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Abstract. The principle aim of this paper is obtain a new range of modified Gamma and
Beta function by using the function

K. Yreo(=1)"t" (k3)r
E g, (—) = W , (g, ey k3 € € Re(key) > 0,Re(ky) > 0,Re(ks) > 0)

introduced by the Prabhakar [1] in 1971. Inspired essential by the success of the
applications of the generalized Gamma and Beta functions in many areas of science and
engineering, the author present, in a unified manner, a detailed account or rather a brief
survey of anew rang of modified Gammaand Beta functions, first and second summation
relations, various functiond, symmetric, Mellin transforms and integral representations are
obtained. Furthermore, mean, variance and the moment generating function for the beta
distribution of the new range.

Keywords. Gamma function, Beta function, Modified Mittage-L effler Function, Modified
Gamma Function, Modified Beta Function, Beta distributions.

AMS Mathematics Subject Classification (2010): 33B15

1. Introduction
The Classica Euler gamma and beta functions [2] are given by:

o _ T'(1)T(1)
B(2;) = [, th (1 — )% 1dt = oy D
r(A,) = J, th~te~tdt,Re(;) > 0,Re(4;) > 0. )

Classical Euler gamma and beta functions with their connection with Macdonald, error
and Whittaker functions[2,3 ] was extended as follows:

I (x) = fooo thlexp (—t — %) dt. 3
where Re(1;) >0,@ > 0,
and
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B(y @) = [; th™1 (1 - t)% Texp (— 3 (f"_t)) dt. (4)
where Re(4,) > 0,Re(1,) > 0,Re(w) > 0
In 2014, Leeet d [4] generalized beta function given Chaudhry et a [3] as
follows:
B(M Ao w) = fol tM=1(1—t) 2" texp (— t“’(f—t)“’) dt 5)
where Re(A;) > 0,Re(4,) > 0,Re(w) > 0, Re(w) >0
In 2014, Choi et a [5] extended the beta function given by Chaudhry et a [3] as
follows:

B(Alﬁ.z’wl, ZD'Z) = fol tll_l (1 — t)lz_lexp (_ % — %) dt (6)
where Re(4,) > 0,Re(A,) > 0,Re(w;) > 0,Re(w,) >0
In 2011, Ozergin et a [6] presented the following generalizations of gamma and

beta functions:

Lo () = 7470 1Fy (ke kos =t = F) dt ()
where Re(A;) > 0,Re(4,) > 0,Re(w) > 0,Re(k;) > 0,Re(k,) >0
kqk 1 _ —
and Ba (A 42) = [} th T (A = 0% 4Py (ks — 1) dt ®

where Re(4;) > 0,Re(A,) > 0,Re(w) > 0,Re(k,) > 0,Re(k,) >0
In 2013, Parmar [7] generalized the result obtained by Ozerginet a in[6] as
follows:

Fz(ukl'kz;w) M) = fooo th=1 F (kl: ky; —t© — t%) dt 9)
where Re(4,) > 0,Re(w) > 0,Re(w) > 0,Re(k;) > 0,Re(k,) >0
and B (2,25) = [ 71— 0871y (ke i — o) de (10

where Re(1,) > 0,Re(A;,) > 0,Re(w) > 0,Re(k,) > 0,Re(k,) > 0,Re(w) >0
In 2015, Agarwal et al [8] used beta function introduced by Parmar [7]to develop
two and three variables hypergeometric functions as follows:

(k1,k2;w) 7,8
kq,k2; ) By (A1+7+5,4,—21)

F " (2,253 A4i %,7) = Lomoa)y (Re)s 22— A (1)

(max{|x|, |y} < 1; Re(w) = 0; min{Re(k,) = 0,Re(k,) = 0,Re(w) = 0})

(kyko ki kd0) A Ao A A et v 1 Bgcl'kz;w)(/12+r,l4—lz)xr yS

F, & ( 1,142,435 A4 5,x,y) = Xrs=0(A1)rss B(Asta—A7) sl

1 1'(1)
y Bgl'kz” )(/13+s,/15—;13)x_r yS (12)
B(A3A5—13) r! s

(max{|x|, |yl} < 1; Re(w)
> 0;min{Re(k;) = 0,Re(k,) = 0,Re(k}) = 0,Re(k3) = 0,Re > 0})
Fyotak2i®) (4, A Ags Ag, 53 X,Y, )

B(kl’kz;w)(Al+r+s+t,15—11) x" yS zt

= Zfs,t=0(ﬂ-2)r(ﬂ.3)s(14)t = 3(11'15_11) r! st t! (13)
(max{|x|,|yl,1z]} < 1; Re(w) = 0; min{Re(k,) = 0,Re(k,) = 0,Re(w) = 0})
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In 2017, Pucheta[9] introduced an extended gamma and functions using one
parameter Mlttage-Leffler function below:
M4 (ay) = [, M 1E, (—t)dt (14)
and
BE (M4, 20) = [ th 1 (1= 0)21E, (~w t(1 - ©))dt (15)
Recently, many generalizations, modifications, extensions and variants of gamma and
beta functions [ 10-29] have been proposed.
In this paper we generalized the result obtained by Pucheta [9] given in equations
(14) and (15) by using the function introduced by Prabhakar [1]

k o (1)7(k3)yt"
Ekikz (=) =27 %; )

(kq1,ky, ks € C;Re(ky) > 0,Re(k,) > 0,Re(k3) >0), (16)
where (k3), isthe Pochhammer symbol ( Rainville[37])

(k3)o=1, (k3)p=kk+1D(k+2)..(k+r—1.)

The paper is organised as follows: Section one comprisesintroduction and related
literature. Section two covers Méellin transform functional, symmetry and summation
relations. Section third discusses integral representations. Section four contains some
statistical applications.

2. Main result
In this part, we introduced a new range of the modified gamma and beta function with
their properties such as functional relations and Mellin transform.

Definition 2.1. Let kq, k,, k3 € RT,1; € C suchthat Re(1;) > 0.Then, the extended
gamma functionisgiven by :

L2y = [ thTIES, (—t) dt (17)
where E,ff kz(—t) isthe function introduced by Prabhakar [1] in the form of

k [e¢] (_1)r(k )r t”
Bt (00 = 150 i iy (18)
Remark 2.1
1. Ifky, = ks =1,then F,f;'kz (A,) = I'k1(1,) givenin equation (14).
2. Ifky =k, = ky = 1, then [,*2(1,) = I'(4;) given in equation (2).

Lemma 2.1. Let kq, k,, ks € RY, 2, € C,

Fkl,kz ) = r(A;+1) r(1-(A,+1))
ks 7 P(ks—ky(1441)) T(ky—kq (1+4,))
Proof: Letd = 1; +1

kqik ki,k 0 9_1 -k
L2 (q + D =T @) = [ 77 E 2, (-0 dt

(19)
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_ ') r(1-9)
=M (¢, (-0} ) = S v (20)

where M {E,'fsz —t)} () isMdllin transforms. Replacing ¥ = 1, + 1 we obtain the
required result.

Definition 2.2. Let w > 0,k,, k,, k3 € Rt and A;,1, € C such that Re(1,) >

0, Re(1,) > 0. Then the new extended beta function is given by
pgluke

Byl (A1, A2) _f th=1(1 - t)AZ‘lEk kz(—w t(1—1t))dt (21)
Remarks 2.2.
L1 ky = ky = 1, then By (11, 42) = By (A4, 1) given in equation (15).
2.1fk; =k, =k; =1,andw = 0, then Bk1 kz(/’ll,/’lz) = B(1,,1;) givenin equation
(2).

Theorem 2.2. (Functionad Relation) Let @ =>0,kq,ky ks € RTand A, 1, €
C such that Re(1; + 1) > 0,Re(4, + 1) > 0. Then, the new extended functional
relation is given by:
Beb2 (A, 2, + 1) + BRY2 (A + 1,4,) = B (A4, 4,) (22)
Proof.
Boi2 (A, A, + 1) + Bohi? (A + 1, 45)
1
=ft11‘1 (1-t)2ES * s (—wt(1—1t))de

0
1

+ f th (1 - %S, (—w t(1 - 0))dt
Bobe2(Ay, Az + 1) + Bphi2 (A + 1, 4,)

= f[t‘1 + 1=t th(1 - t)AZE:f’kz(—w t(1—1t))dt

0
1

Boii2 (Mg, Ay + 1) + Bohi2 (A + 1, 1,) = f th=1(1 — t)lz-lE,f;kz(—w t(1—t))dt
““O@M+D+thﬂﬁﬂlﬁ Bt (M1,22)

Theorem 2.3.(Symmetry Relation) Let @ = 0, Re(4;) > 0 and Re(1,) > 0. Then, the
new extended beta symmetry relation is given by:

Bobe (A, A2) = Bt (Aa, A1) (23)

Proof: On substituting t = 1 — u in equation (21) and interchanging the variables, we
obtain the required result.
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Theorem 2.4.(Méllin Transform). Letw > 0,, k4, ky, k3 € RT,9 € C suchthat Re(9) >
0,Re(A; —19) > 0 andRe(4, —9) > 0. Then , the new extended Méllin transform is
given by
M [BERE (My, 25):9] = By — 9, = 9) T2 (1) (24)
Proof:
M[ B2 (24, 2): 19] [ @ ( [yth (@ - R B, (—w (1 - t))dt) da(25)
Using unlform convergence of integral we can interchange the order of integration
equation (25) yield
M B (4, 20):9] = [t (1= %7t [P0 ES, (—m t(1—0)dtdw  (26)
Substitutingw = ut (1 —t) "t andt = wthendw = t (1 — t)"du and dt = dw,
equation (26) gives
M[Bk1 k200, 45): 19] [y whTIL (1 = w)R 0w [PudT B (—w)du

1

M[ k1 k> (AI'AZ) 19] fw/h—ﬁ—l(l _ W)lz—l’?—ldw l-‘li(:’kz )
0
MBS (41, 2,): 9| = B(y — 9,4, — 9) T2 (9) (27

Remarks 2.3.
1. Putting k, = ks = 1, in equation (24) , we get
[Bkl K24y, Ay): 19] B(1y — 9,1, — 9)T¥1(9) givenin Pucheta[9].
2. Puttingk; =k, = k3 = 1, inequation (24) , we get
Jy” BSR4, 25) = B(A; — 1,4, — 1) givenin Chaudhury [2].

wk3

3. Integral representations
Theorem 3.1 Thefollowi ng integral transforms holds true:

B kz(ll,/lz) = 2f2 cos?171¢ sin?42~ 1¢E G —w cos?¢p sin’¢p)d¢ (28)
"1 L2 (A Ap) =1 Jy A1 - A 1ES, (—w t"(1 - t"))dt (29)
B et () = = [ 47 (a - )lz-lEkl by (=) ae (30)

gluk 1th-1(1-g)t2-1 g (A+a)t(1-t)
e Our2) = (L + b taet [P By (- 25 ) A (3D

Proof. In equation (21), putting t = cos?¢ then dt = —2 cos¢ sing d¢, whent =
0: ¢ =Eandt = 1: ¢ = 0. Therefore

Bo "Zul,zz) =
f cos*!172¢ sin?22¢ E AG cos?¢ sin®¢) (=2 cos¢ sing d¢) (32)
Ons mpllfyl ng we get required resullt.
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In equation (21), putting t = u™ thendt = nu™ duwhent =0:u =0andt = 1:u =
1. Therefore
Bt (g, 4y) = Sy un@D (1 - uMRTES, (—w ut (1 — u™))nu tdu (33)
On s mpI ifying, we obtained the required result.
In equation (21), putting ¢ = = then dt = %” whent=0:u=0andt = 1:u = a.
Therefore

11 Ap-1
k k u\”"1 a—u\"2 k u (a-u\\du
B Oud) =) (5597 B, (_WE(T»? (34)
On simplifying, we obtained the required result.
(1+a)u a(1+a)

thendt = duwhent =0:u=0andt =

In equation (21), putting t =

1:u = 1. Therefore
k1 k, (11:/12) _ f ((1+a) u)’ll_1 (a(l—u))/lz_1 Ek3 (_ wa(1+a)u(1—u)) a(l+a)

(u+

uta u+a kq k> (u+a)? (u+a)?
(35
On simplifying, we get the required resuilt.
Theorem 3.2 The following integral transformations holds true:
pkuk o th K
e (A 42) = [ WE’(:.RZ( (1+t)2)dt (36)
k k otM—lypda=1
ok 2(11’12) = fO (1+6)A1+42 Ekikz( (1+6)2 )dt (37)
pkuk 1 th-1 k @t
1 2(111/12) fO mEkikz (—m)dt (38)
pluk a2 tA-t k waft
ok, (i 2) = atiphe f7 Traryis ks (= Geane ) 4t (39)
k1 ky _ F ) smul 1¢ cos?271p _k, _ waftan’¢
(11'12) Zattpr 0 (cos¢+asm2¢)/11+12 Ekl kz( (B+atan2¢)2 )d¢ (40)
Proof: In equation (21), puttingt = —— then dt = ,whent =0:u=0andt =
)2
1:u — oo. Therefore
k1 k, oo uti-1 1 ks _ wu du
(11’12) fO (1+w)1-1 (14u)P2—1 Ekl,kZ ( (1+u)2) (1+u)?
k k o uyti-1 k Tu
e (A1, A2) = Jy WEkikz (— m) du (41)

On interchanging the variables, we obtained the required result. Using symmetry property
in (41) we obtain:

pkuk o yt2-t k DU
m1k32 (Al' /12) fO WEkikz (— m) du (42)
On adding (41) and (42) we obtain the required result. Using equation (41) we get
1
A1-1
kl kz u k3 _ wou )
(2‘172'2) (1 + u)ll+12 Ek1'k2 ( (1 + u)z du
o yh1 Kk wu
+ fl (1+u)t1+i2 Ekf,kz (_ (1+u)2) du (43)
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Settingu =t~ thendu = —t~2dt whenu = 1:t = 1 and u — oo: t = 0. On the second
integral of right hand side of equation (43) gives the desired resuilt.
In equation (36), using ¢t = %uthendt =% duwhenx = 0:u=0andt — oo:u - o.

Therefore,

a \A1- a
k1k2(A A1) = f ﬂﬁ"% — m(Eu) Ed 44
wk3 1vA42) = (1 gu)llwlz kq ko (1+5u)2 ; u (44)
B B

On simplifying, we obtain the desired resullt.
In equation (39), putting t = tan?¢ then dx = 2 tan ¢ sec?¢p d® whent = 0: ¢p = 0
and dt — o0: ¢p > E. Therefore
gkuk T (tan?¢ M-t k a B tan?¢
fikys 2(11;12) = allﬁlz Ozmﬁ'kikz (_(ZZ-WET@Z) 2 tang secpdg (45)
On simplifying, we get the desired result.

Theorem 3.3.The following integral representation holds true

klkz Mpd, (1 tRTIa-0R1 k. ( waft-p)
O da) = B e s B (= Grviamp ) (46)

gluk 1ood, LEMTIA-4271 g @ a B t(1-t)
ok, (A1 A2) = (B + 1) | Gy oh Bk, (_W)dt (47)

Proof: In equation (21) , putting - —g =a— Bthendt = mw—iﬁ

t=0:u=0 and t=1:u=1 give the desired result. Lastly, interchanging « and f in equation
(46) and subgtitute « — 8 = y give equation (47).

du when

Theorem 3.4.The following integral representations holds true:
Bk —@)tMAe (P 11 2-1 ot-a) -
(k) = (B = ) [l — M (B - R B (-T2 ) de
(48)
_ — t+1 1-t
B2 (A4, 25) = 2074 [T (e + DAL - )ﬂz 1Ek 4 (F 2R ar (49
Proof: Firstly, in (21) putting t = ﬁ ,thendt = ﬁ’ whent=0:u=aandt =
l:u=p. Therefore

pkuke _ I Rk ks w(u—a) (B—uw du
Pk G 2) = f (B =)t — ayet ks (‘ oo )aeo

Bati2(Ay,15) = (B — )™

x [Pu— a1 -l Ex, (- %)du (50)
On interchanging the variables, we get desired result. Lastly, in (50) putting a =

—1and B = 1, we obtained the required result.

Theorem 3.5.The following formula hold.

k1 ks A, (L tMTia-oRTt k. ( waft(-t)
2Ny, 1) = a2 | e Ekl’kz( e B_a)t)z)dt (51)
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pluk 1ooa, plEMTI(1-pt271 g wa B t(1-t)
iy Gada) = B+ DM | e B, (~yor ) (52
. . . . . a B _ _ _ flﬁ
Proof: Firstly in equation (21), putting LT« B thendt = GiGD du, when

t=0:u=0andt = 1:u = 1, therefore

uti1(1 —y)te—1 s wafu(l—u)
g (a+(B-a) whtdz ke \ (@ + (B — a)u)?
ap
@rtg-anz 53)
On simplifying, we obtain the desired result in equation (53). Lastly, in equation (53)
interchanging a and 8 and later replacing @ — 8 = y give the desired result.

k k _
BEE (M4, 22) = aemipht

Theorem 3.6.The following integral representation formula hold true;
T2 AT (1) =

4Pfoor2(711+’12‘1)rc052’11‘1Hsinuz‘l@ Ek3k (—wcoszé?)E,l:ik2 (—wsin?0)drdo(54)
Proof In equation (17), putting A, = n? and 1, = m? yield:

L2 =2/ n“l_ltll_lE:ikz(—wnz) dn (55)
L) =2 ) mzﬂz—ltlrlE,’jjkz(—me) dm (56)
Multiplying (55) and (56), yields:

L2 AN () = 4 f) [ nZAl_lmuZ_lE:ikz (—wnZ)E,]:ikz (—wm?)dndm (57)
Putting n = rcos6 and m = rsiné give the result.

Remarks 3.1.1f k; = k, = k3 = 1 and x = r?, then

L™ (ATE* (1) = T(ADT () = B(A, A2)T (A + A7) givenin [2].
Other integral formulas for related generalized gamma and beta functions are given by
Abubakar and Kabarain [35,36].

4. The Beta distribution okal’kZ (A4,45)

The extended modified beta distri butl oan1 k2 (h g), where h and g satisfy the condition
—o<g<oando >0as

1 h— _ k
W A -09EZ, (et -1), 0<t<1
w,K3

f) = (58)

0, otherwise
where (h,g € R, , kll kz,k3 € R+)

The r** moment of X
For any real number, r is given by:
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gkika

r mk3 (h+r1,9) "
E(X )_T(h) (hJQEle:klrkZJkSER ) (59)
For r =,1 the mean is given by:
k1 kz(h
p=EX) = “3 (h,g € R, @, ky, ky, k3 € RY) (60)

The variance of the distri but| on is glven by:
82 = E(X*) —{EQ)Y
B2 (n,g) BRI (h42,0)- (B2 (he1.9))

5% = 61
EE e o

The moment generating function of thedistribution is given by'
M) = oo S0 Bl (R +m.9) (62)

‘lD‘k3
The cumulative distribution is defined as
BELK2 (h,g)

F(t) = Dyt (63)

k1k2(h 9)
where

Bote? (h, 9) = [t (1 -9 ES 2, (Cm (1 = D)dt, (h g € Rw, ky by, ks €
]R+) |s the extended modified incomplete beta function.

5. Conclusion

By using three parameters function Ek3 Tk introduced by Prabhakar [1], we have to defined

a new modified gamma[‘ vK2and beta function Bk1 kz In their special cases, these

generalizations include the extens on of gamma and beta functions which were presented
in[9]. We have investigated some properties of these generalized functions, most of which
are analogous with the classical and other related generalized gamma and beta functions.
It is expected that the results obtained in this study will be prove significant in area of
statistic, physics, engineering and applied mathematics.
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