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Abstract. This paper investigates the existence and unigsesfex solution to the boundary
value problems involving the Caputo fractional dative in Banach space. We are
applying the topological degree approach and fipeiht theorem with topological

structures in some appropriate situations. An exanip propounded to uphold our
outcomes.
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1. Introduction

Fractional differential equations are establishede¢ effective modeling of the many
phenomena in several fields of science for moraidesee [14, 15, 17, 18, 26]. Certainly,
the usage of topological strategies stands up gkrse to evaluating the existence of
solutions for fractional differential equations it the last decades, see [12], and [16].
Fractional differential equations in Banach spaeaeceiving more attention by means of
many researchers such as Agarwal et al. [3, 4pddaindran and Park [6], Benchohra et
al. [7] and Zhang [24]. Boundary value problemshwiitegral boundary conditions
establish a very significant class of problems. yrhelude two, three, multipoint and
nonlocal boundary value problems as special cdsksll]. Integral boundary conditions
appear in cellular systems [2] and population dyinanj8]. In 2006, Zhang [25],
considered the existence of positive solutionsrfonlinear fractional boundary value
problems via applying the properties of the greemcfion and fixed point theorem on
cones. In 2009, Benchohra et al. [7], examinecettistence and uniqueness of solutions
for fractional boundary value problems with nonlooanditions by fixed point theorem.
In 2012, Wang et. al [22, 23], obtained the reqliaad sufficient conditions for fractional
boundary value problems via a coincidence degneediodensing maps in Banach spaces.
In 2015, the result was extended to the case afisnb to the fractional-order multipoint
boundary value problem by Khan and Shah [13], witeritioned sufficient conditions for
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existence results for the boundary value problen2017, Samina et al. [20], studied the
existence of solutions of nonlinear fractional Hgllifferential equations by some results
on the existence of solutions and therefore Kuraki® measure of non-compactness.
Abdol and Panchal [1], proved a new uniquenessestilts for nonlinear integro-
differential equations with respect to the Capuéztional operator fractional. They used
fractional calculus and its properties, Banach remtiibn mapping principle and Bihari's
inequality. Li and Zhai [19], investigated the agisce and uniqueness of solutions for
Langevin equations with two fractional orders bingse -positive operators and Altman
fixed point theory. In [9], the authors considerd@ initial problem for systems of
differential equations to fractional order. Thegquced a regularization problem and were
given an algorithm for normal and unique solubigjgneral iterative systems of differential
equations with partial derivatives.

Motivated from the above-cited results, our dimning this paper is to verify some new
outcomes on the following boundary value problenviPB for fractional differential
equations involving the Caputo fractional derivatiyy topological degree method and
fixed point theorem in Banach spake

{ ‘DIx(t) = &(t, x(t))
x(0) = n(x), x(T) = x

wheret € J:=[0,T], q € (0,1), “D? is the Caputo derivative,&: J x X - X and
n: X — X are given continuous maps.

(1)

2. Preliminaries

In this section, we introduce some necessary digits, propositions and theorems which
are needed throughout this paper.

We define a Banach spa€é€J, X) as a Banach space of all continuous functions ffom
into X with the topological nornii x ll.: = sup{ll x(t) I:x € C(J,X), t € J} andJ =
[0,T], T > 0.

Definition 2.1. ([17], [21]) For a given function ¢ on the closed interval [a, b], the qth
fractional order integral of ¢ is defined by;
1

IE®) = fy (€= 9)T1E(s)ds, )
wherer is the gamma function.

Definition 2.2. ([17], [21]) For a given function ¢ on the closed interval [a, b], the qth
Riemann- Liouville fractional-order derivative of &, is defined by;

a —g—
DLOWO = s G J, (t =" (s)ds. 3)
wheren = [gq] + 1 and[q] denotes the integer partgf

Definition 2.3. ([17], [21]) For a given function & on the closed interval [a, b], the Caputo
fractional order derivative of ¢, is defined by;

(CDg+f)(t) =_1 fat (t — S)n—q—lf(n)(s)ds’ )

" T(n-q)
wheren = [q] + 1.
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Definition 2.4. ([21],[26]) Let 2 c X and F: 2 - X be a continuous bounded map. One
can say that F is a-Lipschitzif there exists k > 0 such that

a(F(B)) < ka(B) (V) BcQ bounded.
In casek < 1, then we calF is a strictz-contraction. One can say thais a-condensing
if

a(F(B)) <a(B) (V) Bc Q bounded with a(B) > 0.
We recall that: QO — X is Lipschitz if there exists > 0 such that
IlF—FElI<sklx—yl (V) xycq,

and ifk < 1 thenF is a strict contraction.

Theorem 2.1.([21]) Let X be a Banach space, and F, G: X’ — X be two operators such
that F is a contraction operator, and G is a completely continuous operator then the
operator equation T'x = Fx + Gx = x hasa solution x € X.

Proposition 2.1.([21], [26]) If F,G: 2 - X are a-Lipschitz maps with constants k, k'
respectively, then F + G: 2 — X is a-Lipschitzwith constant k + k'.

Proposition 2.2.([21], [26]) If F:2 — X is compac, then F is a-Lipschitz with zero
constant.

Proposition 2.3 ([21], [26])) If F:2 — X is Lipschitz with constant k, then F is a-
Lipschitz with the same constant k.

3. Existence and uniqueness result of the system
First, we define the meaning of a solution to théBL).

Definition 3.1. A function x € C(J, X) is called a solution of the fractional BVP(1), if x
satisfies the equation “Dx(t) = &(t,x(t)) almost everywhere on J and the conditions
x(0) = n(x), x(T) = x,.

In order to solve a problem of existence to B¥R we need the following assumptions:

[H1] &:J x X — X is continuous.

[H2] There exists a constafit € (0,1), such that
IE@x)—EEI<d: lx—yll, VteJxy€EX.

[H3] There exists a constafif € (0,1), such that
() —n IS8 lx—yll, Vxy€X.

Lemma 3.1.Let 0 < g < 1, thefractional integral equation

X(8) = 15 Jy (6= )TN x())ds — s [y (T = )77 E(s,x(s))ds -

—(; — D) + 2%



Taghareed A. Faree and Satish K. Panchal

has a solutior € C(J, X) if and only ifx is a solution of the fractional BVP (1).
Proof: Assume that is a solution of BVP(1), then we have to show thigtalso a solution
of FIE(5). We have,

x(®) = x(0) = 55 fy (¢ = )7 ECs, x(s))ds (6)
Then,

1 T
x(T) — x(0) ==3555J: (T — )972E(s, x(s))ds
T
tx(T) — tx(0) = ﬁj; (T — 5)T71¢(s,x(s))ds

Tx(0) + tx(T) — tx(0) = Tx(0) + m[ (T —5)171&(s,x(s))ds
By the boundary condltlone(o) =n), x(T) = x,, we get
x(0) = mq)f (T = $)975 (s, x(s))ds — (— —Dn(x) + 2 7 %o Q)
Replacing in equatlon(6) we get

o = s [ =9 G x s~ i [ - 9 e x s -

F'(q)
D0 + 7%

Conversely, assume thate C(J, X) satisfies the FIE(5). If =0, it is easy to obtain

x(0) = n(x), x(T) = x,. Fort € J by using the both facts th&D? is the left inverse of

I7 and DY of a constant is equal to zero then we §Bx(t) = £(t, x(t)) which

completes the proof.

Theorem 3.1.Assume that (H1)-(H3) hold, if
20:T1
'(g+1)
then the fractional BVP (1) has a unique soluticd C(J, X).
Proof: First, Consider the operat®r C(J,X) — C(J, X) defined by

_1 ‘ q-1 d q-1 d
FOO =55 | €9 asmw)s—ﬁf3f(T—® £(s,x(s))ds

+6, < 1.

t t
—G — Dn() + %o
The fixed points of the operatﬂare solutions of the problem BVP(1). Then,
I F)(@) —FO)@) I —f (=) 1E(s,x(s)) —§(s,¥(s)) Nl ds

I'(q)~0

+ﬁ73f(T—@*Hmcx@»—ﬁawwwdvue—nnmm—n@u

l"( )f (t—s)~ 165||x—yll+mf (T—95)T"15: lx—ylds
(——1)5 lx—yll
T4
_F(q)(_)fn —yII+T1,()( )5§||X—y||+(——1)6 lx—yll

10
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Set(t1714+TI71)

t
T(g+1) +8y (F —Dllx =yl

(8)
as0 <t < T then,
26¢T1
Il Fx)(&) —F)(@) NI< [F(q ) +6, ] lx—yl

. . . . . 8T
HenceF is a contraction mapping @{J, X') with contraction constarﬁ-ltz(;TTl) + 6,]. By

applying Banach’s contraction mapping principle, dexluce that the operat®r has a
unique fixed point o€ (J, X) which implies the BVP(1) has a unique solutior€g, X).

Theorem 3.2.Assumethat (H1) — (H3) and the following hypotheses:

[H4] There exist,, 5, > 0 andg, € [0,1) such that
& x) IS 6, T x 1914 6,, V(t,x) €JXX.

[H5] There exists, 5, > 0, g, € [0,1) such that
Ty I< 65 1l x 1924+ 6,, Vx€EX.

hold then the fractional BVP(1) has at least odetam x € C(J, X).
Proof: The proof will be presented in the following steps

Step 1: Prove continuity ofF. Let {x, }n=; be a sequence of a boundedBet C(J,X)
suchthatl x,, — x ll-» 0 asn - o inB,(t > 0). For alls € [0,t], t € J, we have to show
that|l Fx,, — Fx ll- 0 asn — o as follows:

I (Fxn) (@) — (Fx)(O) lI= ¢ )f (t =) E(s, %0 () — E(5,x()) Nl ds
+%()IT (T = )71 E(s,xn(5)) = £(s,x(s)) Il ds + (— =D () —n(x) |l

f(t—s)q 18 1l xy — xIIds+—f (T—=95)T"185: lx, —x Il ds

F(Q) TT(q)

+(7_1)6’7 Ix,—x1—0 as n— co.

Step 2: ProveF map bounded sets into bounded set3(jf, X).
For anyt > 0, we havex € B;: = {x € C(J, X): Il x ||< l}

II (TX)(t) 1< F( )J- (t—S)q 1 I f(s X(S)) I dS-l—TF( )f (T_S)q 1 I f(s X(S)) I ds
+(7—1) Q) +7x0

<ift (t = )78y Il x 17+ 8,]d +LfT (T =s)?7H[8 I x 19+ 8,]d
*T@J, N 1 hx 2lds @) J, s 1l x 2lds

t t
+ (7 - 1) [03 Il x 192+ 6,] + T %0

11
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1 t
+

< q Ta
L@ 1% 1948,] () TR@I8y 1 x W+ 8] (%)
(E - 1) [83 Il x 192+ 6,] + %xo
t(@9t+T97Y) t
i+ (7

t
1 - =
=T(q + Do, 1119+, 1) [65 1 LN+ 8] + 7200 = K
Thus,F map bounded sets into bounded set3(if, X).

Step 3: ProveF(B,) is equicontinuous. Far,t, € J and0 <t; <t, <1, letx € B,
then,

1 [t
I F0(E) = P 1= s f (t,
0

2 T
—g5)a-1
ity @ =T x(eds

f L7 - (s, x(s))ds
0

t, t, 1
—(?)U(x) +t X @fo (ty N0

G ~ 230 I

1 (o
s @fo =) =ty — )TN E(s,x(s)) Il ds +ﬁ : (tz — )17 (s, x(s))ds
—_ T
(?F(qt)l)f (T =) 1€, x(s)) Il ds + (t = - ) 100 | _|_( t1) %,
0

Ast; — t,, we getl (Fx)(t,) — (Fx)(ty) lI— 0 which meang-"(BL) is equicontinuous.
As consequence of steps (1) to (3) together wighAtrela Ascoli theorem, one
can getF: B, — B, is completely continuous.

Step 4: Consider the following set of solutions of theteys (1)
S ={x € C(J,X):there exists A € [0,1] such that x = AFx}.
We shall prove thaf is bounded imf(J X) Forx € S andA € [0,1], we have

Il x(®) 1=l AFx(t) IS — f (t =) 1&(s,x(s)) Il ds

@
b [ =9 NG5 x6) s + G- 1) 1) +;xo

AT o 14 5]+ = 1[0 1 ¢ 19+ 8] +
W[H“" 2] (T & el 4] Txo

The above inequality together widh, g, € [0,1) and step(2) show tha&tis bounded in
C(J,X). As a consequence of Schaefer’s fixed point thepsee conclude thaf has a
fixed point which is the solution of the BVP (1).

Remark 3.1.1f (H1) — (H5) hold and F: C(J,X) — C(J,X) is alinear operator then
the set of solutions of the fractional BVP(1) is convex.

Lemma 3.2. The operator F:C(J,X) — C(J,X) is compact. Consequently, F is a —
Lipschitz with zero constant.

Proof: Consider a bounded subs®f < C(J,X). As we prove in Theorem 3.2
F:C(J,X) - C(J,X) is continuous and completely continuous. By apmythe Arzela

12
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Ascoli TheorentF (M) is a relatively compact subset®fJ, X). Hence F:C(J, X) —
C(J,X) is compact. Consequently, by Proposition Z2is a —Lipschitz with zero
constant.

Example 3.1.Consider the following fractional BVP

cna _ @-tHx® —
Dzx(t) = e teJ=1[01], 0<qg<1 ©)
x(0) = f x(1) =0,

A-t>)x(t)

Setq = % for (t,x) € [0,1] X [0, +c0). We haveé(t,x) = . By assumption

2Vm
(H1)-(H3), we can arrive
11— ¢t?|
t,x) —&(t, < x(t) —y(t
1§t x) =Sty oin lx(t) —y (@I
<|1_t2|| , te[o1]
= X — ) ]
2Vm Y
< ! | =6 1
<—lx- =—
N AN
and,
1 1
[nCx) =n()l Szlx—yl = 6y =7
If ¢ =2, we havel'(q + 1) = 5T() = 3V,
1
2=
20:T1 1 1
G ol = I gl =g <
NG

Thus, all assumptions in Theorem (3.1) are satisfier results can be used to solve the
BVP (9).

4. Conclusion

We confirmed some sufficient conditions for thestemce and uniqueness of a solution to
BVP(1). We based on the fixed point theorem besiaesopological technique of
approximate solutions. Additionally, we studied sotopological properties for the set of
solutions. In the end, an example was presentpobtify our results.
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