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Abstract. The principle aim of this paper is obtain a new range of modified Gamma and 
Beta function by using the function  

���,��
�� ��	
 � ∑ ��
������� ���
�

��������
 �!   , ���, ��,�� ∈  ℂ,  !���
 " 0,  !���
 " 0,  !���
 " 0 $ 

introduced by the Prabhakar [1] in 1971. Inspired essential by the success of the 
applications of the generalized Gamma and Beta functions in many areas of science and 
engineering, the author present, in a unified manner, a detailed account or rather a brief 
survey of a new rang of modified Gamma and Beta functions, first and second summation 
relations, various functional, symmetric, Mellin transforms and integral representations are 
obtained. Furthermore, mean, variance and the moment generating function for the beta 
distribution of the new range. 

Keywords: Gamma function, Beta function, Modified Mittage-Leffler Function, Modified 
Gamma Function, Modified Beta Function, Beta distributions. 
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1. Introduction  
The Classical Euler gamma and beta functions [2] are given by: 

 

%�&�,&�$ � ' 	(�)
* �1 � 	
(��,	 � ��(�
��(�


��(��(�
                                                    (1) 

 

Γ�&�
 � ' 	(��)
* !�,	,  !�&�
 " 0,  !�&�
 " 0.                                            (2) 

 
Classical Euler gamma and beta functions with their connection with Macdonald, error 
and Whittaker functions [2,3 ] was extended as follows: 

Γ/�0
 � ' 	(��)
* !01 2�	 � /

� 3  ,	.                                                                  (3) 

where   !�&�
 "0, 4 " 0, 
and  
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            %�&�,&�,4$ =  ' 	(���* �1 − 	
(��!01 2− /����
3  ,	.                                            (4) 

where  !�&�
 > 0,  !�&�
 > 0, !�4
 > 0 
In 2014, Lee et al [4] generalized beta function given Chaudhry et al [3] as 

follows: 

            %�&�,&�,4; 6$ =  ' 	(���* �1 − 	
(��!01 2− /�7���
73  ,	                              (5) 

where   !�&�
 > 0,  !�&�
 > 0, !�4
 > 0,  !�6
 > 0 
In 2014, Choi et al [5] extended the beta function given by Chaudhry et al [3] as 

follows: 

            %�&�,&�,4�, 4�$ =  ' 	(���* �1 − 	
(��!01 2− /�� − /���3  ,	                           (6)                                                 

where    !�&�
 > 0,  !�&�
 > 0, !�4�
 > 0,  !�4�
 > 0 
In 2011, Ozergin et al [6] presented the following generalizations of gamma and 

beta functions: 

                  Γ/���,��
�&�
 = ' 	(�� 8� 2��, ��; −	 − /� 3�)* ,	                                           (7) 

where   !�&�
 > 0,  !�&�
 > 0, !�4
 > 0, !���
 > 0,  !���
 > 0 

and                  B/���,��
�&�,&�$ = ' 	(���1 − 	
(�� 8� 2��, ��; − /����
3��* ,	             (8) 

where    !�&�
 > 0,  !�&�
 > 0, !�4
 > 0, !���
 > 0,  !���
 > 0 
In 2013, Parmar [7] generalized the result obtained by Ozergin et al in [6] as 

follows: 

                  Γ/���,��;:
�&�
 = ' 	(�� 8� 2��, ��; −	: − /�73�)* ,	                                    (9)  

where    !�&�
 > 0,  !�6
 > 0, !�4
 > 0, !���
 > 0,  !���
 > 0   

and   B/���,��;:
�&�, &�
 = ' 	(���1 − 	
(�� 8� 2��, ��; − /�7���
73��* ,	                  (10) 

where    !�&�
 > 0,  !�&�
 > 0, !�4
 > 0, !���
 > 0,  !���
 > 0, !�6
 > 0 
In 2015, Agarwal et al [8] used beta function introduced by Parmar [7]to develop 

two and three variables hypergeometric functions as follows: 8�,/���,��;:
�&�,&�,&�; &;; 0, <$ = ∑ �&�
��&�
=  >?�@�,@�;7
�(����=,(A(�
B�(�,(A(�$)�,=C* D��! EF=!              (11) �GH0I|0|, |<|K < 1;  !�4
 ≥ 0; GNOI !���
 ≥ 0,  !���
 ≥ 0,  !�6
 ≥ 0K
 
 

     8�,/���,��,���,���;:$�&�,&�,&�; &;; &P; 0, <$ = ∑ �&�
��=  >?�@�,@�;7
�(���,(A(�
B�(�,(A(�$)�,=C* D��! EF=!  
 

                                                           ×  >?2@��,@��,;73�(��=,(R(�
B�(�,(R(�$ D��! EF=!                                  (12) �GH0I|0|, |<|K < 1;  !�4
≥ 0; GNOI !���
 ≥ 0,  !���
 ≥ 0,  !����
 ≥ 0,  !����
 ≥ 0,  ! ≥ 0K
 

      8S,/��;��,��;:
�&�,&�,&�; &;, &P; 0, <, T$                                 =  ∑ �&�
��&�
=�&;
�  >?�@�,@�;7
�(����=��,(R(�
B�(�,(R(�$)�,=,�C* D��! EF=! UV�!              (13)   �GH0I|0|, |<|, |T|K < 1;  !�4
 ≥ 0; GNOI !���
 ≥ 0,  !���
 ≥ 0,  !�6
 ≥ 0K
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In 2017, Pucheta [9] introduced an extended gamma and functions using one 
parameter MIttage-Leffler function below:      

                               Γ���&�
 = ' 	(������* �−	
,	                                                        (14)    
and    

                         %/���&�, &�
 = ' 	(���* �1 − 	
(������−4 	�1 − 	
$,	                    (15)      
Recently, many generalizations, modifications, extensions and variants of gamma and 
beta functions [10-29] have been proposed. 

In this paper we generalized the result obtained by Pucheta [9] given in equations 
(14) and (15) by using the function introduced by Prabhakar [1] ���,���� �−	
 = ∑ ��
����
������� ��
)�C* ���! ,           ���, ��, �� ∈ ℂ ;  !���
 > 0,  !���
 > 0,  !���
 > 0 
,                                                (16) 

where ���
� is the Pochhammer symbol ( Rainville [37])      
      ���
* = 1,    ���
� = ��� + 1
�� + 2
 … �� + Z − 1. 
 
The paper is organised as follows: Section one comprises introduction and related 
literature. Section two covers Mellin transform functional, symmetry and summation 
relations. Section third discusses integral representations. Section four contains some 
statistical applications. 
 
2. Main result 
In this part, we introduced a new range of the modified gamma and beta function with 
their properties such as functional relations and Mellin transform. 

 
Definition 2.1. Let ��, ��, �� ∈ ℝ�, &� ∈  ℂ   such that  !�&�
 > 0.Then, the extended 
gamma function is given by : 

 

          Γ����,���&�
 = ' 	(�����,���� �−	
)* ,	                                                       (17)      

where ���,���� �−	
  is the function introduced by Prabhakar [1] in the form of   

 

          ���,���� �−	
 = ∑ ��
����
������� ��
)�C* ���!                                                               (18) 

Remark 2.1 
1. If �� = �� = 1, then Γ����,���&�
 = Γ���&�
 given in equation (14). 

2. If �� = �� = �� = 1, then Γ����,���&�
 = Γ�&�
 given in equation (2). 

 
Lemma 2.1.  Let ��, ��, �� ∈ ℝ�, &� ∈  ℂ ,  
     Γ����,���&�
 = ��(���
 ����(���
$���������(�
$ ���������(�
$                                                                (19) 

Proof: Let \ = &� + 1 

         Γ����,���&� + 1
 = Γ����,���\
 = ' 	]����,���� �−	
)* ,	 
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                    =^ _���,���� �−	
` �\
 = ��]
 ���]
������]
 ������]
                     (20) 

where ^ _���,���� �−	
` �\
 is Mellin transforms. Replacing \ = &� + 1 we obtain the 

required result. 
 
Definition 2.2. Let 4 > 0, ��, ��, �� ∈ ℝ� HO, &�, &� ∈  ℂ  abcℎ 	ℎH	  !�&�
 >0,  !�&�
 > 0. Then the new extended beta function is given by %/,����,���&�, &�
 = ' 	(���* �1 − 	
(�����,���� �−4 	�1 − 	
$,	                                   (21) 

 
Remarks 2.2. 
1. If �� = �� = 1, then %/,����,���&�, &�
 = %/���&�, &�
 given in equation (15). 

2. If �� = �� = �� = 1, and 4 = 0, then %/,����,���&�, &�
 =  %�&�,&�$ given in equation 

(1). 
 

Theorem 2.2. (Functional Relation) Let 4 ≥ 0, ��, ��, �� ∈ ℝ� and &�, &� ∈ ℂ  such that  !�&� + 1
 > 0,  !�&� + 1
 > 0. Then, the new extended functional 
relation is given by: %/,����,���&�, &� + 1
 + %/,����,���&� + 1, &�
 =  %/,���� ,���&�, &�
                                          (22) 

Proof: %/,����,���&�, &� + 1
 + %/,����,���&� + 1, &�
                     
= m 	(���

* �1 − 	
(����,���� �−4 	�1 − 	
$,	
+ m 	(�

�
* �1 − 	
(�����,���� �−4 	�1 − 	
$,	 

 %/,����,���&�, &� + 1
 + %/,����,���&� + 1, &�

=  mn	� + �1 − 	
�o�

* 	(��1 − 	
(����,���� �−4 	�1 − 	
$,	 

%/,����,���&�, &� + 1
 + %/,����,���&� + 1, &�
 = m 	(���
* �1 − 	
(�����,���� �−4 	�1 − 	
$,	 

              %/,����,���&�, &� + 1
 + %/,����,���&� + 1, &�
 = %/,����,���&�, &�
 

 
Theorem 2.3. (Symmetry Relation) Let  4 ≥ 0,  !�&�
 > 0 HO,  !�&�
 > 0.  Then, the 
new extended beta symmetry relation is given by:  

                                 %/,����,���&�, &�
 = %/,����,���&�, &�
                                                     (23) 

Proof: On substituting 	 = 1 − b in equation (21) and interchanging the variables, we 
obtain the required result.   
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Theorem 2.4. (Mellin Transform).  Let 4 ≥ 0, , ��, ��, �� ∈ ℝ�, \ ∈ ℂ such that  !�\
 >0,  !�&� − \
 > 0 and  !�&� − \
 > 0. Then , the new extended Mellin transform is 
given by   ^ p%/,����,���&�, &�
: \r = %�&� − \, &� − \
 Γ����,���&�
                                                  (24) 

Proof: ^ p%/,����,���&�, &�
: \r = ' 4]�)* 2' 	(���* �1 − 	
(�����,���� �−4 	�1 − 	
$,	3 ,4(25) 

Using uniform convergence of integral we can interchange the order of integration 
equation (25) yield ^ p%/,����,���&�, &�
: \r = ' 	(���1 − 	
(���* ' 4]�)* ���,���� �−4 	�1 − 	
$,	,4     (26) 

Substituting 4 = b 	��1 − 	
� and 	 = s then ,4 = 	��1 − 	
�,b and  d	 = ,s, 
equation (26) gives  

Mp%/,����,���&�, &�
: \r = ' s(�]��1 − s
(�]�,s�* ' b]�)* ���,���� �−b
,b 

^ p%/,����,���&�, &�
: \r = m s(�]��1 − s
(�]�,s�
*  Γ����,���\
 

                    ^ p%/,����,���&�, &�
: \r = %�&� − \, &� − \
 Γ����,���\
                                  (27) 

 
Remarks 2.3. 

1. Putting �� = �� = 1, in equation (24) , we get 

         ^ p%/,����,���&�, &�
: \r = %�&� − \, &� − \
Γ���\
 given in Pucheta [9]. 

2.  Putting �� = �� = �� = 1, in equation (24) , we get 

                     ' %/,����,���&�, &�
 = %�&� − 1, &� − 1
)*   given in Chaudhury [2]. 

 

3. Integral representations 
Theorem 3.1. The following integral transforms holds true: %/,����,���&�, &�
 = 2 ' cta�(��uv�* aNO�(��u ���,���� �−4 cta�u aNO�u
,u                  (28) %/,����,���&�, &�
 = O ' 	w (���* �1 − 	w
(�����,���� �−4 	w�1 − 	w
$,	                         (29) %/,����,���&�, &�
 = �xy�zy�{� ' 	(��x* �| − 	
(�����,���� 2/ ��x�
x� 3 ,	                            (30) 

%/,����,���&�, &�
 = �1 + |
(��|(�� ' �y�{����
y�{����x
y�zy��* ���,���� 2− / x���x
����
���x
� 3 ,	       (31) 

Proof: In equation (21), putting 	 = cta�u then ,	 = −2 ctau aNOu ,u, when 	 =0: u = }� and 	 = 1: u = 0. Therefore 

 %/,����,���&�, &�
 = 

            ' cta�(��u*~� aNO�(��u ���,���� �−4 cta�u aNO�u
�−2 ctau aNOu ,u
         (32) 

On simplifying we get required result. 
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In equation (21), putting 	 � bw then ,	 � O bw�,b when 	 = 0: b = 0 and 	 = 1: b =1. Therefore %/,����,���&�, &�
 = ' bw�(��
�* �1 − bw
(�����,���� �−4 bw�1 − bw
$Obw�,b             (33) 

On simplifying, we obtained the required result. 

In equation (21), putting 	 = �x then ,	 = ��x   when 	 = 0: b = 0 and 	 = 1: b = |. 
Therefore %/,����,���&�, &�
 = ' 2�x3(�� 2x�x 3(��x* ���,���� �−4 �x 2x�x 3� ��x                                       (34) 

On simplifying, we obtained the required result. 

In equation (21), putting 	 = ���x
����x
  then ,	 = ����x
���x
� ,b when 	 = 0: b = 0 and 	 =1: b = 1. Therefore %/,����,���&�, &�
 = ' 2���x
 ���x 3(�� 2����
��x 3(���* ���,���� 2− / x���x
����
���x
� 3 × x���x
���x
�  ,b         

                            (35) 
On simplifying, we get the required result. 
 
Theorem 3.2. The following integral transformations holds true: %/,����,���&�, &�
 = ' � y�{�����
y�zy�)* ���,���� 2− / �����
� 3 ,	                                                       (36) %/,����,���&�, &�
 = �� ' �  y�{��� y�{�����
y�zy�)* ���,���� 2− / �����
� 3 ,	                                                 (37) %/,����,���&�, &�
 = ' � y�{�����
y�zy��* ���,���� 2− / �����
� 3 ,	                                                        (38) %/,����,���&�, &�
 = |(��(� ' � y�{����x�
y�zy�)* ���,���� 2− / x � ����x�
� 3 ,	                                     (39) 

%/,����,���&�, &�
 = 2|(��(� ' =�w�y�{�� ��=�y�{�����=���=�w��
y�zy�
~�* ���,���� 2− / x ���w�����x��w��
� 3 ,u                (40) 

Proof: In equation (21), putting 	 = �����
  then ,	 = ������
� , when 	 = 0: b = 0 and 	 =1: b → ∞. Therefore %/,����,���&�, &�
 = ' �y�{�����
y�{� �����
y�{�)* ���,���� 2− / �����
�3 ������
�                                 

 %/,����,���&�, &�
 = ' �y�{�����
y�zy�)* ���,���� 2− / �����
�3 ,b                                                     (41) 

On interchanging the variables, we obtained the required result. Using symmetry property 
in (41) we obtain:  %/,����,���&�, &�
 = ' �y�{�����
y�zy�)* ���,���� 2− / �����
�3 ,b                                                           (42) 

On adding (41) and (42) we obtain the required result. Using equation (41) we get 

%/,����,���&�, &�
 = m b(���1 + b
(��(�
�

* ���,���� �− 4 b�1 + b
�� ,b  
                                                   + ' �y�{�����
y�zy�)� ���,���� 2− / �����
�3 ,b                           (43) 
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Setting b � 	� then ,b � �	�,	 when b � 1: 	 = 1 and b → ∞: 	 = 0. On the second 
integral of right hand side of equation (43) gives the desired result. 

In equation (36), using 	 = x � b then ,	 = x�  ,b when 0 = 0: b = 0 and 	 → ∞: b → ∞. 
Therefore, 

%/,����,���&�, &�
 = ' 2�� �3y�{�
2���� �3y�zy�)* ���,���� �− / 2�� �3

2���� �3�� x� ,b                                            (44) 

On simplifying, we obtain the desired result. 
In equation (39), putting 	 = 	HO�u then ,0 = 2 tan u a!c�u ,∅ wh!O 	 = 0: u = 0 

and ,	 → ∞: u → }�. Therefore 

%/,����,���&�, &�
 = |(��(� ' ���w��$y�{�
���x ��w��
y�zy�

~�* ���,���� 2− / x � ��w�����x��w��
� 3 2 	HOu a!cu,u (45)                            

On simplifying, we get the desired result. 
 
Theorem 3.3. The following integral representation holds true %/,����,���&�, &�
 = |(��(� ' �  y�{����
y�{��x���x
 �
y�zy��* ���,���� 2− / x � ����
����x�
�
� 3 ,	                        (46) 

%/,����,���&�, &�
 = �� + �
(��(� ' � y�{����
y�{����� �
y�zy��* ���,���� 2− / x � ����
����
�  3 ,	                  (47) 

Proof: In equation (21) , putting 
x� − �� = | − � then ,	 = x ��x���x
�
y�zy� ,b when 

t=0:u=0 and t=1:u=1 give the desired result. Lastly, interchanging | and � in equation 
(46) and substitute | − � = � give equation (47). 
 
Theorem 3.4. The following integral representations holds true: %/,����,���&�, &�
 = �� − |
�(�(� ' �	 − |
(���� − 	
(���x ���,���� 2− /��x
   ���
��x
�  3 ,	     

                                                                                                                                         (48) %/,����,���&�, &�
 = 2�(�(� ' �	 + 1
(���1 − 	
(���� ���,���� 2− /����
   ���
;  3 ,	      (49)                          

Proof: Firstly, in (21) putting 	 = �x�x , then ,	 = ���x , when 	 = 0: b = | and 	 =1: b = �. Therefore 

%/,����,���&�, &�
 = m �b − |
(���� − b
(���� − |
(���� − |
(��
�

x ���,���� �− 4�b − |
   �� − b
�� − |
�  � ,b�� − |
 

%/,����,���&�, &�
 = �� − |
�(�(�                        ×   ' �b − |
(���� − b
(���x ���,���� 2− /��x
   ���
��x
�  3 ,b                    (50) 

On interchanging the variables, we get desired result. Lastly, in (50) putting | =−1 HO, � = 1,  we obtained the required result. 
 
Theorem 3.5. The following formula hold. %/,����,���&�, &�
 = |(��(� ' �  y�{����
y�{��x���x
 �
y�zy��* ���,���� 2− / x � ����
�x���x
�
� 3 ,	                        (51) 
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%/,����,���&�, &�
 = �� + �
(��(� ' � y�{����
y�{����� �
y�zy��* ���,���� 2− / x � ����
���� �
�  3 ,	                  (52) 

Proof: Firstly in equation (21), putting 
x� − �� =  | − � then ,	 = x��x���x
�
  ,b, when 	 = 0: b = 0 and 	 = 1: b = 1, therefore 

%/,����,���&�, &�
 = |(���(�� m b (���1 − b
(���| + �� − |
 b
(��(�
�

* ���,���� �− 4 | � b�1 − b
�| + �� − |
b
� � 

                                                                    × x ��x���x
�
�  ,b                                               (53)    

On simplifying, we obtain the desired result in equation (53). Lastly, in equation (53) 
interchanging | and � and later replacing | − � = � give the desired result. 
 
Theorem 3.6. The following integral representation formula hold true: Γ����,���&�
Γ����,���&�
 =4 ' ' Z��(��(��
Zcta�(���aNO�(���)*~�* ���,���� �−4cta��
���,���� �−4aNO��
,Z,�(54) 

Proof: In equation (17), putting &� = O� and &� = G� yield: Γ����,���&�
 = 2 ' O�(��	(�����,���� �−4O�
)* ,O                                                         (55) Γ����,���&�
 = 2 ' G�(��	(�����,���� �−4G�
)* ,G                                                      (56) 

Multiplying (55) and (56), yields: Γ����,���&�
Γ����,���&�
 = 4 ' ' O�(��G�(�����,���� �−4O�
���,���� �−4G�
,O,G)*)*  (57) 

Putting O = Zcta� and G = ZaNO� give the result. 
 
Remarks 3.1. If �� = �� = �� = 1 and 0 = Z�, then  

         Γ����,���&�
Γ����,���&�
 =  Γ�&�
Γ�&�
 = %�&�, &�
Γ�&� + &�
 given in [2]. 

Other integral formulas for related generalized gamma and beta functions are given by 
Abubakar and Kabara in [35,36]. 

 

4. The Beta distribution of ��,����,�����, ��
 

The extended modified beta distribution%/,����,���ℎ, �
, where h and g satisfy the condition  −∞ < � < ∞ and � > 0 as 

 �0
 = ¡ �B?,@�@�,@��¢,£
 	¢��1 − 	
£����,���� �−4 	�1 − 	
$,     0 < 	 < 1
0,                                                          otherwise      ©                   (58) 

where �ℎ, � ∈ ℝ, 4, ��, ��, �� ∈ ℝ�
 
 
The ª«¬ moment of  
For any real number, r is given by: 
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                   ��®�
 = B?,@�@�,@��¢��,£
B?,@�@�,@��¢,£
 ,  �ℎ, � ∈ ℝ, 4, ��, ��, �� ∈ ℝ�
                                (59) 

For Z = ,1 the mean is given by: 

                   ¯ = ��®
 = B?,@�@�,@��¢��,£
B?,@�@�,@��¢,£
 , �ℎ, � ∈ ℝ, 4, ��, ��, �� ∈ ℝ�
                           (60) 

The variance of the distribution is given by: °� = ��®�
 − I��®
K� 

                              °� = B?,@�@�,@� �¢,£
B?,@�@�,@��¢��,£
_B?,@�@�,@��¢��,£
`�
_B?,@�@�,@��¢,£
`�                                      (61) 

The moment generating function of the distribution is given by: 

                              ^�	
 = �B?,@�@�,@��¢,£
 ∑ %/,����,���ℎ + O, �
 �±�!)wC*                                      (62)    

The cumulative distribution is defined as  

                                          8�	
 = B?,@�,V@�,@� �¢,£
B?,@�@�,@��¢,£
                                                                  (63) 

where 

 %/,��,���,�� �ℎ, �
 = ' 	¢��* �1 − 	
£����,���� �−4 	�1 − 	
$,	, �ℎ, � ∈ ℝ, 4, ��, ��, �� ∈ℝ�
 is the extended modified incomplete beta function. 
 
5. Conclusion 

By using three parameters function ���,���� introduced by Prabhakar [1], we have to defined 

a new modified gamma Γ����,��and beta function %/,����,�� . In their special cases, these 

generalizations include the extension of gamma and beta functions which were presented 
in [9]. We have investigated some properties of these generalized functions, most of which 
are analogous with the classical and other related generalized gamma and beta functions. 
It is expected that the results obtained in this study will be prove significant in area of 
statistic, physics, engineering and applied mathematics. 
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