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Abstract. In this paper, we consider the Diophantine equagion 12)* + (p + 2¥)” = 22
where p > 3p are primes and k is natural number, when x, y amagde non-negative
integers. It is found that the Diophantine equatias no nonnegative integer solution.

Keywords. Diophantine equations, exponential equatjiam®ger solution.
AMS Mathematics Subject Classification (2010): 11D61

1. Introduction

The Diophantine equation has been examined by messarchers. It is considered as
one of the significant problems in the elementamnher theory and the algebraic
number theoryln 2014, Suvarnamani, [12] proved that the equapdn+ (p + 1)Y = z2

has a unique solution (p, X, ¥, z) = (3, 1, 0, Bewp is an odd prime and X, y, z are non-
negative integer, Additionally, in 2018, Kumar ¢, $8,9] showed that the non-linear
diophantine equatiorp® + (p + 6)Y = z2 has no solution. In this year, they proof
that61* + 67Y = z? and 67 + 73Y = z2 has no solution, where X, y, z are non-
negative integers, where n is a natural numBenshtein[2,3] also proved thathe
Diophantine equatiod*** 4+ 7” = z2 and showed that solutions of the Diophantine
equations p3 + ¢ = z2 and p3 — ¢ = z? when p, g are primes have no solutions.
Moreover, Fernando [7] showed that the Diophantigeation p* + (p + 8)” = z2 has

no solution in positive integers, when p > 3 and B are primes, Kumar et al., [10]
proved that the solution of exponential Diophantgiationp® + (p + 12)¥ = z2, has

no non-negative integer solution., when x , y,@ @mon-negative integers, p and p+12 are
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primes, let p is of the form 6n+1, where n is natmumber. In 2020, Burshtein [4,5,6]
showed thathe diophantine equatiopg + ¢ = z2 and p* — ¢ = z%2 when p, q
are distinct odd primes have no solution. In theesaear,he proved that the
Diophantine equatiorp® + (p + 5)¥ = z2 when p is prime wherg + 5 = 22* has no
solution (x, y, z) in positive integers and proved that the otu to the
Diophantine equatiorp® + q¥ =z when =2 , q are primes,1 <x,y <

2 are integers. In 2021, Moonchaisook [11] proved that the nomdin
Diophantine equatiorp* + (p + 4™)” = z?2 has no solutigrwhenp > 3, p + 4™ are
primes numbers, when X, y and z are non-negattegiéns and n is positive integer, this
year Aggarwal [1] (2021) studied solutions to theanential Diophantine equation
(22m*1 — 1) + 13™ = z2 where m, n are whole numbers, has no solution folev
number.

Because of this open problem, the author is thezaftterested in proving that
the Diophantine solutior(p + 12)* + (p + 2¥)” = 22, has no non-negative integer
solution, when x, y and z are non-negative integdere p > 3 and @re primes, k is
positive integer.

2. Basic results

Lemma 2.1 The Diophantine equatiot + (p+2k)y =z2 has no solution in non-
negative integer y, z where p > 3, p are primeskaispositive integer.

Proof: Supposehe Diophantine equation+ (p + 2¥)” = z2.

Sincep > 3 andp are primes of the form p = 4N+1 or p = 4N+3 wherésNbositive
integer. Therp = 1(mod 4) or p = 3 (mod 4).

Now, 1 + (p + 2¥)” is an even number. Then z is even azil= 0(mod 4).

We consider in 3 cases as follows:

Case 1:If y = 0, Thenz? = 2 which is impossible.

Case 2:Supposep = 1(mod 4)
fk=2n,k>1,y=2s, &1, thenl+ (p+25) = 2(mod 4)
which is a contradiction since? = 0(mod 4).
Ifk=2n,k>1andy=2s+1,380, thenl + (p + Zk)y = 2(mod 4)
which is a contradiction since? = 0(mod 4).
Ifk=2n+1,k>0,y=2s,&1lory=2s+1,50

then 1+ (p + 25)” = 2(mod 4) which is a contradiction since? = 0(mod 4).
If k =2n+1, k=0, y = 2s+1, £ 0 then 1 + (p + 25)” = 2(mod 4)
which is a contradiction since? = 0(mod 4).

Case 3:Suppose g -1 (mod 4).
If k = 2n, k> 1,y = 2s, s 1 then1 + (p + 2¥)” = 2(mod 4) which is a
contradiction since? = 0(mod 4).
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Ifk=2n+1,n>0,y=2s, s 1then 1+ (p+25)" = 2(mod 4) which is a
contradiction since? = 0(mod 4).
fk=2n,n>1lork=2n+1,®0,y=2s+1, &0

then (p + 24)°*" = (p+25) P ™2 = - D@z +1).

Thus there exist non-negative integersi 3 , then (p + 25)“ =z + 1 and
(p+ 21‘)[3 =z — 1, wherea > 8 ando+p = 2st+1.

Therefore(p + 21‘)[3 ((p + Zk)a_B - 1) = 2 .This implies thatg = 0.
Then(p + 21‘)25+1 —1=2 thatis (p+ 21‘)25+1 = 3 which is impossible.
Hence the Diophantine equationt (p + 25)” = z2 has no solutions.

Lemma 2.2. The Diophantine equatiofp + 12)*+ 1 =z2 has no solution in non-
negative integer x and z where p > 3, p are primes.

Proof: Suppose the Diophantine equat{gm 12)* + 1 = z2.

Forp > 3andp are primes of the form p = 4N+1 or p = 4N+3 wheris [dositive integer.
then p = 1(mod 4) orp = 3 (mod 4) when y and z are non-negative integer.
Since(p + 12)* + 1 = z?% is even number. Thug? = 0(mod 4).

We consider 2 cases as follows:

Case 1: If x = 0, Thenz? = 2 which is impossible.

Case 2:If x = 1,p > 3 and p are primes.

Suppose (p + 12)* + 1 = z2, when x and z are non-negative integers.

Subcase 1if x =2m, m>1 andp = 1(mod 4) orp = —1 = 3 (mod 4),

then (p + 12)* + 1 = z2 = 2 (mod4), which is a contradiction sing& = 0 (mod 4).

Subcase 2if x =2m+1, m> 0,

Supposép + 12)2M+1 = 722 —1=(z—-1)(z+ 1).

Let (p+12)*=z+1land (p+12)f =z—1or(p+12)P+1=2.

Whena > anda+ B =2m+1,m > 0.

Therefore (p + 12)# ((p + 12)* B -1)=2
If B =0, then(p +12)2™*1 —1 =2, that (p + 12)* = 3 which is impossible.
If > 1, then (p + 12)# = (p + 12)® — 2. This implies thatp + 12)|2

which is impossible. Hence the Diophantine equafjost 12)* + 1 = z?2

has no solution.

3. Main results

Theorem 3.1.The Diophantine equatiofp + 12)* + (p + 25)” = 22 has no solution in
non-negative integer X, y, and z where p > 3 aadegprimes and k is positive integer.
Proof: Suppose p > 3 + 12 andp + 2* are primes, we have any primes of the form
p = 1(mod 4) or p = 3 (mod 4), where y and z are non-negative integer.

Since(p + 12)* + (p + 2¥)” = 22, z is an even number, thert = 0(mod 4). (1)
We consider 4 cases;

Case 1:If x =0 and y = 0 them? = 2 which is impossible.

Case 2:If x = 0,y = 1 then 1+(p + 2X)” = 22 has no solution by Lemma 2.1.
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Case 3:Ify = 0, x> 1 then(p + 12)* + 1 = z? has no solution by Lemma 2.2.

Case 4:If x > 1, y> 1 then(p + 12)* + (p + 2¥)” = 22 has no solutions.
We consider in 4 subcases as follows;

Subcase 1:1f x =2m, m> 1 andy = 2s,s = 1,then

If p = 1(mod 4) then(p + 12)* + (p + 25)” = 2% = 2(mod 4). 2)
Equation (2) contradicts equation (1).
Hence the Diophantine equatign+ 12)* + (p + 2¥)” = z2 has no solution.

If p=—1=3(mod4) then(p+ 12)* + (p + Zk)y =22 = 2(mod 4) (3)
Equation (3) contradicts equation (1).
Hence the Diophantine equatiém+ 12)* + (p + 2¥)” = 22 has no solution.

Subcase 2:If x = 2m+1 and y = 2s+1, whena > 0,s > 0 and m, s are positive
integers.
2s+1

If p = 1(mod 4),so that (p + 12)?™*1 + (p + 2¥) =2 (mod 4). 4)
The equation (4) contradicts equation (1).

Hence the Diophantine equatidip + 12)* + (p + 25)” = 22 has no solution.
If p=—1=3 (mod 4) then(p + 12)2™*1 + (p + 25)*" = 2(mod 4)  (5)
The equation (5) contradicts equation (1).

Hence the Diophantine equatiép+ 12)* + (p + 25)” = 22 has no solution.

Subcase 3:lIf x=2m+1,m =0,y = 2s,s =1,
Since(p + 12)*+ (p + Zk)zs =z% then(p+12)* =22 —(p + Zk)zs,
then (p + 12)2™*+1 = (z+{p + 2¥)°)(z—(p + 2¥)°). Thus there exist non-negative
integersx and Bthen(p + 12)* =z + (p + Zk)s and (p + 12)# + (p + Zk)s =z (6)
whena > Band a + B = 2m + 1. Therefore (p + 12)# ((p + 12)*F —1) = 2(p + 2¥)°

If B =0, then(p + 12)2™+1 —1 = 2Ap + 25)° = 2(mod 4) 7)

If p=1(mod 4) then(p + 12)?™*1 — 1 = 0 (mod 4). (8)
Equation (8) contradicts equation (7).

Hence the Diophantine equatignt 12)* + (p + 2¥)” = z2 has no solution.

If p = —1 (mod 4) then(p + 12)2™*1 + (p + 2%)*° = 22 = 2(mod 4) 9)
Equation (9) contradicts equation (1).
Hence the Diophantine equatign+ 12)* + (p + 2¥)” = 22 has no solution.

Ifp > 1, from(6) then(p + 12)@ = (p + 12)f + 2(p + 2¥)° where a > g and
a+B = 2m + 1 then imply that (p + 12) | 2(p + 2%)° which is impossible since p+12 is
an odd number bi(p + 2¥)” is an even number.

Hence exponential Diophantine equatign+ 12)* + (p + 2¥)” = z2, has no solution.

Subcase 4:lf x=2mm =1,y = 2s + 1,5 =0,
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2s+1

then(p + 12)* + (p + 2%) =+ @{P+12)™)(z—-(p+12)™).
where a > f anda+f = 2s + 1.

then(p+25) =z + (p+12)™ and (p + 25)° + (p + 12)™ =2 (10)

From the equation (10) thefp + 2¥)“ = (p + 21‘)B + 2(p + 12)™ This implies that

(p +2%)|2(p + 12)™ which is impossible sincép + 2¥) is an odd number and
2(p + 12)™ is an even number.

Hence the Diophantine equatign+ 12)* + (p + 2¥)” = z2 has no solution.

Corollary 3.1.1. The Diophantine equatiaip + 12)* + (p + 25)” = m* has no solution
in non-negative integer m, x and y where k is pasiinteger, p > 3 ang are primes.
Proof: Supposan? = z, then(p + 12)* + (p + 2¥)” = m* , which has no non-negative
integer solution by Theorem 3.1.

Corollary 3.1.2. The Diophantine equatiokip + 12)* + (p + 2¥)” = m®"*2 has no
solution in non-negative integer m, x and y wherie kositive integer, p > 3 anglare
primes.

Proof: Supposem™! =z then (p + 12)* + (p + 25)" = w2"*2 = 22 has no non-
negative integer solution by Theorem 3.1.

4. Conclusion

In this paper, we proved that the Diophantine equap + 12)* + (p + 2¥)” = 22
has no solution where x, y and z are non-negative and n is posititeger. There are
infinitely many the exponential Diophantine equattbat has no solution which need to
be proved.
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