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Abstract. We investigate a refinement of the local, averagg@osed binding number of

a graph in terms of mean closed binding numbere ltile closed binding number itself,
the mean closed binding numberind,,,(G) of G measures graph vulnerability, which
is more sensitive. In this study, we define theapater and find some bounds on the mean
closed binding number of some special graphs. Eyrdome results have been obtained
from graph operations. The closed binding degrea gfaph is defined and its value for
different graphs is obtained.
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1. Introduction

Here, we consider finite simple graphs without ®@nd multiple edges as treated in
Harary [9]. One of the most important problems whigcsolved by the help of graph theory
is to design a network model whose resistanceisouptions is more than other networks.
Graphs are often used to model real world probkaumk as in a communication, computer,
or spy network. The binding number of a graph pfesia measure of the distribution of
edges among vertices. It also serves as a vulttigrad@rameter. Lower value of binding
number indicates that graph is more vulnerabledonectedness. Formally it was defined
by Woodall [16] in his seminal paper way back if19It is considered to be one of the
toughest graph parameters and hence find conslgédeals number of research papers in
seven decades of study. For further details oneafanto [14, 15, 16]. Couple of doctoral
theses have been written on binding number of phgfal, 13]. Binding number and its
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relation with other graph parameters was consideréd 6, 14, 15], etc. Cunningham [8]
addressed the computational issues regarding lgjmaimber.

Till recently the binding number was considered agobal parameter for a given
graph. But in 2019, Aslan [5] considered local ligdnumber at every vertex and
eventually the average taken over all verticeshitmio an upper bound for the binding
number of a graph. Aslan [5] also obtained avelzigding number of many classes of
graph.

Interesting way of considering closed neighborhodds place of open
neighborhoods has given rise to the closed bindimgber of a graph as defined by Al-
Tobaili [1]. He had also considered different grapbducts to give binding number [2, 3,
4]. Huilgol et al. [10] have measured the effecedfe operation on binding number of a
given graph. Hence this aids in measuring the valiitity parameter’s robustness.

Keeping these as reference, we define local clbgeding number of a vertex
and mean closed binding number of a graph in tineirgp sections. First we give some
existing results which we will use in proving oesults.

2. Basic definitions and results

Here, we consider finite simple graphs without ®@nd multiple edges as treated in
Harary [9]. A finite simple graptz be with the set of verticé8(G) and the set of edges
E(G). We list some important results that help us akdshing the our results.

Definition 2.1.[9] The open neighborhood of a vertex u € V(G) istheset N(u) = {v €
V(G);uv € E(G)}.
The open neighborhood of a st V(G) is N(S) =U,es N(u).

Definition 2.2.[9] The closed neighborhood of a vertex u € V(G) istheset N[u] =
{fveV(G);uv € E(G)} U {u} andthatof aset S € V(G) is N[S] =Uyes N[u].

Let deg(u) denote the degree of a vertexin G. The maximum degree of a
graphG is the largest vertex degree &f denotedA (G), and similarly, the minimum
vertex degree is the smallest vertex degre€,afenoteds (G).

Woodall [16] first defined the binding number ofjaph.

Definition 2.3.[16] The binding number of a graph G isdefined as bind(G) =
min{%:s CV(G),S+0 and N(S) # V(G)}, where N(S) = {v/uv €
E(G),Vu € S}, isthe open neighbourhood set of S.

Al-Tobaili [1] used the closed neighborhood of tased defined the closed binding
number of a grapld.

Definition 2.4.[1] The closed binding number of a graph G isdefined as cbind(G) =

min{%:s cV(G),S # @ and N[S] # V(G)}, where N[S] = {v;uv €

E(G),Vu € S} U {u}, the closed neighborhood set of S.
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This is in line with the local binding number ofgaaph and average binding
number of a graph defined by Aslan [5].
In [5], for a vertexv € V(G), the local binding number at a vertexis given as

bind, (G) = Em;YL(G){"Vlfl)'} whereF,(G) = {S C V(G):v € 5,5 # ,N(S) # V(G)).
INGS)|

A local binding set ofv in G is S € E,(G), such thatbind,,(G) = s

Clearly bind(G) = gll/TEG){bmd ().

Furthermore, the average binding numbetois defined as
. 1 .
bind,,(G) = ;ZveV(G) bind, (G),
wheren is the number of vertices ifi.

Definition 2.5.[9] Thejoin G + H of two graphs G and H isthegraph with V(G +
H)=V(G)U V(H) adEG+H)=EG)U EMH)U {uv:uce
V(G) and v eEEH)}

Proposition 2.1.[16] If b(G) = c, then every vertex of G has degree deg(v) =
[61te=1) + . Thusif G isagraphon n verticeswith minimumdegree §(G), then b(G) <

n-1
n-68(G)’

Proposition 2.2.[1] If G isaspanning sub graph of H , then b(G) < b(H).
Proposition 2.3.[16] If m,n > 1, then b(Kyp,) = min{>, ~} + 1.

Corollary 2.1. [1] If G isagraph of order n with minimum degree &(G), then
n-1

ch(G) = 7= (6(6)+1)

Theorem 2.1.[1] If H isa spanning sub graph of G, then Ch(H) < Cb(G).

Theorem 2.2[1] Ch(G) = 1.

Corollary 2.2.[1] 1 <c¢b(G) < 6(G) isminimumdegreeof G.

(5(G)+1)

,——} + 1.

Theorem 2.3.[1] If m,n = 1, then ch(Kp,n) = min{-", ——

Theorem 2.4[1] If n = 4, then ¢b(C,) =

|P—‘ Wl!—‘

Theorem 2.5[1] If n > 5, then ¢b(C,) = >

Theorem 2.6.[1] If n > 4, then cb(B,) = —;
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Theorem 2.7.[1] If n > 5, then ch(B) = .
3. Mean closed binding number of a graph

In this section we formally introduce the concefphean closed binding number of a graph
and study it in detail.

Definition 3.1.For v € V(G) the local closed binding number of v is
min

cbind,(G) =  c f (G){ ISI } where  F,(G)={ScV(G):veESS+0QN[S]+
V(G)}.
Remark 1. Clearly chind(G) = » g&?G){cbind (6)}. Aclosed local binding set of v

in G is S € E,(G), suchthat chind,(G) = “\gsl]'.

Definition 3.2. The mean closed binding number of G is defined as
chind,m (G) = 3 Yvev() chind, (),
wheren is the number of vertices in gragh

Remark 2. A vertex v in G, cbind,(G) exists only when the degree of v is drictly less
than n — 1. Further, for a graph G, with its y(G) = 1, cbind,,(G) does not exist
because thereis at least one vertex of degree n — 1 in G.

Hence, unless mentioned otherwise, in this paperomsider graphs without full
degree vertices.

Example 1.

Figure 1

For the graph of Figure 1, we have
bind(G) = 1, chind(G) =3, chind, =2,
cbind, = E, cbind, = i, cbind =§ and cbind,, L= g.

it follows that cbmdm(G) =SG+I+I+3I+) =1
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Example 2.

Vi

" Figure 2 i
For the graph of Figure 2, we havénd(G) = % chind(G) =2
. 5 . 5 . 5 . 5 . 5
chind, T chind, , T chind, LT cbind, Pl chind, =32
and cbind,, ST %.
: _ 15, 5,5,5,5,5_9
It follows that chind,, (G) = <G+ +;+5+;+) =

4. Bounds of mean closed binding number

Here, we find some bounds on mean closed bindingbeu for some graphs. The related
theorems of mean closed binding number and otheghgparameters are provided as
follows.

Theorem 4.1.If G isagraph of order n with minimum degree 6(G), then

chind,,(G) = %

Proof: For v € V(G) and S, be a local closed binding set &t Certainly |[N[S,]| =
deg(v) +1=6(G) + 1. SinceN|[S,] # V(G), eachS, omits all closed neighbors, as
each closed neighborhood sets to miss some verlibesmissing vertices are of smallest

degree, sayv and observe thgS,| <n — (deg(w) + 1) <n—(5(G) + 1).

Therefore
. _IN[S,]I 5(G)+1
cbind,(G) = s = LY
Hence
, 1 . 5(G)+1
cbind,n(6) == Vpey(q) chind,(6) 2 m

Theorem 4.2.1f G, isa spanning subgraph of G4, then cbind,,,(G,) < cbind,,(G,).
Proof: Let v € V(G;) with a local closed binding se€f’, € F,(G,), observe that
Ng,[S'y] = N[S',] NV (Gy) and Ng,[S',] = N[S',] NV (G,). ThenNg, [S',] < Ng, [S',]
and|S’,| in G, is atleastS’,| in Gy (IS'y|g, = |S'y|g,)- Therefore,

ING,[S1]l _ ING, [STpll _

cbind,(G,) = 501 < S = cbind, (G4).

Hence,
cbind,, (G,) < cbind,, (Gq).

Theorem 4.3.If G isagraph of order n, then chind(G) < cbind,,(G).

Proof: For v € V(G), cbind(G) < cbind,(G), thus
chind(G) < ~Tvev(e) chind,(6) = chindy ().
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Remark 3. The closed binding number varies form 1 < cbind(G) < n — 1. The lower
bound attained in a graph with two or more components, which are compl ete graphs and
upper bound is attained by any (n — 2)-regular graph.

5. Mean closed binding number of certain classes gfaphs

We present some results on the mean closed bindimiper of some standard graphs.
Theorem 5.1.If B, isapath, V n > 4, then chind,,(B,) = Z—:;

Proof: ForveV(p,), V n>4 andS, € F,(P,) and S, contains all vertices of,
except a pendant vertex and its adjacent vertexclear thatV[S, ] consists of all vertices

of P, except one pendant vertex. This implies tlaind,, (B,) < Z—:;
Thus by definition,

chindy, (P) < 2=, (5.1)
From Theorem 2.6 [1] and Theorem 4.3, it followatf
chindy, (P) = 2=, (5.2)

From (5.1) and (5.2), the result holds.
Next result deals with the complement of paths.

n-1

Theorem 5.2.If n > 5, then chind,, (P,) = —.

Proof: Forv e V(P,) ¥V n>4 andS, € F,(P,), observe thas, consists of only two
adjacent vertices that meai$,| = 2 and |N[S,]| = n — 1. Thus chind, (B,) < nT_l
Therefore,

chindy, (P) < ™= (5.3)
From Theorem 2.7 [1] and Theorem 4.3, we get,
chindy, (P) = "= (5.4)

From (5.3) and (5.4), the result holds good.

Theorem 5.3.If C, isacycle, forall n > 4, then chind,,(C,) = ;l—:;

Proof: For veV(C,), VvV n=4 and S, € F,(C,). Let |S,|=7r we getr <n-—
IN[S,]| _ 7+2

B(G)+1)=n—-3 and|N[S,]| >+ 2. Thusw >— is a decreasing function of
r that, the minimum value of = n — 3. Hence,cbhind,(C,) < Z—:; as there is a closed
binding setS’,, of C,, such thatS’,| =n—3 and|N[S',]| =n — 1.
Therefore,
chindy, (Cn) < . (5.5)
form Theorem 2.4 [1] and Theorem 4.3, we see that,
chindy (Cn) = "=, (5.6)

From (5.5) and (5.6), the result holds.

In the following result we consider the complemeia cycle.
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n—-1

Theorem 5.4.If n > 6, then chind,,(C,) = —

Proof: Forv € V(C,) V¥ n =>4 andS, € F,(C,), observe thas, consists of only two
adjacent vertices that meaf$,| = 2 and |N[S,]| =n— 1. Thus cbind,,(C_n) < nT_l
Therefore,

chindy, (Cr) < ™. (5.7)
From Theorem 2.5 [1] and Theorem 4.3, we get,
chindy, (Cr) = "= (5.8)

From (5.7) and (5.8), the result holds good.

Theorem 5.5.If K, ,, isa complete bipartite graph of order m,n > 3, then
, 2(m?n+n?m-2mn)—-(m?+n?)+m+n

chindy (Kyn) = m2n+n2m—-(m2+n2)-2mn+m+n
Proof: Let G; and G, be partite sets oK,,, andV(K,,,) = V(G;) UV (G,) be the
vertex set ofK,, ,, whereV (G;) containsm vertices having degree and the seV (G,)
containsn vertices having degrea. Forv € V(K,,,) andS, € F(K,,,), such thats,
is a closed binding set df,, ,,. SinceV(G;) andV(G,) are independent sets of vertices,
N[S,] # V(Kmnn). S, - must contain vertices froi(G,) or V(G,), then clearly the

. INSy I S

ratio IS—i is minimized, wheres,, =V(G;) —{v;} andi#j for i,j=12,--,m
ori,j=12,-,n. So,N[S, ]=V(G)UV(G,)—1,thus

i

IN[S, J|=m+n—1and|S, |=m—1orn—1. Thencbind, (Kpyy) < m;fll
man-1 t i
—— Therefore

2(m?n+n’m-2mn)—(m?+n?)+m+n

chindm (Kmn) < mZn+n?m-(m2+n2)-2mn+m+n
Remark 4. The complement of K, , isdivided into two components which are complete
graphs. Therefore chind,, (K, ) = 1.

Definition 5.1. The double star S, ,, isatreewith diameter 3 and central vertices of
degree m and n respectively.

Theorem 5.6.If S,,,,, isadoublestar, forall m,n > 2, then
Chindp (Smpn) < e,
Proof: Forv € V(S;,»), m,n = 2 andS, € F,(S,,,,) andS, consists of all vertices of

Smn €xcepttwo adjacent vertices with one vertex girde one and other vertex of degree
m or n. ThenN[S,] consists of all vertices d,,, , except only one vertex of degree one,

implying that cbind, (Sy,) < man-l
Thus by definition

m+n-2"

chind , (Sp ) < T2

m+n-2"
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Theorem 5.7.If S, ,, isthe complement of a double star of order m,n > 2, then
- 21,2 P
chindy (Spp) < T T
Proof: ForveV(Sy,,) V mn=>=2 andS, €F, (S,,), observe thaiN[S, ]| >

i

|S, | with equality holds wheneves, for 1 <i <m+n consists of only two sets
L 13

containingm andn vertices respectively anl[S, ] consists of all vertices of,,
except only one vertex of degree— 1 andm — 1 respectively. Thereforebind, <

m+n—1 m+n—1
or .

m n

Thus by definitioncbind,, (Spmn) <

m?+n?+2mn-m-n

m2n+m?2n
Next we will consider the Jahangir graphs. Firsalbfve will define them here.

Definition 5.2. Jahangir graphs J,, ,,, for m = 3, isagraphon nm + 1 vertices
consisting of acycle C,,,, with one additional vertex which is adjacent to m vertices of
Cnm atdistance n to each other on C,,,y,.

Theorem 5.8.If J,,, beaJahangir graph of order n > 3, then

cbind,,(J,n) < ﬁ
Proof: ForveV(,,), V n=3 andS, € F,(J,,) and whenevess, consists of all
vertices of/, ,, except three adjacent vertices with one vertadegfee2 and other vertex

of degree3. ThenN|[S,] consists of all vertices gf,,, except only one vertex of degree

two. Thereforechind, (Jon) < 7o = ——.
Thus by definition
n
n-1

chindy,(Jon) <

Theorem 5.9.If ]Z_n isthe complement of Jahangir graph of order n > 3, then

. — n?+8n
- cbmdm(lﬁ < TeITE:
Proof: ForveV(),,), V n=3 andS, €F, (J,,), observe thatN[S, ]| > |S, |

with equality holds whenevef,, for 1 <i < 2n+ 1 consists of2n + 1 vertices. Inn

L
sets containinge vertices anch + 1 sets containing onl3 vertices, respectively, then
N[S, ] consists of all vertices gf,, except only one vertex. Therefoesind, (J,) <

2n 2n

:;': 2 ori;.
Thus by definition

cbindm(]27) <

2n+1

2n\ _ 2(n’+4n)
(Zn t(n+ 1D 3 ) T 3(2n+1)

6. Join of graphs
We provide some results of the mean closed bindingber of join of graphs. First we
define the join of two graphs.
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Definition 6.1. [9] The join G; + G, of graphs G; and G, with digoint vertex sets
V(G,) and V(G,) is the graph consisting of G;, G, and all edges joining V(G;) and
V(G,).

Theorem 6.1.Let G; and G, betwo connected graphs of order m and n, respectively.

. mxXcbindy, (G1)+nXcbindy, (Gz)
Then chind,, (G, + G,) = T :n+n m2

Proof. For v € V(G, + G,) and S, € F,(G, + G3), observe thatNg [S,] = N[S,] N

V(Gy) and Ng,[S,] = N[Sy,] nV(G,). Since every vertex ot is connected to all

vertices ofG, and vice versa, we geét[S,] = N, [S,] UV(G,) or N[S,] = Ng,[S,] U

V(G,), sinceN|[S,] # V(G + G,). For v e V(G,) implies S, € V(G,) or v € V(G,)

implies S, € V(G,). Forv € V(G,), let S, be its local closed binding set {fy. Since
C V(Gy), S, € E, (G, + Gy) N E,(Gy). Thus

INISyll _ ING [Ss]UV (G)| _ NG, [Sy]+V(Ga)l
Sy ISyl [Syl
NG [S]l | [V(Gp)I
- [ty [Syl

> chind, (G,) + 'Vl(sazl)'
= cbind,, (G¢).

Then

m X cbind, (G, + G,) = m X cbind,,(G;). (6.1)
Similarly for v € V(G,),

n X cbind, (G, + G;) = n X cbind,, (G,). (6.2)

Hence by (6.1) and (6.2) we get
cbind,(G; + G,) =
Therefore by definition,
chind,, (G, + G,) =

mXcbind,(G1)+nxcbind,(G)
m+n ’

mxcbindy, (G1)+nXcbind, (Gz)
m+n '

The above equality holds good for following result

Theorem 6.2.For m and n aretwo positive integers, then
. 2(m?*n+mn?-3mn-m
Cblndm(Pm + Pn) = m2(n+mn2—2n2—2m2—4mn+4m+4n'
Proof: Letv e V(P, + B,) andS, € F,(P, + B,). By Lemma 4.1, ifS, NV (B,) = @
and S, NnV(PR,) # @, then N[S,] =V (P, + P,) a contradiction. Hence eithef, <
V(By,) or S, S V(BR).
If veV(B,) then |S,|=m—2, otherwise N[S,] =V (B,+ B,) . Thus

chind, (Py + By) = "= and Ypey(p,y cbindy (B + P) = m™r,
Again if v € V(P) then |S,| = n — 2, otherwiseN|[S,] = V(B, + B,). Thus

chind, (Py + By) = "o and Ypey(p,y chindy (By + Py) = n™—. Hence
cbindy, (P, + B,) =

2—n?+m+n)

2(m?n+mn?-3mn-m?-n? +m+n)
m2n+mn2-2n2-2m2—4mn+4am+4n’
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Theorem 6.3.For m and n aretwo positive integers, then
, 2m?n+2mn?-7mn-3m?-2n2+3m+2n
cbind (B + Cn) = m2n+mn2-2n2-3m2—5s5mn+6m+6n

Proof: Forv e V(P,, + C,) andS, € F, (P, + C,) by Lemma 4.1, ifS, nV(P,) # @
and S, nV(C,) #®. Then N[S,] =V (P, + C,) a contradiction. Hence eithe, <
V(B,) or S, S V(C,).

If veV(p,) then |S,|]=m—-2, otherwise N[S,]=V(P,+C,) . Thus
chind, (P + Cp) = "= and Lyey (py,) cbindy (B + Cy) = m ™,

Again if v e V(C ) then |S,| = n — 3, otherwiseN|[S,] = V(P + C,). Thus
chind, (P + Co) = 1 and Tyey(c,) chind, (P, + Cy) = n™. Hence

2m?n+2mn?-7mn-3m?-2n? +3m+2n

cbmdm(Pm +Cy) =

m2n+mn2-2n2-3m2-smn+6m+6én

Theorem 6.4.For m and n aretwo positive integers, then
. 2m?n+2mn?-8mn—3m?-3n?+3m+3n
cbindm (Cm + Cy) = m2n+mn?-3n2-3m2-6mn+9m+9n
Proof: Forv e V(C,, + C,) andS, € F,(C,, + C,) by Lemma 4.1, ifS, nV(C,,) = @
and S, NV (C,) # ®. Then N[S,] =V (C,,, + C,) a contradiction. Hence eithel, <
V(C,) or S, € V(C,).
If veV(C,) then |S,| =m—3, otherwise N[S,] =V (C, +C,) . Thus
chind, (Cr + Co) = " and Lyey(c,yy Chindy (Com + Co) = M,
Again if v € V(Cn) then |S,| = n — 3, otherwiseN[S,] = V(C +C,). Thus
chind,, (Cm + Cn) = == and Tpey(c,) chind, (G + C,) = n™——=. Hence

2m?n+2mn?-8mn— 3m2—3n2+3m+3n

cbmdm(Cm +Cp) =

m2n+mn2-3n2-3m2-6mn+9m+9n

Lemma 6.1.Let G, and G, betwo connected graphs. If v € V(G,) or v € V(G,) and
S, islocal closed binding set of G; + G,, then S,, iseither alocal closed binding set of
Gy or G,.

Proof. Suppose that € V(G,). Let Ng [S,] = N[S,] nV(G,). Since all vertices ol
are adjacent to all vertices &%, N[S,] = Ng, [Sy] U V(G,) which implies thatS, c
V(G,). HenceS, is a local binding set of;;. Similarly, if v € V(G,), thenS,, is a local
binding set ofG,.

7. Closed binding degree ofs

The closed binding number and local closed bindinghber of a graph give layered
measures of the vulnerability of a graph. This @iwated by Huilgol et al. [10] to define
closed binding degree of a graph. We first define the parameter and ttetermine it for
different class of graphs.

Definition 7.1. The Closed binding degree of G, denoted by b2 (G), is defined as
bd(G) = X, deg(v;)chind,, (G).

lllustration 7.1. For the graph of Figure 1, we hallé(G)| =5 and|E(G)| = 5. Note
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that bind(G) =1, chind(G) =5, deg(v))=1, chind, =>, deg(vs)=2,
cbind, , = ; deg(v3) = 3 cbind, .= g, deg(v,) = 2, cbind, L= g, deg(vs) = 2

and cbind,, = g. It follows that,

d - 3 3 4 4 4_8
bc(G)—1x2+2><2+3x5+2><3+2x3— .

Proposition 7.1.The closed binding degree of cycles, paths, complete bipartite graphs,
double star, Jahangir graph, complement of cycles, complement of paths, complement of
double star, complement of Jahangir graph is given as follows:

* For any pattP, with n > 4 vertices,

—1)2
bd(P) = "=k

n-2

« For any complement of paffy with n > 5 vertices,

5y — (M=1)?(n-2)
bd (P = L2
* For any cycleC,, with n = 4 vertices,
2n(n-1)
b (Cp) ==

« For any complement of cycl&, with n > 6 vertices,

b{? (C_n) _ n(n—lz)(n—3).

* For any complete bipartite grafy, ,,,

mn((m+n)?-3(m+n)+2
bg Kinn) < mn-m-n+1

» Form,n = 3, the binding degree of a double s&y, is,
(m+n-1)?
b (Smn) < 27—

* Form,n = 4, the binding degree of a complement of double $fay is,

bE Smm) < 2(m +n — 1) 2D,

* Forn > 3, the binding degree of a Jahangir grdph is,

d 6n?
bc (]Z,n) < E

* Forn = 3, the binding degree of a complement of Jahang‘pfgy‘; is,

dr— 2n(2n?+5n-9)
bc (]2,71) < 3 .

Proof: (i) Let B, be a path withn > 4 vertices. If the vertices of, are labeled as
Vi,V vy, then we know thatdeg(v,) =deg(v,) =1 and deg(v,) ==

145



Medha Itagi Huilgol and Kiran S

deg(vy-1) = 2 For v, € V(B,), the local binding number of; with 1<i<n is
2
chind, (B) = — Thereforebd(G) =2x1X —+ (-2 x2x= n-1_ 2n-1)?

n-2

(i) Let P, be the complement of path with> 5 vertices. If the vertices of, are
labeled as vy,v,,-:-,v, then we know thatdeg(v,) =deg(v,) =n—-2 and
deg(v,) = - = deg(v,_,) = n—3. Forv; € V(B,), the local binding number of;
with 1 <i<n is chind, (B,) =">=. Thereforebd(P,) = 2% (n—2) X ==+ (n —

_ _ (=1)?(n— 2)
2) X (n 3)>< >

(iii) Let C, be a cycIe withn > 3 vertices. We know thaf,, is a self-centered, regular
graph of regularity2. From [1], we know thatbind(C,) = Z%; Thereforeb?(C,,) =
2n(n-1)

n-3 ° _
(iv) Let C,, be a cycle witm = 6 vertices. We know thaf,, is a self-centered, regular
graph of regularityn — 3. From [1], we know thatbind(C,) = "T_l Thereforeb?(C,)
_ n(n-1)(n-3)
==
(v) Let K,,, be a complete bipartite graph with,n > 3 vertices. If the vertices of
Knn are labeled asi,uy, -, Uy, vy, vy, v, . For u; € V(K ,), the local closed
binding number ofu; for 1 <i <m, is

chindy, (Kmn) < =", deg(u;) =n and the local binding number f for

1<j<n, is bind, (Kmn) <™ and deg(v;) =m . Therefore b%(Kp,,) <
m+n-1 +mn m+n— 1 - mn((m+n)2—3(m+n)+2.
m—1 n-1 mn-m-n+1

(vi) Let S;,,, be a double star witin,n > 3 vertices. If the vertices of,,,,, are labeled
asuy, Uy, -+, Um, V1, V2, , V. FOru; € V(Sp, ), the local closed binding number of
for 1<i<m—1, is chindy(Spa) < e, deg(u) =1, cbindy, (Spn) <
Z:_; deg(u,,) =m and the local binding number of, for 1<j<n-—1, is
chind,, (Smn) S deg(vj) =1, deg(vj) =n and cbind,,}.(Sm_n) <
m+n-1 _ , (m+n—1)>

Thereforeb?(sm_n) <m P

m+n-1 m+n-—1

m+n-1 n m+n—1
m+n-2 m+n-2

+(m+n-2)

(vii) Let S,,,, be a complement of double star withn > 3 vertices. If the vertices of
Smn are labeled asi;,uy, -, Uy, vy, 05+, v, . FOr u; € V(S,,,,), the local closed

binding number ofu; for 1<i<m—1, is chindy, (Spn) < o, deg(u;) =1,
chindy, (Smn) < 22, deg(uy,) =n—1 and the local blndlng number af for
1<j<n-1, is cbmd i Smn) < man-t deg(vj)) =1, deg(v,) =m—1 and
chind, (Spn) <™= . Therefore bgl(sm_n) <m-122 Il
1m+n 1 _ 1m+n 1 — Z(m +n— 1) 2mn—(m+n)

mn
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(viii) Let J,,, be a Jahangir graph with > 3 vertices. If the vertices gf,, are labeled
asuy, Uy, ", Up, V1, V2, ", Un, Uny1. FOr u; € V(J5,,), the local closed binding number of

w; for 1 <i<n,ischindy,,(J,) < % deg(u;) = 2 and the local binding number of
v; for 1<j<n, is cbind,,}.(]z,n) < % , deg(vj)) =3, deg(vp41) =n and

. n
cbind,, . (Jon) < — -

d ST OO TR SO S
Thereforeb (J,,) < n—+2n—+3n—=—.

(ix) Let J,, be a Jahangir graph with> 3 vertices. If the vertices gf, ,, are labeled as
Uy, Us, ) Up, V1, Vg, , U, Uny. FOr u; € V(J3,), the local closed binding number of
for 1 <i<mn,is chind,,(Jon) < 2;” deg(u;) = 2(n — 1) and the local binding number
of vy for 1<j<mn, is cbindvj(]27) <2, deg(vj) =2n—3, deg(vp41) =n and
chind,,,,,(Jon) <= . Therefore b¢(J,) SnZ+2n(n— 1) +n(2n-3)2 =

2n?+5n-9
ZnT

8. Conclusion

In this paper, we have introduced the concept aimosed binding number and degree
of a graph. Many bounds have been establishednBay standard classes of graphs we
have given exact value. Similar study can be extdridr other classes of graphs and more
general bounds can be obtained in terms of otlagahgparameters. We conclude this paper
by citing a conjecture by Aslan [1] and proposingpajecture. Aslan [1] had conjectured
a result relatingcbind (G) and bind(G).

Conjecture [1]: Let G be a graph other theki,. Thencbind(G) = bind(G).
In [1] Aslan had proved that the conjecture holosajin case of graphs,, ,, 7K, cp(7),

W,, C,, C,, B,, B, and disconnected graphs.
On similar lines we also conjecture the followingraean closed binding number
and average binding number of a graph.

Conjecture: For any graphz, without full degree vertices;bind,,,(G) = bind,,(G).
We have shown that conjecture holds good in cas®,of,, C,, C,, and Kpnn (Theorem

5.1 to 5.5 respectively). At this juncture we strongly betethat the conjecture is true,
but proof seems elusive.
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