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Abdgtract. In the classical theory of fuzzy sets, it has negrbdiscussed how exactly to
construct a fuzzy number in any particular casethis article, we shall discuss how a
trapezoidal fuzzy number appears in describing dgieesented in terms of intervals. In
doing so we shall use the operation of superimiposif sets. Prices of perishable goods
such as fish can be used to construct such fuzmbars. As a case study, we have
collected data on the minimum and maximum dailggsiof a particular variety of fish in
a market of Guwahati, and we have shown that tkee cin be described by a trapezoidal
fuzzy number.
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1. Introduction

In the theory of fuzzy sets, the matter of how déyato construct fuzzy numbers
mathematically has never really been discussecedRelsers simply presume that in any
situation to be studied with reference to fuzzirtbegriangular fuzzy number for example,
can be used, but no one has ever tried to see ahibtdit presumption is mathematically
valid or not.

In the classical theory of fuzzy sets, there whred noteworthy attempts made to
link probability with fuzziness. Had those attempsen successful, a procedure of
constructing the membership function with the haflprobability would have been there
in the literature of the classical theory of fuzgs. The originator of the theory of fuzzy
sets, Zadeh [1] had tried to link probability witte concept of fuzziness. However, Zadeh
himself mentioned that his principle concerned tesristic, and not a precise law. Klir
and Geer [2] made an attempt to define probabbyynormalizing the membership
function so that the area under the normalizedtfonés equal to unity. Had that been true,
one would have got a law of fuzziness from a lawrobability just using a transformation.
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Duboiset. al. [3] defined a probability-possibility consistengsinciple and claimed that
their transformation from probability to fuzzinesshe most specific transformation which
satisfies the condition of consistency defined iy authors themselves. But the problem
of construction of the membership function of amak fuzzy number mathematically
remained.

Using the operation of set superimposition andGheenko-Cantelli Theorem of
Order Statistics, Baruah ([4, 5, 6, 7]) discussed ko link randomness and fuzziness to
describe the membership function of a normal fumneynber with the help of two
independent probability laws. The Randomness-Fesai€onsistency Principle discussed
there leads to the construction of the membershiption. It was shown that data of the
interval type can be analyzed using this principle.

For interval type of data such as data of dailygerature in a locality, would
always have a minimum and a maximum value every Basthquake waveform data are
also of this type with a minimum and a maximum deery waveform. Similarly, daily
stock prices of companies would always have a mininand a maximum. In such cases
in which data are invariable of the interval typee classical theory of fuzzy sets looked
from the viewpoint of superimposition of sets casatibe the situation correctly ([8], [9],
[10)).

In this article, we have shown that daily datahef price of perishable goods can
be described as trapezoidal fuzzy numbers. The pfiperishable goods such as raw fish
sold in street markets can be seen to be the maxiwhen the selling starts in the morning
every day, and becomes the minimum at the timéostice of sales for the day. Thus the
prices of every variety of raw fish in the streetriets lie in intervals. We have considered
the daily price of a particular variety of fisharmarket of Guwahati, and have shown how
the price can be described with the help of a ajgal fuzzy number.

2. Methodology
We visited a particular locality of the GuwahasitfiMarket and collected the daily prices
of the fish for a period of 15 days from"28eptember, 2021 td"®ctober 2021. The fish
we have selected for the purpose was Common @ypifus carpio). We noticed that
the prices of the fish were maximum when the fisds fresh and minimum when the
market was about to be closed for the day. In otlezds, the prices of raw fish depended
on the freshness of the fish on any particular ttedeed when the day progresses, the price
goes on reducing slowly, and as the fish madeablaiin the open market would no longer
remain fresh the next day, the vendors would tryetibthe fish at a low price if necessary
before sales for the day is over.

Suppose the prices farconsecutive days lie in the interv@ds, 811, [@2, B2], ---
» [, Bn]- We shall now superimpose the dets 811, [@2, B2], --- . [@n, Bnl, €very one
set over the others. To explain the situationyetake the first two sets first. Letdefine
the set operation of superimposition. Indeed, ikiewn that when we overwrite, the
overwritten portions look doubly darker becausthaoverwritten portion there is double
representation. It may be noted that the operatiemion of sets does not consider double
representation of the elements, and that is widgsgribe double or multiple representation
of elements the operation of union is not suffitighich is why we have to go for the
operation of set superimposition. To cite anotlactical case of superimposition, we may
consider the following example. When an opaqueabhbgeplaced near a small source of
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light, on a screen placed nearby, the shadow cardreto have an umbra and a penumbra.
The level of darkness in the umbra portion woulddoibly darker than that in the
penumbra portion. This happens due to superimpasitihis is what we are how going to
show with reference to two real intervals.

Consider the real intervalg,, 81] and[a,, B2]. When we superimpose these two
intervals, one of the following four results wolld possible.

[ay, B1]1(S)[az, B2]

= [ay, ax] U [az, B11P U [By, Bo) if oy < az < By < Pa,
= [ay, a2] U [az, B21P U [Ba, frl if ay < ay < Bz < Pu,
= [ag, 1] U [aq, B 1P U [By, o) if az < @y < By < o,
= [ay, a1] U [a1, B2 1P U [By, Bl if @z < a3 < By < Py,

where for exampler,, 8,1 represent the intervid,, 8,] with every element being
present twice. Indeed, a closer look would revieat ve can write it as

[a1, B1] () [z, B2] = [aay, @z U [a(z).ﬁ(n](Z) U [Bay B
where a1y = min(ay, az), a2y = max(ay, @;), f1y = min(By, B2), Bz) =
max(f,, B,). Here it has been assumed without loss of any génethatja;, 5] N
[a,, B2] # @, which is same as assuming thatx(a;) < min(B;),i = 1,2.
Using the same logic, if we defife;, 8;]® as the intervala,, ;] in which all
elements are partially present with level of preseegual tp wherep is a positive
proper fraction, then we shall have

& & ) €)) )
[a1, 112 () (a2, B2]P= [aay, azy] # U [aay. By Y [Bay Beay]

As is well known, a set with this kind of partiakegence of elements is defined as a fuzzy

1
set. Accordingly, in our cas{ez(l),a(z)](z)represents the real interjal,), @) ]in which
all elements are partially present with the leviepresence being/2. In other words,

1
[a(l),a(z)]@is a fuzzy number with a membership value equdl/for every element.
We are indeed going to look into normal fuzzingesifthe standpoint of superimposition
of equally fuzzy sets.
Supposda;, B;]are the intervals of the price of the fish on day=1,2,...,15. Let
0,(1), G(2), -+, O(15) be values of a4, a5, ..., 045 arranged in increasing order of magnitude,
andB(l),B(z), ---'5(15) be values of B,,B,, ..., B, 5 in increasing order of magnitude. Now,
we shall superimpose the 15 equally fuzzy interviatem the data, we have 15 equally
fuzzy intervals of the type{ay, B1]10/*), [ay, ], ..., [ays, B15]/1D) with a
constant level of partial presence 1/15 for evatgrival. We shall thus get, subject to the
condition thatfa,, 8] N [ay, B2] N ...N [ays, B15] IS not void,

[y, 5116 () [, 5,16 (5). . . g)[als,ﬁls](ls)
=[“(1)'“(2)] ! i U[a(z)' ae)] V..U [aas), B
U [5(1)'5(2)](14/1 v [By Bea)] V..U [Baay Bas)]

where for example{ﬂ(14),ﬂ(15)](1/ ) represents the intervgl 14y, B(15)] with the level
of presence of every element being 1/15 for eviament in the interval.

(2/15) (1)

(13/15) (1/15)

151



Mohibul Islam Bora and Hemanta K. Baruah

We are interested to see what happens whatervals each with the level of presence
1/n are superimposed, and what happens whieecomes infinite. It may be observed that
if n such intervals are superimposed, the level ofgoress of the elements would bgn

in the intervale ), a(+1y] and would be1 — S) in the interval By, Be+1y| fork =
1,2,...,(n—1). This means that subject to the condition fleatf;] N [az, B2] N ...N
[a,, Bn] is not void,
[altﬁl](l/n) ) [az'ﬁz](l/n) ($)... (5)[anzﬁn](1\n)
= [y @] ™™ U e, a@] ™™ U0 [am, B

n-1)/n n-2)/n

U By Bl U 1By Bl ™ U0 [y B
At this point, we would like to define what is knovas an empirical distribution function
in the statistical literature. An empirical distuition function may be considered as an
estimate of the cumulative distribution functionfidieg the randomness concerned
(Gibbons and Chakraborti [11], page - 33). Now phi@ciple that we shall apply is as
follows. If X (1, X(2), ..., X() denote the ordered values ordered in the ascendilgy of
a random sampl&,, X,, ..., X, then empirical distribution function of the random
variable would be given by

@a/m

Fn(X) = 0, ifx < X(l) ,
_k . _ _
= le(k)SX<X(R+1),k—1,2,...,(n 1),
= l,fo > X(n),
and following the Glivenko-Cantelli Theorem on QOrd&tatistics (Gibbons and
Chakraborti [11], page — 35), the empirical disitibn function F,fX)WiII converge almost
surely to the underlying probability distributiomnictionF (X). It can also be expressed as
E(Fn(X)) = F(X), whereE stands for mathematical expectation.
Similarly, if Y1, Y2y ...,Y(n)denote the values ordered in the ascending orderaxidom
sampleY,, Y,, ..., Y,then thecomplementary empirical distribution function of the random
variable would be given by
GT(lY) =1, |fy< Y(l) s
k.
=1 b lfY(k) <y< Y(k+1), k=12,..,(n—-1),
= o,lf y > Y(n)!
so that(1 — G,(ly)) would converge following the Glivenko-Cantelli Tdrem to the

underlying probability distribution functior( 1- G(Y)) of the random variable
concerned.

The minimum values, as well as the maximum valdefssh price, are random
variables, and therefore the application of thev&lko — Cantelli Theorem in our case
would be valid so as to get an empirical distribaitiunction for the minimum daily prices
and an empirical complementary distribution funatfor the maximum daily prices. For
the observed ordered values of the minimum dailgegr the underlying theoretical
distribution function can be fitted using the starttistatistical method of least squares for
curve fitting. Similarly, for the observed orderealues of the maximum daily prices, the
theoretical complementary distribution function ¢enestimated.
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3. Construction of the membership function

We have collected the data on price of Common Gamp market of Guwahati for the
specified period of 15 days. The intervals in rigoeere [180, 240], [203, 250], [190, 255],
[175, 260], [185, 245], [177, 285], [195, 265], B®@52], [205, 270], [220, 268], [235,
280], [230, 275], [210, 264], [225, 290] and [21Z95]. Then we superimposed the
intervals making them equally fuzzy with constaudl of partial presence equal to 1/15
in every case.

The minimum daily prices in increasing order of miagde were: 175, 177, 180, 185, 190,
195, 200, 203, 205, 210, 215, 220, 225, 230 and 2B& maximum prices in increasing
order of magnitude were: 240, 245, 250, 252, 268, 264, 265, 268, 270, 275, 280, 285,
290 and 295. Thus for examptg = 203 whilea ;)= 177, ang3, = 250 whileg,)= 245.

The observed values of partial presence for therecdminimum values of the
intervals were seen to be almost in a straight siegment with a positive slope, and the
observed values of partial presence for the order@imum values of the intervals were
seen to be in a straight line segment with negatimee. We now proceed to see whether
the observed membership values can actually beessed as a first-degree polynomial
function of the ordered minimum prices, and we wloalso see whether the observed
membership values with reference to the observedmoen prices can be expressed as a
first-degree polynomial.

Taking the different values df ) as thekth observed value of an independent
variableX and the level of presence in the interfVgl, X x+1)] as the dependent variable
Z, we can fit the left reference function of theAaynumber. As mentioned above, the left
reference function was seen to be a first degrémpmial Z = a + bX. The parameters
a andb were estimated using the method of least squahesfitted equation (Fig. 1) was
found to be

Z = (—2.34622) + 0.014185X.
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Fig. 1: The left reference function
Statistical acceptability of this fitted equatioasmested using the— test where
Ir|V(n—2)
t= ———-—-
V1 = r?2)
r being the sample coefficient of correlation amdeing the number of pairs of
observationgx, z). Here(n — 2) is the degree of freedom concerned. The null hgxis
we would test igl,: p = 0 against the two-sided alternative hypoth#sisp # 0 where
p is the population correlation coefficient.
It was found that the sample correlation coeffitiers 0.990143561, and the calculated
value oft is 36.1377 fom = 15. The tabulated value offor 13 degrees of freedom at
5% probability level of significance is 2.160. brcf, the tabulated value bfor 13 degrees
of freedom at 1% probability level of significanég only 3.012. Accordingly, the
calculated value of is very much larger than the tabulated value ,cind therefore we
reject the null hypothesis that the population €ation coefficientp = 0. Thus we
conclude that the fitted equation is statistichlighly acceptable.
In the same way, taking the different valuesY@f as thekth observed value of an
independent variablg and the level of presence in the interiigk), Yx+1)] as the
dependent variabl#/, we can fit the right reference function of the Zumumber. As
mentioned above, the right reference function veendo first-degree polynomigl =
¢+ dY. The parametersandd were estimated using the method of least squaies.
fitted equation (Fig. 2) was found to be
W = 5.319942 + (—0.017977)Y.

154



Expressing Price of Perishable Goods Using Traper&iuzzy Numbers: A Case Study
of Price of Fish in Guwahati

1.2

0.8
0.6
0.4

0.2

200 220 240 260 280 300 320

Fig. 2: The right reference function
Statistical acceptability of this equation too vested as described in the earlier case. It
was found that the sample correlation coefficient— 0.994019278, and the calculated
value oft is 32.81897 fon = 15. Once again, the calculated value @f very much larger
than the tabulated value of= 3.012, and therefore we once again reject the null
hypothesis that the population correlation coegfitp = 0. Thus we conclude that the fitted
equation is statistically highly acceptable.

After combining the estimated left reference fumetithe constant functiohin
23590 < x < 240.30, and the right reference function, we can constihuetestimated
membership curve (Fig. 3), where the left referénoetion increases from 0 to 1 and the
right reference function decreases from 1 to 0.

The membership function of the estimated trapezdiday number is

Wy = (—2.34622) + 0.014185x, 165.40 < x < 235.90,
=1,if 23590 <x < 240.30,
= 5.319942 + (—0.017977)x,240.30 < x < 29593,
= 0, otherwise.

Expressed in the classical style, the memberskmigtiion can be seen to bBpproximately

X198 16540 <x < 235.90,

235.90-165.40

=1,if 23590 <x < 240.30,

= 288X 94030 <x < 29593,
295.93-240.30

= 0, otherwise.

P—A(x) =
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Fig. 3: The trapezoidal fuzzy number
Thus the probability distribution function 165.40 < x < 235.90 is say

F(X) — x—165.40

235.90—-165.40
and therefore the probability density functiorf (&) = ” —%, signifying a uniform

probability law in the interval concerned. Similarthe probability distribution function in
24030 <x < 29593is

arFx) _

¢ -1 29593 — x
@) =1~ 35593 - 24030
and therefore the probability density functiorg{s) = dfi—;x) =?163 , signifying a

uniform probability law in the interval concerned.

We have thus seen that the membership functioheofrtinimum prices is a probability
distribution function of a random variable in thearval165.40 < x < 235.90, while
the membership function of the maximum prices iscanplementary probability
distribution function of a random variable in tmeirval240.30 < x < 295.93. Within
the interval235.90 < x < 240.30, the membership function is equaltoThe fuzzy
number expressing the daily price of Common Carp market in Guwahati is thus a
trapezoidal fuzzy number.

4. Conclusions and discussions
In this article, from the daily prices of a parteuvariety of fish in a market of Guwabhati,
we have shown how a trapezoidal fuzzy number cagress the minimum and the
maximum daily prices. For perishable goods, suchaasfish and raw meat, the fuzzy
number can be expected to be of this type.

For daily data on rainfall, for example, statistiemalysis is sufficient, and
therefore for rainfall data, the theory of probiyican explain the situation. This is so
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because the daily data on rainfall are in termshsfervations expressed as real numbers
that involve a random error term following some hability law such as the normal
probability law.

However, not all data are expressed as real numbalike rainfall data, data on
daily temperature, stock prices, earthquake wawefetc. are of the interval type with a
minimum and a maximum each day. In such casegnthienum values of the intervals
would follow some probability law and the maximuadues of the intervals would follow
another probability law. The probability laws mastually be similar but they have to be
expressed with different parameters. Accordindlyvé have to deal with such interval
type of data, we have to deal with two probabilitys, and the two probability laws can
define a normal fuzzy number. We have explaingtiimarticle that two probability laws
are sufficient to define a law of fuzziness. Indeied([1, 2, 3]) attempts were made to
define a probability law on a space on which a tdfuzziness was already defined. As
we have seen, on a space on which a normal lawzafrfess is defined, trying to define
one single law of probability on that same spa# i® meaning as far as the construction
of the membership function of the fuzzy numberdeaerned.

It may be noted that Didier Dubois and Henri Prdideactually conclude that the
membership function of a normal fuzzy number shdwddexplained in terms of two
functions — the Dubois-Prade left reference fumctiad the Dubois-Prade right reference
function. However, they did not pursue the mattey &urther. Using the operation of
superimposition of equally fuzzy intervals, we haeen how for a normal fuzzy number,
the left reference function can be explained asliteibution function of a random variable
following a probability law and how the right reéeice function can be explained as a
complementary distribution function of another ramd variable following another
probability law. The triangular fuzzy number iscs&b be the simplest fuzzy number. In
our view, the triangular fuzzy number can be exmdi with the help of two uniform
probability laws, and the uniform probability lasithe simplest probability law. Therefore,
the simplicity of the triangular fuzzy numbers @oted in the simplicity of the uniform
probability law.
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