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Abstract. Fuzzy graph models enjoy the ubiquity of being in natural and human-made
structures, namely dynamic processin physical, biological and social systems. Asaresult
of inconsistent and indeterminate information inherent in real-life problems which are
often uncertain, it is highly difficult for an expert to model those problems based on afuzzy
graph. Intuitionistic fuzzy graph (IFG) can dea with the uncertainty associated with the
inconsi stent and indeterminate information of any real-world problem, where fuzzy graphs
may fail to revea satisfactory results. Likewise, IFG has an important role in neura
networks, computer network, and clustering. In the design of a network, it isimportant to
anayze connections by the levels. In this paper, we describe d,,-regular, td,,-regular,
m-highly irregular and m-highly totaly irregular IFGs and prove the necessary and
sufficient conditionswhich under this conditionsthe d,,-regular and td,,-regular IFGsare
equivalent. Also, a comparative study between m-highly irregular IFG and m-highly
totally irregular IFG are given.

Keywords: Intuitionistic fuzzy set, d,,-degree, intuitionistic fuzzy graph, d,,-regular
intuitionistic fuzzy graph.
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1. Introduction

The concept of a graph is one of the most powerful and widely employed tools for the
representation, modelling, analyses, and sol ution of amultitude of real world problems. An
immediate result of arise of popularity of fuzzy sets theory has been the fuzzification of
graph theory which has been initiated by Rosenfeld who has introduced the concept of a
fuzzy graph. Basicaly, afuzzy graph isaweighted graph in which the weights are from [0,
1] and are defined over afuzzy set of vertices. In 1965, Zadeh [27] proposed fuzzy theory
and introduced fuzzy set theory. The most important feature of afuzzy set isthat it consists
of a class of objects that satisfy a certain (or severd) property. Fuzzy graph theory is
finding anincreasing number of applicationsin modeling real time systems where the level
of information inherent in the system varies with different levels of precision. Fuzzy
model s are becoming useful because of their aim in reducing the differences between the
traditional numerical models used in engineering and sciences and the symbolic models
used in expert systems. Rosenfeld [18] in (1975), introduced fuzzy graph. It has been
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growing fast and has numerous applicationsin various field. Atanassove, [1, 2, 3] in 1986
proposed the concept of intuitionistic fuzzy set, by replacing the value of an element in a
set with a subinterval of [0, 1]. The node degree in the graph is a quick way to get the
relation number of nodes, so to analyze a graph it is important to look at the degree of
nodes. Nagoor Gani and Latha [15, 16] in (2012), introduced irregular fuzzy graph, tota
degree and totally irregular fuzzy graph, and regular fuzzy graphs.. In a fuzzy set each
element is associated with a point value selected from the unit interval [0,1], which is
termed the grade of membership in the set. Instead of using point based membership asin
fuzzy sets, interval based membership is used in a vague set. Rashmanlou et al. [6, 7, 17]
defined new concepts of fuzzy graphs. Akram et a. [4, 5] introduced strong IFG and
certain types of vague graphs. Ghorai and Pal [8, 9, 10, 11] introduced severa conceptsin
m-polar fuzzy graphs. Mahapatraand Pal [12, 13] studied fuzzy colouring and applications
of edge colouring on fuzzy graphs. Nayeem and Pal [14] described diameter constrained
fuzzy minimum spanning tree problem. Recently, some research works have been done by
the authorsin continuation of previousworksrelated to cubic graphs, vague graphs, bipolar
fuzzy graphs, and intuitionistic fuzzy graphs which are mentioned in [19, 20, 21, 22, 23,
24, 25].

IFGs are the generalization of graph structures and extremely useful in the study of
some structures, like graphs, colored graphs, signed graphs, and edge-labeled graphs. IFGs
are more useful than fuzzy graphs (FGs) because they deal with the uncertainty and
ambiguity of many real-word phenomena. Hence, in this paper, we represent d,,,-regular,
td,,-regular, m-highly irregular and m-highly totally irregular intuitionistic fuzzy graphs
and some properties of them are discussed. Also, a comparative study between d,,,-regular
(m-highly irregular) IFG and td,,,-regular (m-highly totally irregular) IFG are given.

2. Preliminaries
Definition 2.1. [1] An intuitionistic fuzzy set A in an ordinary non-empty set X, isa pair
(ta,v4) Where py: X — [0,1] and v4: X — [0,1] are membership and non-member ship
functions, respectively such that

0 < pug(x) +v4(x) <1, forany x € X.
Definition 2.2. [1] Let X and Y betwo ordinary non-empty sets. An intuitionistic fuzzy
relation of X to Y isaintuitionistic subset of X x Y, that isan expression R defined by;

R={<x,y>us <x,y>vg<xy>}
where up: X xY — [0,1] and vgz: X X Y — [0,1], which satisfies the condition

0 < up(x,y) +vr(x,y) <1; forall (x,y) EX XY.

Definition 2.3. [5] Let G* = (V,E) be a graph. A pair G = (4,B) is called an
intuitionistic fuzzy graph (IFG) on G* or an IFG where A = (uu,v,4) iSan intuitionistic
fuzzy seton V and B = (ug,vg) isanintuitionisticfuzzy seton E € V x V such that for
each uv € E,
pp(uv) < min(us (W), wa(v)) , vUv) = max(vy(u), va(v)).
Anintuitionigtic fuzzy graph G = (A4, B) iscalleda complete-lFG if for every u,v € V,
up(uv) = pa(W) Apa(w) -, vp(uw) = va(w) Vv (v)
A complete IFG with n nodesis denoted by K,,.
Definition 2.4. [5] A path p in an IFG G = (4, B) is a sequence of distinct nodes
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Vo, V1, ..., Vi SUCh that;

(u(Wi—1vi),vp(Vi—1v1)) >0, i =1,..., k.
Here k iscalled the length of the path.

Definition 2.5. [5] Let G = (A,B) beanlFG. If u and v are connected by means
ofa path oflength k in G suchas p:u = Ug, Uy, Uy,... Ug_q, U = U, then uk(uv)
and v§(uv) are defined as follows,
p (uv) = sup{up(uuy) A pp(Uguz) Ao A pg (-1 v)},
vE(uv) = inf{vg(uuy) V vg(uiuz) V...V vg (ug_1v)}.
The strength of connectedness between two nodes uw and v in IFG G is
defined as follows,
} W) , v¥ W) = (supfukuv) | k=12,...} inf{vfuw) | k =
1,2,...9).

Definition 2.6 [5/An IFG G = (A,B) iscalled connected-IFG if for every nodes
w,v €V, ug(uv) >0 or vi(uv) < 1.

3. d,-regular and td,,-regular intuitionistic fuzzy graphs

In this section, first we define d,,-degree and td,,-degree of nodes in an IFG. Then we
introduce the notions of d,,-regular and td,,-regular IFGs and prove the necessary and
sufficient conditionswhich under this conditionsthe d,,-regular and td,,-regular IFGsare
equivalent.

Definition 3.1. Let G = (4, B) bean IFG. Thenthe d,,-degreeof anode u in G is
defined by,

) A (W) = Quzver M?(QU)I Duzrvev Vlri'n(uv))'
where u, uq,u,, ... Uy,—1, v iSthe shortest path connecting u and v of length m.

Example 3.2. Consider the IFG G = (A, B) asfollows,

-~ —~ -
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Figure 1: Intuitionistic fuzzy graph G.
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Then the d,-degree of nodesin G are asfollow,
d,(a) = (0.2 + 0.1,0.8 + 0.8) = (0.3,1.6),
d,(b) = (0.1 4+ 0.1,0.7 + 0.8) = (0.2,1.5),
d,(c) = (0.1 +0.2,0.7 + 0.8) = (0.3,1.5).

Definition 3.3. Let G = (4, B) beanIFG. Thenthe td,,-degreeor total d,,-degree of
anode u in G isdefined asfollows,
tdy (W) = usver HE W) + (W), Tusver VEWV) +v4 (W),

where u, uq, u,, ... uy,_1, v isthe shortest path connecting u and v of length m.
Example 3.4. Inthe Figure 1, td,-degree of nodesin G are as follows:

td,(a) = ((0.2 + 0.1) + 0.3, (0.8 + 0.8) + 0.6) = (0.6,2.2),

td,(b) = ((0.1 4+ 0.1) + 0.3,(0.7 + 0.8) + 0.5) = (0.5,2.0),

td,(c) = ((0.1+0.2) + 0.4,(0.7 + 0.8) + 0.5) = (0.7,2.0).

Definition 3.5. AnIFG G = (4, B) issaidtobe (m,(dy,d,))-regular IFG or
d,-regular if for all nodes v in G, d,,(v) = (dy,d3).

Example 3.6. 4 (2,(0.1,0.3))-regular IFG is given in the Figure 2.

// ‘\\‘ “ . '// '\..
/ . \ (0.1.0.2) [ .
(a(0.2,0.1)} (0.1,0.2) {6(0.4,0.2))
\ J \ ','
'\,\ / \, V4
— S
(0.2,0.3) (0.2.0.3)
'./ \\' ”/ \\‘
(0.5,0.2)} _ [e(0.2,0.1))
\% (0.1,0.2) . b
\ / \ /

Figure 2: Intuitionistic fuzzy graph G.
Since,
d,(a) = (0.1,0.3) , d,(b) = (0.1,0.3)
d,(c) = (0.1,0.3) , dy(d) =(0.1,0.3).
Then G isa (2,(0.1,0.3))-regular IFG.

Definition 3.7.AnIFG G = (4, B) issaidtobe (m, (kq,k,))-totally regular
intuitionistic fuzzy graph or  td,,,-regular if for all nodes v in G, td,,(v) = (kq1,k>).

Example3.8. 4 (2,(0.6,2.0))-totally regular IFG is given in the Figure 3.
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Figure 3: Intuitionigtic fuzzy graph G.
Since,
td,(a) = ((0.1+0.2) + 0.3,(0.8 + 0.8) + 0.4) = (0.6,2.0),
td,(b) = ((0.1 +0.1) + 0.4,(0.8 + 0.7) + 0.5) = (0.6,2.0),
td,(c) =(0.2+4+0.1) + 0.3,(0.8 + 0.7) + 0.5) = (0.6,2.0).
Then G isa (2,(0.6,2.0))-totally regular IFG.

Theorem 3.9. Let G = (A,B) beanlFG. If t, and f, are constant functions, then
G isa d,,-regular IFGifandonly if G isa td,, -regular intuitionistic fuzzy graph
(m is a positive integer).
Proof: Suppose that for every node v in G, (pa(v),va(v)) =(cq,c3) and
dm (V) = (d4,d). Then

tdp (V) = dp(v) + (La(V), va(v)) = (dy +¢1,d3 + C2),
Hence G isa tdy-regular IFG.If G isa tdy-regular IFG, then the proof is similar
to the previous case.

Theorem 3.10. Let G = (A,B) bea (m,(dy,dy))-regularanda (m, (kq,k;))-

totally regular [FG with n nodes. Then u, and v, are constant functions and
O(G) = Tl(kl - dll kz - dz).

Proof: If G isa (m, (dy,d,))-regular IFG and a (m, (k4, k,))-totaly regular IFG then

respectively for al v € V we get,

dn) = @dydp) > () K@), ) VE@) =@d), (D

v#uev v#uev
and
() = (ki ko) = (D) KB@) + 1), D VEW) +va®) = (ko ko).
v#uev vV#uev
Therefore,

Zvruev BB (uv), yzuev VB (UV)) = (kg — na(v), kz — va(v)).
Henceby (1), (dy,dz) = (ks — pa(v), kz —va(v)) and so (pa(v),va(v)) = (ky —
d;, k, —dy). Then p, and v, are constant functionsand since G has n nodes, then we
get

0(G) = Bvev Ma(V), Zvev Va(V)) = n(ky —dy, ky —dy).
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Definition 3.11. Let G = (A4, B) bea connected IFG. Then

(i) G iscalled an m-highly irregular IFG, if every node of G is adjacent to the other
nodes with the distinct d,,,-degree,

(ii) G issaidtobean m-highlytotallyirregular IFGif every nodeof ¢ isadjacenttothe
other nodes with distinct td,,,-degree.

Example3.12. Let G be IFG in the Figure 1. Since for nodes a,b and ¢ of G we
get;
dy(@) # dy(b) , da(d) £da(c) , dy(C) # dy(a),
td,(a) # tdy(b) , tdy(b) # td,(c) , tdy(c) # tdy(a).
Then G isan 2-highly irregular IFG and is an 2-highly totally irregular IFG.

Theorem 3.13. Let G = (A,B) be an IFG. If u, and v, are constant function and
m Is a positive integer. Then G is an m-highly totally irregular IFG if and only if
G isan m-highly irregular IFG.

Proof: Suppose that G is an m-highly totally irregular IFG. Then td,,-degree of
every pair of adjacent nodes are distinct. Let u and v are a pair of adjacent nodes
with distinct td,,-degree. We get,
. tdm (W) = Quzwer Mg WUW) + pa(W), Xyzwew VB (Uw) +v4(u))
an
tdm(v) = (Zv;twev Han(VW) + HA(V): Zv#:wEV Van(VW) + VA(V))'
Since td,(u) # tdy, (v), we have,
Zu;thV Han(UW) + HA(U) a Zv#:wEV Hg] (VW) + HA(V)
or
Luzwev VB (UW) + V4 (W) # Yyzwev VB (VW) + Va (V).
Since pp(u) = pa(v) and vp(u) = va(v). Hence
Zu#:WEV ﬂ?(uw) Ea ZU;EWEV ﬂgl(vw)
or
Zu:tWEV Vlri'n(uw) Ea Zv:tWEV VIYBn(UW)
and so
dm(u) = (Zu;thV :uan(uw): Zu#:WEV Vgl(uw)) *
Qvzwer UE (VW), Zpzwey Vg (W) = dip (V).
Hence, any pair of adjacent nodes in G have distinct d,,-degree. Then G is an
m-highly irregular IFG.

Conversely, let G is an m-highly irregular IFG. Then the d,,-degree of
every pair of adjacent nodes such as u and v are distinct. This implies that
dp(w) # dy(v) and since pa(u) = pa(v) and va(u) = va(v). Hence

tdn(u) = dip(W) + pa(W) # dp (V) + pa(V) = tdp (v)
and so any two adjacent nodes in G have distinct td,,-degree. Therefore G is an
m-highly totally irregular intuitionistic fuzzy graph.

Theorem 3.14. Let G = (A,B) be an IFG on cycle graph G* = (V,E) with k >3
nodesandforall i =1,...,k—1 (Where vy, = v,),

up(Vivit1) < Up(Vit1Vitz) O Ve(ViVir1) > Ve(Vit1Vis2)-
Then G isan {1,2,...,[k2]}-highly irregular IFG.
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Proof: Suppose that v;v,,v,vs,...,vivy isthe arcs of G where,

H(V1V2) < pp(V2v3) <... < pB(ViVi+1) < MB(Vit1Visz) <-.. < uB(VkV1)
and there exists vjvi;q4 €E such that for 1<m < [k2], dpn(vi) =dn(Vie1)-
Therefore we get

Zvi:tvjEV g (ivy) = pp(Vivip1) + up(Vivi41)
and
Zvi+1¢vjEV HTBn(Vi+1Vj) = up(Viviy1) + tp(V141V142)-
Since d,,(v;) = d,,(v;41) hence,
te(ViViv1) + up(Vivi41) = Hp(ViVip1) + Up(Vi41V142)
and so,
g (Vivi1) = Up(Vi41Vi42)
that this is a contradiction.
Now, if for every v v,,v,v3,...,7V; €EE,
vp(V1V2) > vp(V213) >... > Vp(ViViy1) > Ve (Vig1Vis2) >... > Vp(Vg1)
then similar to the proof of previous case, the contradiction is obtained. Therefore
G isan {1,2,...,[k2]}-highly irregular intuitionistic fuzzy graph.

Remark 3.15. Let G = (A,B) bean IFG on cycle graph G* = (V,E) with k =3
nodesandforall i =1,...,k—1 (Where vy, =v,),

up(Vivit1) < pp(Vit1Vivz) OF Vp(ViVit1) > VB(Vit1Vis2).
Then G isnotan {1,2,...,[k2]}-highly totally irregular IFG, in general.

Example 3.16. Consider the [FG G = (A,B) ongraph G* = (V,E) inthe Figure 4,

-~ ~ -~ .
// \\ - - ,./ \\
[ S (0.1.0.6) [P
|a|_‘.t4.l_i.-l‘||¢ 16(0.3,0.6 )|
\ / \ J
(0.4,0.6) (0.2,0.7)
"// N\ / N\
(d(0.5,0.4)} {c(0.4,0.5))
\ g, (0.3.0.5) \ /
\ //' R \ /"'

Figure4: Intuitionistic fuzzy graph G.

We see that
up(ab) < up(be) < pg(cd) < p(da)
and we get
td,(a) = (0.3 +0.4,0.6 + 0.4) = (0.7,1.0),
td,(b) = (0.2 +40.3,0.6 + 0.6) = (0.5,1.2),
td,(c) =(0.3+0.4,0.6 +0.5) =(0.7,1.1),
td,(d) = (0.2 4+ 0.5,0.6 + 0.4) = (0.7,1.0).
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Since for two nodes a and d that are adjacent, td,(a) = td,(d). Then G is not
an 2-highly totally irregular IFG.

Theorem 3.17. Let G = (A,B) be an IFG on path graph G* = (V,E) with k=3
nodesandforall i =1,...,k—1 (Where vy, = v,),
He(ViViv1) < Up(Vit1Vig2) OF Vp(ViVit1) > Vp(Vit1Vis2)-
Then G isan {1,2,...,[k2]}-highly irregular IFG.
Proof: Suppose that v{v,,v,V3,...,Vk_1Vk isthe arcs of the path G such that,
He(v1vz) < pp(vavz) <....< up(Vivit1) < MB(Vit1Vitz) <-... < UB(Vk-1Vk)
Then for every 1 < m < [K2] we get,
ZVﬁH]jEV ‘ngl(vi'l]j) =

ug(vivizq) if i=12,....m
up(WiVis1) + Up(ViemViemsr)  if i=m+1...,k—m
U (ViemVicma1) if i=k-m+1,...,k

Hence for every two adjacent nodes as v, and v, in G, we get d,(v}) #
dp (Vi41)- Therefore G is an {1,2,...,[k2] — 1}-highly irregular IFG. Now, suppose
that m = [k2].If k is even, then we get
meo o~ _ (HB(ViVis1) if i=12,....m
Z”i*”jEV HE' (Viv)) = {yB(vi_mvi_mﬂ) if i=m+1,....k—m

and if k is odd, then we get

g (Vivizq) if i=12,....m
Lvzvsev Bp (Viv)) = {Hp(V102) + g (VimViemer)  If i=m+1
HB(vi—mvi—m+1) if i=m+2,...k

where in both cases for every two adjacent nodes v; and vj;; in G, we get
dn(v) #dyn(vi41) and so G is an [k2]-highly irregular IFG. Similarly, for the
non-membership function of each arcs, it is established.

Definition 3.18. Astar-IFG G = (4, B) isa complete bipartite IFG such that, one
partition of V' contains only one node.

Theorem 3.19. Let G = (A,B) be astar IFG with k = 4 nodes, such that the node
v, iIsincident to the other nodes. If forall i = 2,...,k,
tp(Viv1) < pp(Vip1v1) or vp(vivy) > vp(Vi41V1).
Then G isan {1,2}-highly irregular IFG.
Proof: Suppose that v,v;,v3vy,...... ,Vk_1V1,VxVy arethearcsin G such that
- up(V2v1) < pp(V3v1) <...< pup(Vis1v1) < Up(Vip2v1) <...< pp(Vpvq).
en,

k
> @)= uw) and Y phiw) = wpoiv); i =2,k
V1 F#VEV j=2 Vi #V;EV
I

di(vy) # d1(vy) # dy(v3) #... # dq (V).
Therefore G isan 1-highly irregular IFG. Also we see that

dy(v1) = (0,1) and Zvi#:vjEV lea(vivj) = (k= Dug(v1vy) + 23'_:12 up (v105).
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Hence for every i=2,...,k, d;(v;) # d;(v4) and so G is an 2-highly irregular
[FG. Similarly, if the non-membership function of each arc is distinct from other arcs,
then it is established.

4. Conclusion

An intuitionistic fuzzy graph has numerous applications in the modelling of real life
systems where the level of information inherited in the system varies with respect to time
and have the different level of precision. The IFG is the extension of FG having both
membership and non-membership degrees. Intuitionistic fuzzy models are much better
than FGs in precision, elasticity, and compatibility for the system. The IFG defines all
types of complexity as an FG. In this paper, we introduce d,,-regular, td,,-regular,
m-highly irregular and m-highly totally irregular intuitionistic fuzzy graphs and some
properties of them are discussed. Likewise, a comparative study between d,,-regular
(m-highly irregular) intuitionistic fuzzy graph and td,,-regular (m-highly totally irregular)
intuitionistic fuzzy graph are given.

Acknowledgement. We would like to provide our cordial thanks to the honorable referees
for their valuable comments which help usto enrich the quality of the paper.
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