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Abstract. The purpose of this paper is to define and studgva class of Nano fuzzy open
sets called Nano fuzzy b-open sets in Nano fuzpglagical spaces. We have tried to
analyze the basic properties of Nano fuzzy b-opmas. $Ve have also used these Nano
fuzzy b-open sets to introduce a new type of Naizayf continuous functions, which are
called Nano fuzzy b-open continuous functions dit tproperties are investigated.
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. Introduction

Nano topology [6] is useful in the field of engimieg as well as medical science. It gives

an interdisciplinary forum that is focused on apgiions of Nano science and Nano

structures. With the help of such Nano structuresan be able to design, develop, analyze
and control different devices related to technasgin engineering and life science

systems.

In 1996, b-open sets were introduced and studigshidyijevic [2] in a topological
space, which was a new class of generalized openide classes @f-open sets [7], semi
open sets [3,9] and pre-open sets [3,9] contamrthiv class of sets called b-open sets.
Thivagar [6] has introduced Nano topology. LatdrewNano topology and different Nano
forms of weakly open sets (Nano semi-open setspNme-open sets and Nafieopen
sets) were introduced by Thivagar [6], it has gimew dimensions to the development of
the theory of Nano topology. Mashhour et al. [Lirted continuous and pre-continuous
mappings. In 2016, Parimala et al. [8] extended #rk by defining Nano b-open sets
and Nano b-continuity in Nano topological spaces2015, Tapi and Navalakhe [12]
introduced bicontinuity in biclosure spaces. Thigkcan be extended in Nano topological
spaces further, in Nano fuzzy topological spaces.

After the introduction of fuzzy theory by Zadeh [fijzzification of topological
structures became a powerful tool for many practmablems. This has given the
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motivation to further research. The base of Napolbgy is the theory of rough sets and
it has been observed by Yao [13] and Dubois [4f tiere is connectivity between rough
sets and fuzzy sets. This was the motivation bethi@theory of Nano fuzzy topology [11].
Further, Nano fuzzy-open sets [10], Nano fuzzy semi-open sets [10]Nemb fuzzy pre-
open sets [10] were defined.

In this paper, we have introduced a new class ofoNazzy open sets in Nano
fuzzy topological spaces called Nano fuzzy b-opsta and tried to find out the relation of
this new class of sets with existing classes ofd\faazy open sets.

2. Preliminaries
In this section, we have included some definitiand results which are prerequisites for
defining Nano fuzzy b-open sets.

Definition 2.1.[3,8,9] Let(U, tx (X)) be a Nano topological space ah& U. Then A is
said to be

1. Nano semiopen il € NCI(NInt(A)).

2. Nano pre-open il € NInt(NCL(A)).

3. Nanoa-open ifA € NInt(NCI(NInt(A))).

Definition 2.2. [8] If (U,tz(X)) is a Nano topological space, then any sulAs#tU is
called Nano regular open sefdif= NInt(NCL(A)).

Definition 2.3.[8] Let (U, Tz (X)) is a Nano topological space, then any sulAs&tU is
called Nano b-open setdf € NCI(NInt(A)) U NInt(NCI(A)).
The complement of Nano b-open set is calledoN®mnlosed set.

Definition 2.4.[8] In a Nano topological spa¢¥, t; (X)), the Nan b-closure of a sdtis
denoted bycl, (4) and defined as the intersection of Nano b-closd scludingA.

Similarly, the Nano b-interior is denoted B¥int; (4) and defined as the union of all Nano
b-open sets which are included4n

2.1. Properties of fuzzy approximation space [12]

Let R be an arbitrary relation froXitoY. The lower and upper approximation operators
of a fuzzy seR andR satisfies the following properties: for all, 8 € F(X),

(FL1)  R(a) = R(a%))¢
(FU1)  R(a) = (R(a®))°
(FL2)  R(aAB) = R(@)AR(B)

(FU2)  R(aVB) = R(«)VR(B)
(FL3) a<p=R(a) <R(B)

(FU3) a<pB=R(a)<R(P)
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(FL4)  R(aVB) = R(a)VR(B)

(FU4)  R(aAB) = R(®)AR(B)

Definition 2.6. [11] Let X be a non-empty finite s&k, be an equivalence relation of
A < X be a fuzzy subset ang(1) = { 1,05, R(1), R(1), Bd(1)}. Then, by property (2.5)
Tr (1) satisfies the following axioms
() 0;, 14 € T(gy(1) where0;:1 — I denotes the null fuzzy sets ang:A — I
denotes the
whole fuzzy set.
(ii) Arbitrary union of members afz) (1) is a member of ) (1) .
(iii) Finite intersection of members of, (1) is a member of ) (1).

That is,z(zy(4) is a topology oX called the Nano fuzzy topology ahwith respect td.

We call(X, 7(z)(4)) as the Nano fuzzy topological space (NFTS). Thenehts of the
Nano fuzzy topological space thatig, (1), are called Nano fuzzy open sets and elements
of [t(r)(D)]¢ are called Nano fuzzy closed sets.

Definition 2.7. [11] Let (X, T(g)(4)) be a Nano fuzzy topological space with respedt to
whered < X and ifu < X (fuzzy subsets oK) then the Nano fuzzy interior gfis defined
as union of all Nano fuzzy open subsetg ahd it is denoted by fInt(u). That is, it is
the largest Nano fuzzy open subset contained in

Similarly, the Nano fuzzy closure gfis defined as the intersection of all Nano
fuzzy closed sets containing It is denoted byWfCIl(x) and it is the smallest Nano fuzzy
closed set containing

Definition 2.8. [10] Let (X, 7(z)(4)) be a Nano fuzzy topological space and X. Then
u is said to be

1. Nano fuzzy semi open jif < NfCL(NfInt(u))

2. Nano fuzzy pre-open i < Nfint(NfCl(r))

3. Nano fuzzyr-open ifu < NfInt(NfCI(NfInt(n)))

NFSO(X, 1), NFPO(X, 1) andtg (1) respectively denote the families of all Nano fuzzy
semi-open, Nano fuzzy pre-open and Nano fuzppen subsets df.

3. Nano fuzzy b-open sets

Throughout this papdiX, 7 ) (1)) represents Nano fuzzy topological space with reispe
to A wheredl <X (a fuzzy subset of) and R is an equivalence relation oX
where X /R denotes the family of equivalence classek ofy R.

Definition 3.1. Let (X, 7z(w)) is a Nano fuzzy topological space with respegt where
u < X (a fuzzy subset ok) andR be an equivalence relation &n Thenu is said to be
Nano fuzzy b-open setjif < NfCL(NfInt(w))VNfInt(NfCL(u)).

The complement of Nano fuzzy b-open sets is cdllado fuzzy b-closed set.
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Theorem 3.2.Every Nano fuzzy open set is Nano fuzzy b-open.
Proof: Letu be a Nano fuzzy open set {X, tz(¢)). Then

< NfCl(w) (3.1)

And

NfInt(p) = u (3.2)
We can observe from equation (3.1) tNeint () < Nfint(NfCl(p)). From equations
(3.1) and (3.2), we can conclude theftint (1) < NfCL(NfInt(w)) which implies that
Nfint(n) < NfCI(NfInt(u))VNfInt(NfCl(u)) and using equation (3.2) we can write
thaty < NfCI(NfInt(u))VNfInt(NfCl(w)). Sou is Nano fuzzy b-open.

Theorem 3.3.Every Nano fuzzy semi-open set is Nano fuzzy b-open
Proof: Let u be a Nano fuzzy semi-open se(M)t;z(1)). Thenu < NfCL(NfInt((u)).
Hence pu < NfCI(NfInt(u))VNfInt(NfCl(u)) and p is Nano fuzzy b-open in
X, r(W)).

The converse of the above theorem need not beagghown by the following
example.

Example 3.4LetX ={a,b,c,d} andX/R = {{a, b}, {c}, {d}} be any equivalence relation
on it. Let p={ag2 b3 co7 d1} then R(u) ={agz b2 co7 di} and R(u) =
{ap3,bo2,co7,d1} and boundary isBd(u) = {ag1,bp1,Co,do} - Then Nano fuzzy

topology istg (1) = {03, 12, R(), R(w), BA(w) }. Fory = {@o., bo2, o1, do.6}. We have
observed that is Nano fuzzy b-open set but it is not Nano fugeni-open set.

Theorem 3.5.Every Nano fuzzy pre-open set is Nano fuzzy b-open.

Proof: Letu be a Nano fuzzy semi-open set(l)tz(1)). Thenu < Nfint(NfCl(w)).
Hence pu < NfCI(NfInt(u))VNfInt(NfCl(u)) and p is Nano fuzzy b-open in
X, TR (W)

Example 3.6.LetX = {a,b,c,d} andX/R = {{a, b}, {c},{d}} be any equivalence relation
on it. Let p={agz bo3 co7di} then R(w) ={agz bo2, o7, d1} and R(uw) =
{ap3,b02,co7,d1} and boundary isBd(u) = {ag1,bo1,¢o,do} - Then Nano fuzzy
topology istr (1) = {0z, 13, R(), R(w), Bd(w) }. Fory = {ag.4, bo2, o1, dos}- We have
been observed that< NfCI(NfInt(y))VNfInt(NfCL(y)) buty £ NfInt(NfCL(y)).
So,y is Nano fuzzy b-open set but it is not Nano fugesg-open set.

Theorem 3.7.Every Nano fuzzyr-open set is Nano fuzzy b-open.

Proof: Let u be a Nano fuzzg-open set infX, tz (1)). Then

1 < NfInt(NfFCI(NfInt((w))).

Henceu < NfInt(NfCU(NfInt((w))) < NfCI(NfInt(u))VNfInt(NfCL(w)) andu is
Nano fuzzy b-open i@X, 7z (1)).

The converse of this theorem need not be true wbichbe seen with the help of the
following example.

58



Nano fuzzy b-open sets in Nano fuzzy topologicalcgs

Example 3.8LetX = {a,b,c,d} andX/R = {{a, b}, {c}, {d}} be any equivalence relation
on it. Let p={agz boz co7 di} then R ={aopz b2, co7 di} and R(u) =
{aos, bo.2, o7, d1} and boundary is

Bd(u) = {ag1,bo1,co, do}- Then Nano fuzzy topology is

(1) = {03, 13, R(W), R(w), Bd(w) }. Fory = {ag4,bo2, Co1,doe}- It has been
observed that £ NfInt(NfCl (Nflnt((y))) but

Yy S NfCI(NfInt(y))VNfInt(NfCl(y)) and hence is Nano fuzzy b-open set but it is
not Nano fuzzyr-open set.

Theorem 3.9.The arbitrary union of two Nano fuzzy b-open seta Nano fuzzy b-open
setin(X, tz(w)).

Proof: Let a andg be two Nano fuzzy b-open sets. Then

a < NfCU(NfInt(a))VNfInt(NfCl(«)) and

B < NfCU(NfInt(B))VNfInt(NfCI(B)). So

aV B < NfCI(NfInt(a))VNfInt(NfCl(a)) V NFCI(NfInt(B))VNfInt(NfCL(B))

< NfCI(NfInt(a Vv B))VNfInt(NfCl(a Vv B)). Thereforex v B is Nano fuzzy b-open.

Definition 3.10. The Nano fuzzy b-closure of a fuzzy getdenoted bW fCl, (1), is the
intersection of Nano fuzzy b-closed sets contaipinghe Nano fuzzy b-interior of a get
is denoted bw fInt, (1), and it is the union of Nano fuzzy b-open setda@ioed inu.

Theorem 3.11.

(1) u < NfCl,(u) andu = NfCl, (p) iff u is a Nano fuzzy b-closed set.
(2) NfInt, (1) < u andu = Nfint,(p) iff u is a Nano fuzzy b-open set.
Proof: Obvious.

Preposition 3.12.The intersection of Nano fuzazy-open set and a Nano fuzzy b-open set
is a Nano fuzzy b-open set.

4. Nano fuzzy b-continuity

Definition 4.1. Let (X, 7z («)) and(Y, tx/(f)) be Nano fuzzy topological spaces. Then a
mappingf: (X,7z(a@)) = (Y,7x/(B)) is Nano fuzzy continuous onif the inverse image
of every Nano fuzzy b-open set¥nis a Nano fuzzy b-open k.

Theorem 4.2.A function f: (X, 7g(@)) = (Y, 7/ (B)) is Nano fuzzy b-continuous if and
only if the inverse image of every Nano fuzzy bseld set irY is Nano fuzzy closed iK.
Proof: Let f be Nano fuzzy b-continuous apde Nano fuzzy b-closed in Thatis,1; —

y is Nano fuzzy b-open iif wherels is the whole fuzzy set. Sincg,is Nano fuzzy
continuousf ~1(y) is Nano fuzzy closed iki. Thus the inverse image of every Nano fuzzy
b-closed set ity is Nano fuzzy closed iX if f is Nano fuzzy continuous iXi. Conversely,

let the inverse image of every Nano fuzzy b-closetdnY is Nano fuzzy closed iA. Let,

a Be Nano fuzzy b-open in. Thenl; — a is Nano fuzzy b-closed iri. Thenf~* (15 —

@) is Nano fuzzy b-closed i¥. That is, 1z — f1(a) is Nano fuzzy closed iX .
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Therefore f ~1(a) is Nano fuzzy open if. Thus, the inverse image of every Nano fuzzy
b-open set it Nanis Nano fuzzy open . That is,f is Nano fuzzy b-continuous dh

Theorem 4.3.A functionf: (X, 7g(@)) = (Y, 7/ (B)) is Nano fuzzy b-continuous if and
only if fF(NfCL, (1)) < NfCL,(f(w)) for every fuzzy subsetof X.

Proof: Let f be Nano fuzzy b-continuous apd< X. Thenf(u) < Y. Obviously,
NfClL,(f(w) is Nano fuzzy b-closed . Sincef is Nano fuzzy b-continuoug; ™

(NfClb (f(u))) is Nano fuzzy closed i. Sincef (u) < NfCL(f(w), u < f~*
(NfClb (f(u))). Thus,f 1 (NfClb (f(y))) is Nano fuzzy b-closed set containjmg

Therefore NfCly (1) < f~* (NfClL,(f(1))). That is,f(NfCLy (1)) < NfFCly (f ().
Conversely, lef (NfCl, (1)) < NfCl,(f (w)) for every fuzzy subsetof X. If y is
Nano fuzzy b-closed itf, sincef ~1(y) < X, f(NfClL,(f~1(y))) <

NFCl, (F(F1 (1)) < NfCLy(y). ThatisNFCL,(F () < f L (NFCL ().
Therefore NfClL, (f~1(y)) = f~1(y). Therefore f~1(y) is Nano fuzzy closed ik for
every Nano fuzzy b-closed gein Y. That is,f is Nano fuzzy b-continuous.

Theorem 4.4.A functionf: (X, tz(@)) = (Y, 7z’ (B)) is Nano fuzzy b-continuous if and
only if NfFCL,(f~1(y)) < f~Y(NfCl,(y)) for every fuzzy subsetof Y.
Proof: Let f be Nano fuzzy b-continuous and< Y, NfCl,(y) is Nano fuzzy b-closed
inY and henc¢ "1 (NfCl,(y)) is Nano fuzzy closed iK. Therefore,
NfCL(f T (NFCL ()= fH(NFCL (1))
Sincey < NfCL,(y), f~'() < fTHINFCL ().
Therefore NfCl, (f 1 (y)) < NfClL,(f"Y(NfCl,(¥))) = fY(NfCl,(y)). That s,
NFCL(f71(1) < FENFCL ().

Conversely, ley be Nano fuzzy b-closed h ThenNfCl,(y) = y. By
assumptionNfCl, (f 2(1)) < f 1 (NfCL, () = F1 ().
Thus,NfCL,(f () < £~ (¥) butf " (¥) < NFCL,(f (1))
Therefore NfCL,(f1(¥)) = f~1(y). Thatis,f ~1(y) is Nano fuzzy closed i for
every Nano fuzzy b-closed i Thereforef is Nano fuzzy b-continuous dh

5. Conclusion

In this paper, we have defined a new class of Nampy open/closed sets called Nano
fuzzy b-open sets and Nano fuzzy b-closed sets. thistheory has given new addition by
defining a new class of Nano fuzzy continuous fiomst called Nano fuzzy b-continuous
functions. In the process of developing the thexdiydano fuzzy topological spaces, these
classes can play an important role. We hope wehsilable to find more categories and
types of such sets and functions which will provigdea platform to find their real life
applications. These Nano fuzzy sets are interedltt each other which has been observed
in theorems also. This connection is shown in feilhg figure:
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»»»»»»»»»

Nano Fuzzy Open \L l

Nano Fuzzy semi-open ——> Nano Fuzzy b-open
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