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Abgtract. Representation of a graph through polynomial equathas been done using
different domination parameters. In this article, wtroduce two domination polynomials
called accurate domination polynomi@dDP) and connected accurate domination
polynomial(CADP) of a graphG of ordern. We denotedDP by D,(G,x) andCADP by
Dc4(G,x). We obtailADP andCADP of some standard graphs.
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1. Introduction
Graphs which are finite, non-trivial, undirectedwneither loops nor multiple edges are
taken into account in this paper. A $eof a graphG = (V, E) is a dominating set df if
every vertex itV — D is adjacent to some vertexIin The domination numbet(G) is the
minimum cardinality of a dominating set. For a ywn domination numbei(G), we
refer [1]. Accurate Dominating SeADS) is a dominating set such thit— D has no
dominating set of cardinalityp|. The accurate domination numbgiG) is the minimum
cardinality of anADS. An ADS is said to be a Connected Accurate DominatinGaDs)
if the induced sub graptD) is connected. The connected accurate dominationbac
Y (G) is the minimum cardinality of @ DS. Both the domination parameters used in this
article are introduced by Kulli and Kattimani [2,3]

A graphé is a complete graph with vertices if there is an edge between every
pair of vertices. We denote a complete graptKhyA bigraph (or bipartite graphj is a
graph whose vertex siétcan be partitioned into two subsg&tsandV, such that every edge
of G joins a vertex irV; with a vertex ir/,. If there is an edge between every verteK; in
with every vertex ift,, then the bipartite graph is called a completatife graph and is
usually denoted by, , with [V;| =m and|V,| =m. A star is a complete bipartite
graphk; ,. Forn > 4, the wheel grapi,, is defined to be the grapgh + C,,_,, where
C,_4 is a cycle witm — 1 vertices. A bi-star is a tree obtained from thept, with end
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verticesu andv by attachingn pendant edges toandn pendant edges ta A bi-star is
denoted byB(m, n). For terminologies and notations, we refer [5].

Domination polynomial was initiated by Arochaaét[3] and was developed later
by Alikhani and Yee-hock Peng [4]. Inspired by therk in [4], we introduce accurate
domination polynomial and connected accurate datiingolynomial of a graph.

2.ADP and CADP of a graph
In this section, we introduce two new polynomiaexd Accurate Domination Polynomial
and Connected Accurate Domination Polynomial devi:

Definition 2.1. Let d4(G,i) be the total number cADS of cardinalityi of a simple
connected grapG. ThenADP ,D,(G, x) of a graph: is defined as follows:

n

DA(G,x) = z ds(G, i) x*
i=Ya(G)
The roots of theADP are called accurate domination roots and we detiwm by
Z(Da(G,x)).

Definition 2.2. Let d;4(G,i) be the total numbeCADS of cardinalityi of a simple
connected grapG. ThenCADP,D.,(G,x) of a graph G is defined as follows:

n

Dca(G,x) = Z dea(G, D) xt
i=Yca(G)

The roots of theCADP are called accurate domination roots and we dettiam by
Z(Dca(G,x)).
Example 2.3.consider a graph, pafly with 5 vertices as in Figure 1.

¢ ¢ ¢ ¢ ®

Figure 1

The accurate domination number of the above gmphButPs has 84DS with 3vertices,
5 ADS with 4 vertices and 4DS with 5 elements. ThuB, (Ps, x) = 8x3 + 5x* + x°.The
accurate dominating roots a¢€D, (G, x)) = 0,0,0,—2.5 + 1.3228757 .

We note thay,, (Ps) = 3. ButPs has 1CADS with 3vertices, ZADS with 4 vertices and
1 ADS with 5 elements. ThuB,(Ps, x) = x3 + 2x* + x°.The accurate dominating roots
areZ(Dc4(G,x)) = 0,0,0,—1,—1.

3. Main results
Theorem 3.1.ADP of a complete grapk,, is

Dg(Kp,x) = x™ + nCyp_qx™ 1 + nCy_yx™ 2 + -+ + nCy ()Yl

Proof: Asy,(G) = |n + 2] + 1, any set of vertices witk y,(G) elements will not be an
ADS. Thus the minimum power of in ADP will be y,(G). Further we can select
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nC,_,number of ADS with (n —1) number of verticesnC,_,number of ADS with
(n — 2) number of vertices, and so on. The cABRS with n elements will be the vertex
set ofK,,itself.

Thus,
Da(Kp,x) = x™ + nCp_qx™ 1 + nCy_yx™ 2 + -+ + nCy ()Yl
Theorem 3.2.CADP of a complete grapK,, is
Dea(Kp,x) = x™ +nCp_qx™ 1+ nCy_px™ % + o+ nCy (i, yx VK,

Proof: Asy,(G) = y.,(G) = |n+ 2| + 1 and everydDS is aCADS also, proof is similar
to the above.

Theorem 3.3.For a pathP, with > 5, D¢y (Py, x) = xP + 2xP~ + xP72.
Proof. Let B, be a path with the vertex get, v, vs, ..... vp_1, vp}. We know

Yea(P,) = p — 2. The onlyCADS with (p — 2) vertices is{vy, v, .....v,_1 }. The only
two CADS of cardinality (p — 1) are {vy,v;, Vs, .....Vp—1} @nd {v,, v, ... Vp_q, Vp}.
Further the onlfCADS of cardinalityp is the vertex set itself. Thus,

Dca(Py, x) = xP + 2xP~1 + xP72,
Theorem 3.4.For a cycleC,,, CADP iSD¢4(Cp,x) = x™ 2 + nx™ 1 + nx™2,
Proof: As every connected dominating set BADS also, result is valid.
Theorem 3.5.ADP of K, ,, is

1) Dp(Kpn, ) = x2™ + 2nC0n_1 X% 4 2nChp_px*™72 + o+ 21Cpyqx™H1
ifm=n.
2) Dg(Kmmx) = x™ + (M + 1) Crpp 1 X™ 1 + (M + 1) Crpyax ™2 + oo 4 x™HT
ifm<nand n=m+ 1.
3)Ds(Kmn,x) = x™ + {nC;x™* + nCox™*2 4+ nCax™*3 + -+ + nC,_ x™P71}
+(m + n)Cppppx™HP 4 oo 4 XTI
ifm<nn=m+pandp > 1.
Proof: We consider the following 3 cases:

1) If m =n, theny,(K,,») = m + 1. Thus no vertex set witk (m + 1)
vertices will be amDS. We can sele@n(,,.; ADS with (n + 1) vertices,
2nCy,—1 ADS with (2n — 1) vertices2nC,,_, ADS with (2n — 2) vertices
and so on. Thus,

Dy(Kmmx) = X2 + 2nCon1x*™ 1 + 2nCon o X% 2 + -+ + 2nCy 1 x™H L

2) If m <n, theny,(K,,») = m. Here we considet = m + 1. We can select
m vertices and one out af vertices to havdDS of cardinality(m + 1), We
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can selectn vertices and two out af vertices to havelDS of cardinality
(m+ 2) and soon. Thus

Dy(Kmmx) = x™ + (M + 1) Crpy 1 x™ + (M + 1)y x™2 + -
+ xm+n

3) If m <n, theny,(Ky,,) = m. Here we consider = m + p wherep > 1. We
can selectn vertices and one out of vertices to havelDS of cardinality
(m + 1), We can selecin vertices and two out of vertices to havdDS of
cardinality(m + 2) and so on. Further we can select m + p number of
ADS in (m + n)Cp,p, wWays and so on. Thus,

Dy(Kpmn,x) = x™ +{nCyx™*t + nCox™+? + nCax™*3 + - + nCy_y x™P71}
+(M + 1) Crpyp X™FP 4 oo XM

Corollary 3.6. For the starK; », Dy(Ky 2, x) = x + 3x2 + x>.
Corollary 3.7. For a stak, ,,, wheren > 3,andn =1+ p,
Da(Kyn,x) = x + nCyx? + nCox® + -+ + nCp_y xP + (N + 1)CpygxPT 4 o 4 x™F1,
Theorem 3.8.CADP of K, ,,, 2<m <n,is
Dea(Kmp x) = nCix™ L 4+ nCyx™*2 + nCax™F3 4 oo+ x™H1
Asy.q(Kmn) = m+ 1, minimum cardinality of £ADS is (m + 1). To get thisCADS,
we need to include ath vertices and one out af vertices. Similarly to get ADS of

cardinality (m + 2), we need to include ath vertices and two out of vertices and so
on. The onlyCADS of cardinality(m + n) is the vertex set itself. ThusDg4 (K x) =

(711)1 x™ 4 nCox™? + nCyx™ 3 + o+ x™,
Corollary 3.9. For a stak, ,, where= 3,

Dea(Kin x) = nCix? + nCyx® + + + nCp_yx™ + x1*7.
Lemma 3.10.For any bi-staB(mm, n), y,(B(m, n)) = 2.
Theorem 3.11.For any bi- sté B(m,n) D4(B(m,n),x) = x2(1 + x)™*".
Proof: Consider a bi-steB(m,n) as shown in Figure 2.

tyy
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Figure 2
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Herey,(B(m,n)) is 2 by Lemma 3.6. Hence the least power af accurate domination
polynomial isx?. Any accurate dominating set of cardinality 3 witlviously include the
verticesu andv and the third vertex should be selected outioh n vertices. Thus the bi-
star hasis + n)C; number of accurate dominating sets of cardin#itge. Similarly, we
can selectrs + n)C, number of accurate dominating sets of cardinddity and so on.
Hence theADP of a bi-star is

D,(B(m,n),x) = x> + (m I_ n)x3 + (m;—n)x4 + oo xMANF2

= x? ((m;_n)x + (m;—n)xz + ---+xm+n>
= x2(1 + x)™t",

Theorem 3.12 For any bi- sté B(m,n) Dc4(B(m,n),x) = x2(1 + x)™*™,

Proof. As everyADS of a bi-star is @ADS also, result is obvious.

Theorem 3.13.Two isomorphic graphs will have salADPs.

Proof: When two graphs are isomorphic, there will be & ane correspondence between
the vertices and edges of both the graphs and hkegesult is obvious.

Remark 3.14.We shall illustrate, with two graphtg andG,, as shown in the following
figures 3 and 4, that the converse of the Theor@nisot always true.

For both the graph§, andG,, ADP is D4(Gy,x) = D4(Gy, x) = x> + 5x* + 10x3.

But graphs are not isomorphic as a vertex of dedmmdsts in one graph, not in the other.

Figure &4 Figure 4G,

Theorem 3.15.Let G be a healthy spider graph witin + 1 vertices which is constructed
by the sub-division of each of the edges presetitarstar grapi; ,,, withm > 3. Then

D4(G,x) = x™ + (mIr 1) ML (m;r 1) X2 4oy (:J_r 1) x2m-1

+ (1 + (mrz 1)) x2m + x2m+1.
Proof: Consider a healthy spider wim + 1 number of vertices as shown in Figure 5.
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Vi

u;

Up.)

Figure 5: Healthy spider graph

LetA = {v,v,, V3, ... Vppp_1, U} @NAB = {uq, Up, Uz, v - U1, U }-
We note that the graph has only adBS namely A of cardinality m. Any ADS of
cardinality(m + 1) will have all elements of sét and one element selected out of vertex
set of G — A = B + {v}. Similar selection of vertices can get ABS of cardinalities
(m+2),(m+3)..2m—1). ADS of cardinality2m can be obtained in the following
two ways:

a) Selectall verticefvy, vy, v3, ... Uip_1, U, U1, Up, Uz, «o - - U _1, U } - ONly ONE

way of selection.
b) Select all vertices of the séf vertexv and(m — 1) vertices selected out of set

B. Selection can be done (nmrf 1) ways.

Obviously, there is only ondDS of cardinality (2m + 1). Thus theADP of a healthy
spidergG is:
— ,m m+1 m+1 m+1 m+2 m+1 2m-1
Dy(G,x) =x +( 1 )x +( 2 )x + +(m_1)x

+ (1 + (mni 1)) x2M 4 2mtl

Theorem 3.16.For a healthy spide?,

Dca(G,x) = x™* + (T) xM+2 4 (7;1) xME3 (mrz 1) x2M 4 y2m+1
Proof: We shall consider the healthy spider as showrngarE 5. As usual, we shall take
A ={v,v,,V3, ... Vy_1, U} @nd B = {uy, Uy, Uz, «o. . Upp_1, U }-CADS Of minimum
cardinality is(m + 1) and only suctCADS is the sell = {v;, v, V3, ... U_1, U, V}-
Any CADS of cardinality> (m + 2) will have (m + 1) vertices ofC and remaining
vertices taken out d§. Thus,

Dca(G,x) = x™+1 + (T) xmt2 4 (7121) xM+3 g (mrﬁ 1)me 4 x2m+1
Theorem 3.17.Let G be a wounded spider graphs havingt s + 1 vertices, which is
constructed by the sub-divisionobut ofm edges present in the star gréhy, withm >
3. Then

Dy(G,x) =x™ + (S -{1— 1) x4 (S -{2— 1) xM+t2 44 (z i 1) xmts—1
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+ (1 + (s i 1)) TS 4 s+l

Proof: Consider a wounded spider as required in the stateof the theorem as shown
in the Figure 6.

v

0 T2 T.

Figure 6: Wounded spider graph

LetA = {Vll V2, V3 ™ VS‘I VS+1I VS+2' e Vm}, B = {Ul' Uz, U3 ™ US}
We note that the graph has only ohBS namely setd of cardinalitym. Any ADS of
cardinality(m + 1) will have all elements of sét and one element selected out of vertex
set of G — A = B + {v}. Similar selection of vertices can get 4BS of cardinalities
(m+2),(m+3)..(m+s—2). ADS of cardinality m +s can be obtained in the
following two ways:

a) Select all vertice§V,, V5, Vs ... Ve, Veiq, Vsia, - Vi, Uy, Uy, Us ... Ug} - only one

way of selection.
b) Select all vertices of the sédt vertexv and(s — 1) vertices selected out of set

B. Selection can be done (’IS i 1) ways.

Obviously, there is only on&DS of cardinality(m + s + 1). Thus theADP of a wounded
spiderG is:

D4(G,x) = x™ + (s -|1- 1) mHL (s er 1) X2 4oy (i * 1) yms—1

+ (1 + (s i 1)) TS 4 mAs+L

Theorem 3.18.For a wounded spidet

DCA(sz) — xm+1 + (i) xm+2 + (;) xm+3 4ot (5 i 1) xm+s + xm+s+1'
Proof. We shall consider a wounded spider as shown iar€i§. As usual, we shall take
A= {V1'V2'V3 "'I/S'VS+1’VS+2""VTYL}’ B = {Ul' U2, U3 US}CADS Of mlnlmum
cardinality is (m+1) and only such CADS is the set C=
Vi, Vo, Vo Ve, Viiq, Vya, - Vi, V. Any CADS of cardinality= (m + 2) will have (m +
1) vertices ofC and remaining vertices taken outRfThus
— m+1 S m+2 S m+3 S m+s m+s+1
Dea(G,x) = x +(1)x +(2)x + +(S_1)x +x .

Theorem 3.19.For a connected graph of order
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ii) dy (G,i) =0if i < y,(G)ori >n.
iit) D, (G, x) will not have a constant term. That is zero ie@ pfADP.

Theorem 3.20.For a connected graph of order

l) dCA (G,n) = 1
it) dea (G,0) =0if i < y.4(G)ori >n.
iii) D4 (G, x) will not have a constant term. That is zero is@t OfADP.

4. Conclusion
ADP andCADP represent two new way in which we can represemgplgalgebraically.

We can finddDP andCADP of more standard graphs. We can also compare thvesgsew
polynomials obtained with other existing dominatfmiynomials of the graph.
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