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Abstract. In this paper, we prove that if � is a separable proximinal subspace of �, then  
� is strongly proximinal in � if and only if ����, �� is strongly proximinal in ����, ��. 
where ����, �� is an Orlicz function space with Luxemburg norm. 
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1. Introduction  
Let ��, ‖. ‖�� be a normed linear space and  
 be a subset of �.  For � ∈ �, let ��� , 
� �
inf�‖� � �‖�: � ∈ 
� and let ����� � �� ∈ 
: ‖� � �‖� �  ��� , 
��. If G is a subspace 
of X, an element �� ∈ 
 is called a best approximant of x in G if �� ∈ �����. Moreover, 
If for each � ∈ �, ����� � ∅, then 
 is said to be proximinal in X, for more see [5] and 
[6]. We recall the following definition of stronger version of approximation:  
 
Definition 1.1. [4] A closed convex subset � of a Banach space � is said to be strongly 
proximinal if it is proximinal and for a given � ∈  � \ � and ! "  0 there exists $ "  0 
such that �%��, $�  ⊆  �%���  '  ! (� , where �%��, $� � �z ∈ �: ‖� � z‖� * ���, �� '
$�.  
           From the definition of strong proximinality, it is clear that if �  is a strongly 
proximinal subspace of � , then the metric projection �+: � → 2+ is upper Hausdorff 
semi-continuous, abbreviated uHsc, for more see [3]. 
           Let . be an Orlicz function on /0, ∞� (i.e. a continuous, strictly increasing, convex 
function satisfying .�0� � 0 and lim3→4 .�5� � ∞). Let �Ω, Σ, �� be a measure space. 
An Orlicz space �����  is a space of all measurable functions 8: Ω ⟶ ℝ  such that  

; .�<=>|8�5�|� ���5� @A ∞, for some < " 0, with norm 

‖8‖� � inf B< " 0: ; .�<=>|8�5�|� ���5� * 1A  D. 

Let E� be a subspace of ����� such that for all  < " 0, ; .�<=>|8�5�|� ���5� @A ∞. 
     For a real Banach space ��, ‖. ‖��, The Orlicz space ����, �� is a space of all strongly 

measurable functions 8: Ω ⟶ �  such that ; .�<=>‖8�5�‖�� ���5� @A ∞ , for some 

< " 0. Define a Luxemburg norm on ����, ��  by  
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‖8‖� � inf B< > 0: ; .�<=>‖8�5)‖�) ���5) ≤ 1A  D , 

the subspace E���) contains all strongly measurable functions 8: Ω ⟶ � such that for 

all < > 0 , ; .�<=>‖8�5)‖�) ���5) <A ∞ . The function  .  is said to satisfy ∆G  –
condition, denoted . ∈ ∆G  if .�25) ≤  H.�5), 5 ≥  5� ≥ 0, for some absolute constant H > 0, also we say .  is ∆G - regular if  . ∈ ∆G. It is known that if  . is ∆G – regular, 
then  E���) = ����, �),  E� = ����),  for more about Orlicz function spaces see [2]. 
There are many results about best approximation in Orlicz function space, reader is 
referred to [1,7,8,9,10]. In [3], Paul investigated the strong proximinality and ball 
proximinality in �J��, �), 1 ≤ K ≤ ∞. 
         In this paper, we will prove that if � is a separable proximinal subspace of �, then  � is strongly proximinal in � if and only if ����, �) is strongly proximinal in ����, �). 
 
2. Main results 
Throughout this paper we suppose � is a Lebesgue measure on Ω = [0,1], . is ∆G-regular 
(. ∈ ∆G), .�1) = 1 and � is a real Banach space. 
 
Theorem 2.1. Let � be a separable proximinal subspace of � such that �+ is uHsc. Then 

for 8 ∈  ����, �), � ∈  ����, �) : 

�M8, �NO�P,+)��)Q = ‖��8�. ), �+���. )) )‖� 

Proof: From [1, Corollary 2.1] it implies that ℎ ∈ �NO�P,+)��)  if and only if ℎ�5) ∈�+���5)) a.e.  
Thus, for every ℎ ∈ �NO�P,+)��) , ‖8�5) − ℎ�5)‖ ≥ ��8�5), �+���5)) )  a.e. Since .  is 
strictly increasing, then for every positive constant  < we have .�<=>‖8�5) − ℎ�5)‖) ≥ .S<=>��8�5), �+���5)) )T 
Hence, for every ℎ ∈ �NO�P,+)��), ‖8 − ℎ‖� ≥ ‖��8�. ), �+���. )) )‖�.  

Therefore, �M8, �NO�P,+)��)Q = UV8W∈XYO�Z,[)�\)‖8 − ℎ‖� ≥ ‖��8�. ), �+���. )) )‖�. 

From [3, Lemma 3.3] there is a sequence of measurable selections {ℎ]}]^>4  where for all 

5, ℎ]�5) ∈ �X[S\�3)T M8�5), >
]Q, which leads to the inequality: 

��8�5), �+���5)) ) ≤ ‖8�5) − ℎ]�5)‖� ≤ ��8�5), �+���5))) + 1V 

Hence,  lim]→4‖8�5) − ℎ]�5)‖� = ��8�5), �+���5))). 
Let _]�5) = ‖8�5) − ℎ]�5)‖�  and H�5) = ��8�5), �+���5))) , 5 ∈ [0,1] , then H, _] ∈����)�= E�).  
Hence, for any fixed < > 0, lim]→4. M `a�3)=b�3)

c Q = 0 and  . M`a�3)=b�3)
c Q ≤ .�>

c), 5 ∈[0,1].  
       Therefore, lim]→4 ; . M `a�3)=b�3)

c Q ���5) = 0>�  by dominated convergence theorem, 

so [Lemma 1, p. 157] in [2] implies lim]→4‖_] − H‖� = 0  in ����) . Hence, 
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lim]→4‖_]‖� = ‖H‖�  in ����). Thus, lim]→4‖8 − ℎ]‖� = ‖��8�. ), �+���. )))‖�  in ����, �).   
      For all ∈ [0,1],  ℎ]�5) ∈ �+S��5)T, so [1, Corollary 2.1] implies ℎ] ∈ �NO�P,+)��). 

Therefore, �M8, �NO�P,+)��)Q ≤ lim]→4‖8 − ℎ]‖� = ‖��8�. ), �+���. )) )‖�. 

Thus, �M8, �NO�P,+)��)Q = ‖��8�. ), �+���. )) )‖�.             ∎ 

 
Theorem 2.2. Let � be a separable proximinal subspace of �. � is strongly proximinal in � if and only if   ����, �) is strongly proximinal in ����, �). 
Proof: (⟹) Let � be strongly proximinal in � and  ����, �) be not strongly proximinal 
in ����, �). 

Hence, ∃8 ∈ ����, �)\ ����, �) and ∃! > 0 such that ∀V ∈ ℕ, ∃�] ∈ �NO�P,+)�8, >
]) and 

�M�], �NO�P,+)�8)Q ≥ !.  
Thus, 0 < �S8, ����, �) T ≤ ‖8 − �]‖� ≤ �S8, ����, �) T + >

]                                    (1)  

so it is clear that lim]→4‖8 − �]‖� = �S8, ����, �) T = ‖��8�. ), �)‖�.  
Since for all 5 ∈ [0,1], ��8�5), �) ≤ ‖8�5)‖�, then inequality (1) implies that 

  
i�j�3),+)

ka ≤ ‖j�3)‖lm   where n = �S8, ����, �) T , and o] = ‖8 − �]‖� . Since  .  is 

increasing and ∆G- regular, then  . Mi�j�3),+)
ka Q ≤ . M‖j�3)‖lm Q ,  ; . M‖j�3)‖lm Q ��>� �5) < ∞, 

(i.e. . M‖j�.)‖lm Q ∈ �>��) ) and lim]→4. Mi�j�3),+)
ka Q = . Mi�j�3),+)

m Q  for all 5 ∈ [0,1] . 

Therefore, dominated convergence theorem in �>��) implies that   

lim]→4 ; . Mi�j�3),+)
ka Q ���5)>� = ; . Mi�j�3),+)

m Q ���5)>� . 

Lemma 2.2 and Remark 2.1in [1] (or by [Proposition 6, p. 77] in [2]) imply that 

; . Mi�j�3),+)
m Q ���5)>� = 1 and ∀V, ; . M‖j�3)=\a�3)‖lka Q ���5)>� = 1. Hence, we have the 

following  

 lim]→4 ; . M‖j�3)=\a�3)‖lka Q>� ���5) = ; . Mi�j�3),+)
m Q ���5),>�  

⟹ lim]→4 ; p. M‖j�3)=\a�3)‖lka Q − . Mi�j�3),+)
ka Qq>� ���5) = 0.  

⟹ lim]→4 ; r. M‖j�3)=\a�3)‖lka Q − . Mi�j�3),+)
ka Qr>� ���5) = 0.  

Then there exists a subsequence s. ptj�3)=\au�3)tlkau q − . vi�j�3),+)
kau wx converges to 0 a.e. 

and hence limy→4. ptj�3)=\au�3)tlkau q = . Mi�j�3),+)
m Q . Since .  is continuous and strictly 

increasing, then .=>  is a continuous function , so we get that limy→4
tj�3)=\au�3)tlkau =

i�j�3),+)
m   a.e.  
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Hence, limy→4z8�5) − �]u�5)z� = ��8�5), �)  a.e. because limy→4o]u = n . Now, since �  is 

strongly proximinal, then we have that limy→4 � M�]u�5), �+S8�5)TQ = 0. 

 Since ∀< > 0, . {iv\au�3),X[Sj�3)Tw
c | ≤ . MG‖j�3)‖lc Q a.e. and ; . MG‖j�3)‖lm Q ��>� �5) < ∞, 

(i.e. . MG‖j�.)‖lm Q ∈ �>��)), then dominated convergence theorem in �>��) implies that  

limy→4 ; . {iv\au�3),X[Sj�3)Tw
c | ��>� �5) = 0. Therefore, by [Lemma 1, p.157] in [2] we have 

that limy→4 �M�]u , �NO�P,+)�8)Q = limy→4 t� M�]u�5), �+S8�5)TQt� = 0, which contradicts our 

assumption on {�]}]^>4 .  �⟸)Let ����, �) be strongly proximinal in ����, �) and � be not strongly proximinal in �. 
Hence, ∃� ∈ � �  and ∃! > 0  such that ∀$ > 0, ∃~� ∈ �+��, $)  and �S~� , �+��)T > !. 
Consider 8�5) = �  and ���5) = ~�  for all 5 ∈ [0,1] , so  8 ∈ ����, �)  and ∀$, �� ∈
����, �) . Since � M8, ����, �)Q = ���, �)  and �M�� , �NO�P,+)�8)Q = �S~� , �+��)T  by 

Theorem 2.1, then �� ∈ �NO�P,+)�8, $) and �M�� , �NO�P,+)�8)Q > ! and hence ����, �) is 

not strongly proximinal, which is a contradiction.              ∎ 
 
3. Conclusion  
We conclude that if �  is a separable proximinal subspace of � , then �  is strongly 
proximinal in � if and only if   ����, �) is strongly proximinal in ����, �). 
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