paper, we investigate the existence oftp@ssolutions for third-order
three-point nonhomogeneous boundary value probl@ysusing Leray-Schauder fix
point theorem, some sufficient conditions for thdskence of positive solutions are
obtained, which improve the previous results.
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1. Introduction
In latest years, third-order differential equatiomgpear in various fields of applied
mathematics and physics, and third-order threetpbooundary value problems have
always been the focus of attention. One may seewod [1,2], Anderson and Davis [3],
Bai [4], Boucherif and Al-Malki [5]. Since then, fikoon and Sitthiwirattham [6] studied
the three-point integral boundary value problemcd®dly, all sorts of three-point
boundary value problems for nonlinear differenéigliations have been studied by many
authors. We refer the readers to [7,8,9,10,11].

In 2009, Sun [7] studied the existence of positsautions of the following
third-order three-point inhomogeneous boundarye/aiwblem

u'(©)+at) f(ut) =0, t0 (01 (L)
u@=u©=0 u@-au(y) =41 12)

where 70 (01), a O[O0, 1) are constants andl [J (0, ) is a parameter.
7
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Assume that:
(A) fOC([0,),[0,0));
(A) adcC(0],[0,)), and 0< j:(l—s)aa(s)dsmo.

Let
f@) f@)

= lim —— = lim
fO ut-s0c Uu ’ foo u—oo U

In the article [12] studied the existence of pesitisolutions of boundary value
problems (1.1)-(1.2), by using Krasnoselskii fixpdint theorem, the obtained the
following results:

Theorem 1.1. If f satisfies the superlinear condition: then the loamy value problem
(1.2)-(1.2) has at least one positive solution whea sufficiently small and there is no
positive solution when it is sufficiently large.

Theorem 1.2. If f satisfies the sublinear condition: then theubdary value problem
(1.12)-(1.2) must have at least one positive safutio

In this article, we discuss the existence of pesitolutions for boundary value
problems (1.1)-(1.2). Using the Leary-Schauderdigeint theorem, our results are better
than the conditions of Theorem 1.1 and Theorem 1.2.

The rest of this paper is organized as follows.séttion 2, we present some
preliminaries that will be used in Section 3.Theimmasults and proofs will be given in
Section 3.Finally,the conclusion and future woré given in Section 4.

2. Preliminaries
Consider the boundary value problem

u'(t)+p)=0, tO(0) 21
u@=u@©=0 u@®-au(y)=A (22)
Lemma 2.1. [12] Let x OC*[0]]:={xOC[0]], x(t) = 0,t O [01]}. Then the problem
(2.1)-(2.2) has a unique solution
at? At?

u(t) = LG(’[, S) p(S)dS+mLel(’7: s)p(s)ds+ 2(-an)
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where G(t,9) -1

(2t-t*-s)s, s<t
2

@A-9)t?, t<s

and Gl(t,S) =—aG(t’S) :{(1_1:)3’ s=t

ot L-s), t<s
Lemma2.2.[12] Let (t,s)[01]x[01], then 0<G,(t,s) < (1-9)s.
Lemma2.3.[12] Let (t,s)01[01]x[03] »

then o @Q,s)<G(t,s)<G(Ls) :%(1— s)s,
where y=72, and satisfiest (1-s)sa(s)ds>0.

Lemma 2.4. [12] If x[OC*[0]1]then the only solution of problems (2.1)-(2.2) is

non-negative and satisfies

i >
minu() 2 y|lu]

For any y(t) JC[01], Consider the problem

u'®+a®f(u)=0 t0OOY
u@=u@©=0 u@®-au(y) =4
From Lemma 2.1, (1.1)-(1.2) has a unique solution

. at? 1 At?
u(t) = J'O G(t,s)a(s) f (y(s))ds+ 20-an) L G, (17,9)a(s) f (y(s))ds+ Za-an)’

Definition operator

At?
20-an)’

Obviously, y(t) is the solution of the boundaryualproblem (1.1)-(1.2) if and only if y(t)
is the fixed point of the operator T.

Lemma 2.5. [12] (Leray-Schauder) Lefibe the convex subset of Banah space X
00 € Q, ¢: Q — Q be complete continuous operator, then

(1) ¢ has at least one fixed point i;

gy LG9 T (10s+

TY(t) = [ G(t.9)a(9) f (y(9))ds+ T
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(2) {x € C|x = 2dx,0 < A < 1} is unbounded.

3. Main results

Let X=c'[0y, A= j: (1-s)sa(s)ds.

Theorem 31. Assume (H) hold, if f,=0, whenAO(0,B(l—an)), then the

boundary value problem (1.1)-(1.2) has at leastpmsitive solution.
1-an

Proof: Choose £e>0andée<s—F—+—,
A-an+a)p

By f,=0, we know there exists

constant B > 0,such thatf (y) < ¢y, for O<y<B

Let
Q={ylye c*[0,1],y = 0,lyl| < B,tg[lriri]y(t) >y lyll},

Themis the convex subset of X. Fpi1Q, by Lemmas 2.1 and 2.4, we know

Ty(t) 2 0and min y() 2y 1Ty,

On the other hand

Ty = [} @-9a(9 f(y()ds+ ey b 9B (Vs

A
@ (-an)
s1—a/7+cr
20-an)
SIIyIIJr A B B_

<—+—=B
2 2@0-an) 2 2

1 A
[[@-9sa9)f (st =

Thus, [|Ty |k B.HenceTQ U Q, T:Q - Qis completely continuous.

ForyQ and y=ATy, 0<A <l we havey(t) = ATy(t) <Ty(t) < B, which implies
llyll <B.
{ydQ|y=ATy, 0<A<1}is bounded. By Lemma 2.5, we know the operatorJ dia

least one fixed point inQ .Thus the boundary value problem (1.1)-(1.2) hdsast one
positive solution. The proof is complete.
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Theorem 3.2. If f_=0,wheni (O,M), then the boundary value problem

(1.1)-(1.2) has at least one positive solution
20-an)

Proof:£>0and e ————~2 .
3QL-an +a)

By f_, =0, we know there exists constaritl >0,

such that, f(y) <&y, for y>N
Choose
Bl —an+a)

B=N+1+———
=N+1+ 6(1—an) org/i)gvf(y)

Let
Q={ylye c*[0,1],y = 0,|lyl| < B,tg[l;q]y(t) >y Iyl

thenQ is the convex subset of X. Fpf1Q, by Lemmas 2.1 and 24, we know

> i >
Ty() 2 0and min y(¢) 2y [ITyl|.

On the other hand,

w LA
Ty(t) < ( j (L-s)sa(s) f (y(s))ds+ Soar]

_1- a/7 +a )

- m (-[Jf{ﬂj[o,l],y(spN} (1 S)&i(s) f (y(S))dS
¥ -[Jz:{ﬂ[o,l],y(s)sN} @d-s)sa(s) f (y(s))ds) + M

< 12 an+a J’ @-s)sa(s)&y(s)ds+ 1(”#.[ (1-9s)sa(s)dsmadg. . f(y)+ ﬁ

B+B+E_B
3 3 3

Thus, ||Ty |k B.HenceTQ O Q, T:Q - Qis completely continuous.
ForydQ and y=ATy, 0<A <1, we havey(t) = ATy(t) <Ty(t) < B, which implies
Iyl B.

{ydQ|y=ATy, 0<A<1}is bounded. By Lemma 2.5ve know the operator T has at

least one fixed point inQQ , Then the boundary value problem (1.1)-(1.2) hdsagt one

53



Jiali Da
positive solution.

Theorem 33. Assume (H) hold, if there exists constantp, >0, when

d-an)p
AO@©,p,(L1-an)) , such that f(y)s——2=2 _ for O<y< p, then the
©0.p,0-an)) R vy y<p,
boundary value problem (1.1)-(1.2)has at leastpmsitive solution.

Proof: Let
Q={ylye Cc*[0,1],y =0,|lyll < pl.tggq]y(t) >y llyl}

then Qs the convex subset of,Xfor y[1Q, by Lemmas 2.1 and 2.4, we know

Ty(t) = 0and min Ty(t) =y ||Tyl|.
te[r,1]

On the other hand,

l-an+a

1 —_ A N & &:
2-an) [ @-9)sa(s) f (y(s))ds+ <2+8=p

RIOE 20-an) 2 2

Thus||Ty |k p,. Hence TQ U Q, T:Q - Qis completely continuous.
ForydQ and y = ATy, 0< A <1,we havey(t) =ATy(t) <Ty(t) < o, l|YIE o.-

So{yldQ|y=ATy, 0<A<1}is bounded. By Lemma 2.%e know the operator T has

at least one fixed point i2. Thus the boundary value problem (1.1)-(1.2) hasast
one positive solution.

Theorem 3.4. AssumgH ) hold. If there exists constapt > O, such that

(2—a/72),02
f(Y)S—Zﬁ

then the boundary value problem (1.1)-(1.2) hdsagtt one positive solution.

, fory=p,,

Proof: Choose

Bl —an+ a) max £(y) + ;

d21+py+0—— 2
P2 0 —an) oS, 2(1 — an)

Let
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Q={ylye c*[01],y = 0,|lyl| <d, tg[lriq]y(t) >y |lyll}
thenQ is the convex subset of X. Fpf1Q , by Lemmas 2.1 and 2.4we know

| > 0and min 7 =y T
On the other hand,

[[a-9sa(s) f (y(e)ds+

< l-an+a
0 20-an)

RICE e
_l-an+a B
- M (-[]1:{ sJ[01],y(s)> o5} (1 S)Sa(S) f (y(S))dS

A
(1-9)sa(s) f (y(s))ds) + 2-an)

+
3,5 <7011, y(s)<p}

< wﬁl_ S)Q(S)M ds
2A-an) BA-an+a)

l-an+a g A
+—————|(@-9s)sa(s)dsmax f(y) +——
20-an) IO( )sa(s) Osysp, ) 20-an)
l-an+a A

=p,+——1 = f(y)+———<d
p2 + 2(1_0'/7) ﬁmaxt)sys;ﬂ (y) + 2(1—077) <

Thus, |ITyl| < d. Hence, TQOQ, T:Q - Q is completely continuous.

ForydQ and y=ATy, 0<A <1 we havey(t) = ATy(t) <Ty(t)<d, ||y|k d. So,
{ydQ|y=ATy, 0<A<1}is bounded. By Lemma 2.5ve know the operator T has at

least one fixed point inQQ , Thus the boundary value problem (1.1)-(1.2) hdsaatt one
positive solution.

5. Conclusion and future work

The main purpose of this paper was to present resultr of positive solutions for
third-order three-point nonhomogeneous boundaryevakroblems with Leray-Schauder
fixed point theorem, highlighting the method whiths been used by Sun [12] to some
results.

In the future research, the third-order boundatye problem of the scientific research
award was raised to the n-order boundary valuel@mpband its different boundary
conditions were changed to obtain the existendss g@ositive solution, and the existence
of multiple solutions can even be considered. Treggestions will be treated in the
future.
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