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Abstract. In this article, we prove all solutions of the erpatial Diophantine equation
7 -2’ = 7% wherex, yand z are non-negative integers. The mathematical pliesigre

applied to obtain the solutions such as factorimghad modular arithmetic method and
Catalan’s conjecture. The result reveals thaetieonly a trivial solution to the equation.
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1. Introduction
Over a decade, many mathematicians have studiegkpfomential Diophantine equations.
They studied that equations are solvable or howynsatutions they are. In 2004, P.

Mihailescu[7] proved that equatioa® —b” =1 wherea,b,x andy are integers and
min{a,b,X,y} > 1 has only one solution that (@, b,x,y) =(3,2,2,3 which is known
as Catalan’s conjecture. The Catalan’s conjecta® applied to solve the Diophantine
equations in the forn@* +bY = z where x, yand z are non-negative integers [1, 3-6, 8-
10,13]. Meanwhile, some researchers studied thepHaiotine equation in the form
a*—b’ =7° where x,y and z are non-negative integers. In 2018 equation
2* -3 = 7% wherex, yand z are non-negative integers was proved that it hstbree
solutions [11]. After that, M. Buosi et al. [2] siied the equatiorp® -2’ = Z*. They
focused on thatp=k’+2is a prime number ank =0 . In 2021, the equation
7* -5 = 7" was proved thafx, y,z) =(0,0,0 is only one solution (trivial solution) to

the equation [12]. According to previous studié®ré are no general method to prove
solutions to the classes of the equation in thisifal'he study of solutions to individual
equations still need. In this paper, we show @llitsons of the exponential Diophantine

equation 7 — 2 =7 where X,y and z are non-negative integers. We applied the
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mathematical knowledge to prove the equation sushfagtoring method modular
arithmetic method and Catalan’s conjecture.

2. Preliminary
Lemma 2.1.(Catalan’s conjecture) [7] Leat,b,x andy are integers. The Diophantine

equationa* —b” =1with min{a,b,x,y} > lhas the unique solution
(ab,x,y)=(3,2,23.

3. Main result
Theorem 3.1. The Diophantine equatior* —2' = z* has the only one solution
(x,y,z) =(0,0,0 where x, yand zare non-negative integers.
Proof: Let X, yand zare non-negative integers such that

7= =7, 1)
Now, we consider four cases as follows.
Case 1:x=0andy =0. From (1), we have =0.

Case 2x=0andy>0. From (1), we havé—2' =7°. This is impossible because
1-2<0.
Case 3:x>0andy = 0. We havg* —1=Z’or

7*-72 =1 2)
We divide Xinto two subcases such that=1and x >1.
Subcase 3.1: Ik =1, then we obtair¥ — z> = 1or z? = 6. This is impossible.

Subcase 3.2: Ik >1, by Lemma 2.1, (2) has no solution.
Case 4:x > 0andy > 0. We consider two subcases includigg-landy = 2.

Subcase 4.y =1. From (1), we obtain

7*-2=7. ©)
This implies thaz® is odd, s s odd. It follows thatz’ =1(mod§ . From (3), we obtain

1=(-1)"-2(mod§ or 3=(-1)"(mod§.

This is impossible.
Subcase 4.2y > 2, From (1), we have” = (~1)"(mod 4).
Sincez” = -1(mod 4, xmust be even. We let =2k for somekd *. (1) becomes
7% -2 =7 or 2 =(7k—z)(7‘+z).
Then there arer and S which are integers such th@f —z= 2" and 7 + z= 2° where
O<a<pf and a+ [ =y. These yield2” + 2 = 2[0F or 2"(1+ 26"”) = 207 .
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Then,a =land1+ 2°™ = 7. We have

78-2F1=1, 4
If B=1then7* = 2. This is impossible. If3 = 2then 7 = 3. This is impossible.
If B =3then7*=5. This is impossible. If3 > 4. By Lemma 2.1, (4) has no solution.
Hence, the equatiod” — 2’ = Z* has the only one solutids, y,z) =(0,0,0 . O

4. Conclusion
We have proved all solutions of the Diophantineagigm 7* — 2 = z* where x, yand z
are non-negative integers. We separate in fourscastuding case X,y =0, case 2:

x=0andy >0, case 3:x>0and y =0, and case 4x>0and y > 0. Finally, we can
show that the equation has only a trivial solufiry, z) =(0,0,0 .
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