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Abstract. In the present article, we use the Laplace-Adongiacomposition method to

investigate the approximate analytical solutionliofar and non-linear time-fractional

Klien-Gordon equations with appropriate initial ditions. The derivatives considered
herein, are taken in Caputo’s sense. Analyticallteobtained by the proposed method
are in series form and numerical computation irtdigathat the procedure of the
suggested technique is very simple and straighfodw
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1. Introduction

In recent years, fractional calculus has grownapylarity due to its versatile use in a
variety of scientific disciplines such as controhgmeering, electromagnetism,
viscoelasticity, biology and signal processing, teys identification, mathematical
biology, statistics ,control theory, finance, chabeory and fractional dynamics, and
others [7, 8, 14, 2(22], resulting in a large number of research papessoted to the

study of solutions of partial differential equatsoof fractional order.

Several analytical techniques for finding approadien analytical solutions for
fractional partial differential equations and sys¢e are introduced, including the
Adomian Decomposition method (ADM) [9,18,24], thariational iteration method
(VIM) [17], the homotopy analysis method (HAM) [13jomotopy perturbation method
(HPM) [1], homotopy perturbation transform methddPTM) [12,21], g-homotopy
analysis transform method (g-HATM) [2], the itevati Laplace transform method
(ILTM) [3,25], and others.

In 2001, Khuri [13] introduced a novel approache thaplace Adomian
Decomposition method (LADM) to seek an approximstkition to a class of nonlinear
differential equations. By now, the LADM technighas been used to solve Volterra
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integro-differential equations [27], Burger diffat@l equations [19], Kundu Eckhaus
differential equations [6] etc.

Jafariet al. firstly used the LADM approach to find an approate analytical
solution of linear and nonlinear fractional diffasiwave equations [10]. Most recently,
the LADM has been used to solve fractional Telelgr&puations [11] and fractional
Zakharov-Kuznetsov equations [23]. The LADM appioés rid of any small or large
parameters and has advantages over other approximapproaches such as
perturbation. Unlike other analytical methods, LADddes not need discretization or
linearization. Therefore, the results achieved B{pM are more efficient and realistic.

In this study, we examine the linear time-fractiadien-Gordon equation of the
following form

DIu(X, )= U (% 9+ bu x )= f(x),1<a< 2, (1)
u(x,00=g (¥, y(x0=g(3. )
and the non-linear time-fractional Klien-Gordon atjon of the form
DIu(x, ) - u, (X 9+ b x )+ cd ¢ xp)=  x),1<a< 2, 3)
u(x,00=g(¥9, Y(x0=g(x, (4)

whereb and C are real,g(u) is a non-linear function and is a known analytic

function. The fractional derivatives are considdrethe Caputo sense.

The main advantage of this study is to extendatbek of the Laplace-Adomian
decomposition method (LADM) to derive the approxienanalytical solution of linear
and non-linear time-fractional Klien-Gordon equatio

2. Preliminaries
Some fractional calculus definitions and notati@®ded in the course of this work are
discussed in this section.

(@ The fractional derivative ofi( X, t) in the Caputo sense is defined as [16, 20]

a — 1 b m-a-1, (m)
Dfu(x, t)—m.([(t_ﬂ) u™(xn) dy, 5)

m-1l<ag<mml N
(b) The Laplace transform of a functidn(x), x> 0 is defined as [26]
LLF(9] = F(9 = [ €% { ¥ dx (6)
0

whereS is real or complex number.
(c) The Laplace transform of the Caputo fractioraivtive is defined as [16, 20]

L[Dfu(xt)]=¢ L[ u x D]—mz1 @ ( x0) &2,

m-1<a<mni N
whereu® (%,0) is the k-order derivative af(x, t) with respect td att = 0.

()
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3. Basicidea of L aplace-Adomian decomposition method
To explain the basic idea of Laplace-Adomian Decosition method [10], we take a
general fractional partial differential equationyntee written in an operator form as

DAu(xt)+ Ru x )+ Nf x}= ¢ x)t, m-1<a<m nO N (8)
u¥(x0)=h(x, k=012,..m 1 )

where DU(X,t) is the Caputo fractional derivative of ordef, m-1<a < m,

defined by equation (5R is a linear operator which might include othercfianal
derivatives of order less tham, N is a non-linear operator which also might include

other fractional derivatives of order less thanand g(x,t) is a known analytic
function.

Applying the Laplace transform to equation (8), vexe
L[Dru(x )]+ L[RY xJ+ N x}]= [ ¢ x)]. (10)

Using the equation (7), we get
m-1
Llu(x 0] = 25 80 x0)+ 3 1 X
s" = g

L 11§
—gL[RL(x b+ Nu xJl.
Applying inverse Laplace transform to the equafibl), we obtain
m-1
u(x t) = L‘{%(Z I (x0)+ [ o x )]ﬂ
S" Ui
k=0 1 (12)
- L‘l[s—a LIRW %+ Ny x )]}-
The ADM solutionu(x, t) is represented by the following infinite series
u(xt=> u (%9, (13)
n=0
and the non-linear term is decomposed as follows
Nu(x = A , (14)
n=0
where A, are the Adomian polynomials given by
A=t 9 NS Ay n=0,1,2 {15
nl d/]n s /1:01 1y Sy

Substituting equations (13) and (14) into equati), we get
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> u, (%)= L[Siz & x0)+§ o x )]}

fedlged )

Using the Adomian technique, we determine the forneaurrence relations in the
elegant form as

Uy (X 1) = L‘lL—agé"l‘k 09 x0)+§ U d x )]]

(16)

17)

U, (x1) :—L'l[sia L(R(y(x9)+ e\)}, n0,12,...,

In general, the solutions in the above series exqes rapidly. The classical
approach to convergence of this type of seriesbesn presented b@herruault and
Adomian [4] and Cherruaudit al. [5].

4. Implementation of the method
In this part, we use the above-mentioned reliabé¢hod to solve linear and non-linear
time-fractional Klien-Gordon equations with initiednditions.

Example 1. In this example we consider the following lineamé-fractional Klien-
Gordon equation [24]

Dfu(x t)-u,+u=0,1<as< 2, (18)
with the initial conditions

u(x0)=0andy(x,0= x (19)
Taking the Laplace transform of the equation (&8 have

o d%u(xt

L[Dtu(x,t)]—L[ a( )+u(xt)} (20)

Using the fractional derivative property of the lage transform we get
- [ 9%u(x,t)
Llu(x ] == €9 x0)-— L + . 21
[u(x 1] s"kz:;‘, (x)sa 7t x) (21)

Applying inverse Laplace transform to the equaf@ah), we get_
Oux D\t 1 (9%u(xt)

u(xt L°|—L + . 22

()g( otk jk! g | X 9 (22)

Substituting the results from equations (13) ar) {i the equation (22) and applying the
equation (17), we determine the components of tieM solution as follows

Uy(x 1) = Z[a L t)j =X (23)
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_ a1 aZUO(X,t) - Xt

u(xt)=-L L[, L( Y +L5(xt)H @2’ (24)
_ -1 0 U (%) __ a2 Xt

U,(x t)=-L L [ pW: +L&(xt)j_—( 1) T2a+2)’ (25)
el 1 (2%u(x ) |

Us(x ) =-L L[, L( ) +L5(xt)j_ -1 rGa+2)’ (26)

and so on. The other components may be obtainexidiagly.
Thus, the solution in the series form is given by

u(x 0 =w(xH+y(x 9+ y(x I+ y( xJ+..
ta+l t2£7+1 t37+1
=X|t- + - +.... 27)
MNa+2) Ta+2) I(+2)
The same result was obtained by Sharma and Bak#jaiging ADM.
If we puta =2,in Eq. (27), we have
u(x t)= xsint, (28)

which is the exactly the same solution obtainedanfier Mohyud-Dinet al. [17] using
VIM method.

Example 2. We consider the following linear time-fractionali&t-Gordon equation [24]

Dfu-u,+u=2sinx, I<as< 2 (29)
with the initial conditions
u(x0)=sinx and y(x,p= 1 (30)
Taking the Laplace transform of the equation (2&) have
" 0%u(x, ) |
L[Dtu(x,t)]—L{ 5 —u(xt)+25|nx}— 0. (31)

Using the fractional derivative property of the lage transform, we get

_ 138 o w 1 | Pu(x.t) .
L[U(xt)]—sa;é’ d (x0)+§, L[ 37 | x)}+2sin % (32)

Applying inverse Laplace transform to the equafig2), we get

u(x )= Z(ak”aii"t)jf:, L'lLaL(azs()?t) u(xt)+2sinxﬂ. (39

k=0

Substituting the results from equations (13) ar) {i the equation (33) and applying the
equation (17), we determine the components of &ieM solution as follows

Uy (X t) = Z(a L;ii( t)}_ lt(—k!+ L‘{% L(Zsinx)}

k=0
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a

=sinx+t+ 2sinx , (34)
MNa+l)
a1 1 (0%u,(x 1)
=L = | D t
w(x 1) Lﬂ ( 3 W (X )ﬂ
a ta+l 2a
=-2sinx - - 4SinX———— (35)
MNa+l) T(a+2) MN2o+1)
4l 1 (0% (x 1)
Uy(x t)= L = L] —=">— £
,(% 1) L’” ( ) u(x9
2a t20/+l g
=4sinx + + 8SinX—— (36)
Fra+1) I (2o+2) r@+1)
4l 1, (0%u,(x 1)
W(xt)= LY=L —2 >~ ¢
L (% 1) {s" ( 3 W(x9
3a t3a+l X
=-8sinx - -16SilK———— (37)
FBa+1) I'(+2) r@@+1
and so on. The other components may be derivedikke
Thus, the solution in the series form is given by
u(x 9= u(x 9+ y(x 9+ y(x 3+ gl xJ+ ..
ta+l t20+1 t37+1
=sinx+| t— + - +... (38)
MNa+2) Ta+2) T (3r+2)

The same result was obtained by Sharma and Bak4jaiging ADM.
If we puta =2 ,in Eqg. (38), we have

u(x t) =sin x+ sint , (39)
which is the exactly the same solution obtainedebylier Wazwaz [28] using ADM
technique.

Example 3. Finally, we consider the following non-linear time-fractibidien-Gordon
equation [24]
a 2
Dfu-u,—(u) -U#=0,1<as< 2, (40)
with the initial conditions

u(x0)=0and y(x,9=¢

(41)
Taking the Laplace transform of the equation (@) have
L[D{’u(m)]—La—zu+ WY, ¢ =0, (42)
ox* | ax

Using the fractional derivative property of the laaqe transform, we get
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L[u(x,t)]——ZsI’”dk(xO) 1 {g)‘e‘ (‘;‘Q + ﬁ}. (43)

Applying inverse Laplace transform to the equafi43), we get

e R FL Ltk

Substituting the results from equations (13) ar) {i the equation (44) and applying the
equation (17), we determine the components of tieM solution as follows

k
Up(% 1) = Z[a e t)j C=et (45)
k=0 t=0 kI
4] 1(d% 41
=L —| —2 ||+ L= ,n=0,1,2,... 46
un+1(X1 ) |:Sa(axz ]j| |:§(Aﬁ)} n ( )
2
where A, are the Adomian polynomials for the non-linear tefiu = (g—uj + 1P,
X
Now, for n=0,1, 2,...and using equations (15) and (46), we have
A =0, 47)
et
)=——, 48
(X ) F@+2) (48)
A=0, (49)
ext2a+l
)=—— , 50
U, (X t) Fa+2) (50)
A =0, (51)
ext3a+1
)=——, 52
Us (X, ) FGa+2) (52)

and so on. The other components can be obtaineddiegly.
Thus, the solution in the series form is given by

u(x 0 =w(xH+y(x 9+ y(x I+ y( xJ+..
ta+1 t20+1 t&7+1
=e"| t+ + + +...]. (53)
{ MNa+2) T2a+2) &+ 2) }
The same result was obtained by Sharma and Ba#jaiging ADM.
If we puta =2 ,in Eq. (53), we have an elegant result as

u(x t)= ésinht, (54)
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5. Concluding remarks

The Laplace Adomian decomposition technique (LADM} been successfully used to
provide an approximate analytical solution to timeetfractional Klien-Gordon equation
with initial conditions. The analytical results lealieen presented in the form of a power
series with easily computed terniisis worth mentioning that the method is capalfle o
decreasing the volume of computational effort wbempared to classical methods while
keeping the high accuracy of the numerical reghk; size reduction amounts to an
improvement of the performance of the approach.
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