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Abstract. The double integral is numerically evaluated insthgaper using higher
precision quadrature rules. With the combinatiorNefwvtonian and Gaussian rules of
precision three each, a mixed quadrature rule e€igion five is obtained. Three test
problems are used to numerically validate the rlifee approximations are compared to
analytical solutions, and error bounds are caledlat
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1. Introduction

A mixed quadrature rules of higher degree of pregifor real and complex analytic
functions for single integrals are constructed by] 6-7, 11, 13, 14, 16-24, 28-30, 33-
37]. A mixed quadrature rule of degree of precisidior double integrals is incorporated

taking the convex combination of Simpsongsxh th and Gauss-Legendre-2

point rule each ofdegree of precision 3.The oteehniques [5, 8-10, 12, 15, 25, 26, 31,
32,38-42] are the back bone to the present methediiain aim of this paper is the const
ruction of mixed quadrature rule of higher degreecigion of double integrals for two va
riables. The aim of this work is how to implemeriked quadrature in line integral, surfa
ce integral and also in volume integral in mathécahphysics and electromagnetic field
theory.

This paper is designed as follows. Sectlors an introduction part. Section 2
contains construction of quadrature of constitualgs and the corresponding errors in-2
variables are obtained in Section 3. Section 4 agotkd to construction of mixed
guadrature rule. The error analysis is done ini@ech. In section 6 the rule is
numerically verified by taking three examples. Thaclusions are drawn in section 7.

2. Construction of quadraturerulesin two variables
Newtonian and Gaussian quadrature are:

The Simpson’§n rule is
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Gauss-Legendre — 2-point rule is
1 1 11 1 1 11
lou(B)=f|—=—|+f|—,—= [tf| = — [t f| =, —= 2.2
N e M o i o L 6 @
I(f)=|§(f)+E§(f) 3.
L(F) =1g,(F)+Eg(f) (2.4)
where E_,; (f)and Eg ,(f) are error in approximating the integrdléf) by equation
(2.3) and equation (2.4) respectively.

Now assumingf (X, y) to be sufficiently differentiable ir-1< x,y<1.
For approximate evaluation of real definite intégad applying Maclaurin series

I(f): jj f(x,y)dxdy =

-1-1

2 1 1
4fo,o (O'O) + g[fz,o (0,0) + fo,z (O'O)] + %[fw (O,O) + f0,4 (0'0)] + 5 f2,2 (0,0)

(2.5)
1 4
+rggl fa2 0+ 1, 00+ [ 165 (00)+ o, 0O+

Applying, Maclaurin’s expansion in equation (2.1)
2 1
I s3 (f)= 4f0,0 00) + 5{ fz,o 00) + fo,z (O’O)} + E{ f4,o 00) + f0,4 (O’O)}
1 3904
#5 F22 00+ 2 {Fe (00) + Ty (00) 26)
7
m{ f,,©00)+ f,, (00)}.....

Also using Maclaurin’s expansion in equation (2.2)

loo(f)=4f (00)+ é[fz,o 00 + fo,z (0’0)] + 93-3' [f4,o 00) + f0,4 (0,0)]

2.7)

20 1 4
+m[f4,z (O’O) + f2,4 (O’O)] + 5 fz,z (O’O) + TXG![fG’O (O’O) + fo,e (an)] +...
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3.Errors
In Simpson’s rule:
Using equation (2.5) and equation (2.6) in equafibB) error associated with Simpson’s
>thrule is

__4 2
Eqy () ==l 100 00 + 0, 0} - {1, 00)+ 1., (00)
26356

m{ fs,o (O'O) + fo,e (0,0)}

(2.8)

In Gauss-Legendre-2 point rule:
Now the error associated with the Gauss- Legendrei2t rule is obtained substituting
equation (2.5) and (2.7) in equation (2.4)

Boo(F)=1(f) = Rgo(f) =

110 00+ 1, 00]+ . [1.. 00) + 1., 00)] +

1
27%x63

[fG,O (O!O) + f0,6 (0,0)] +....

(2.9)
Thus, the degree of the precision for each ruk is

4. Mixed quadraturerule
Now multiplying (2) by equation (2.8) and (3) by9Rand then adding them, we get

(1) = 2Ry (1431, ]+ oL + 3B (1)

(3.1)

Iiw(f):jzg(f)ﬂw(a

where | o, ,(f)andE

(3.2)
<3¢, ( ) are mixed quadrature rule and its error obtained by
8

. 3 . .
Slmpson’sg th and Gauss-Legendre-2 point rule respectively.

5. Error analysis
Theorem 1. Let f(X,Y) be sufficiently differentiable function in the cku interval

[—1,1]. The bounds of truncation errErngLz(f) associated with the ru’?chz (NHis

7
Esgel_z( f )‘ b 3 ><400‘ f60(00) + foe (0,0)‘

Proof: The proof obviously follows from the equation (2.8)

4R

Theorem 2. The bounds for the truncation err‘E"SgGLz(f)‘ <—
g 67t

|,32 - ,31|

125



Sulochana Das

where 8,, 8,0 [— 1,1] and
R= Max|f,, (00) + fo, (00)

-1<y<1
Proof: We have

Eqy(f)= —il fao(B) + Toa(B)
Eaa(f)=

Hence

E o) =1\3E33<f)+2EGL2(f)\

135 fao(Bo) * f04(,32)|

= 2[00+ £0,08) - Fun (B0 - 0, O8]

675[ [ faotx0ndcs [ 150 y)dy]

B
B2

g, -g) o) sy

Hence
4 —
EséeLz( f )‘ < M

8 67F

which, gives only the truncation error bound 8n S, are known points in [-1, 1]

Corollary 1. The error bound for the truncation error

‘E&GLZ( f )‘ 67¢

when|B, - B,|<2 [27].

6. Numerical verification
The approximate value of the integrals
j j e*Vdxdy = 5.52439138267262
-1-1
1
= je <+ Jixdy = 2.23098514184134

1
J~S|n (x+y) dxdy = 0.61326036991918
0 X + y
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Table 1. Approximate solution for various integrals

I f
155(1) oz 1) ()| [Exgonl 1)
5.614586191129400 5.48806584362139%.538673982624600 0.014282600457337

Integrals

2.58984910836762% 2.024691358024694.25075445816186% 0.019769316757731

0.611821774881801 0.609491314229327 0.6104234984908.00283687149160[L

7. Conclusions
Based on the numerical results for three integral§able-1, it is clear that the mixed

quadrature rule produces better results than tmestiteent rule for each degree of
precision 3. As a result, the mixed quadrature islenore efficient and numerically
closer to the exact result. This manuscript noy @aluates double integrals but also
triple integrals, which are frequently used in Mattatical Physics and Applied Sciences
for the approximate evaluation of line integrald anrface integrals.
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