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Abstract. This study aims to continue the study of the proeerof prey-open
and prey-generalized closed sets in fuzzy topological spagéso, we introduce the
concepts of fuzzy pre-closed, fuzzy pre-closure, fuzzy pre-interior, and fuzzy pre-
v-generalized open sets. We prove that every fuzeyyglosed set is fuzzy pre-
generalized-closed but not converse. In additianjntroduce some characterizations and
properties of these concepts. Finally, we invegtigiae relationship between these fuzzy
sets.
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1. Introduction

The idea of fuzzy sets originated from the claggiaper of Zadeh [11] in 1965. The theory
of fuzzy topological spaces was introduced and ldgeel by Chang [4] in 1968 and since
then many concepts in general topology have bedené&d to fuzzy topological
spaces. In general topology, the concept ofypppensets was introduced and studied
also by Ibrahim [6]. Properties of pyeepen sets and mappings are also discussed by
Vadivel and Sivashanmugaraja [10]. Generalized makiclosed set in a topological
space is studied bBanasode and Desurkar [2]. In 1979, Kasaharad@jned the
notion of an operationy on fuzzy topological spaces. Kalitha and Das [@taduced
the notion of fuzzyy-open sets. Fuzzy generalizedlosed sets are introduced by De
[5]. In [9], the concept of the preopen set halseen generalized to th e fuzzy setting.
In this paper fuzzy pre-closed, fuzzy pre-closure, fuzzy prg-interior and fuzzy pre-
y-generalized open sets antroduced. Notations, definitions and preliminareppear
in section 2The main results of the paper are given in sectdoasd 4. In section 3, the
properties of pre-open fuzzy sets are discussed. In section 4, tsadince the notion of
pre<-generalized open sets and investigate the retdtipa between these fuzzy sets.

2. Preliminaries
Throughout this paper (X), or simply X stand for a fuzzy topological spafts,(for

short). The interior, the closure and complemerd fifzzy sefd € I¥is denoted by
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int(A), cl(A) and A respectively. By @ and %, we mean the constant fuzzy sets
taking on the values 0 and 1 on X, respectivéljow we recall some of the
fundamental definitions in fuzzy topology.

Definition 2.1.[7] A fuzzy operationy : T — IX such thap € y(u), forevery
n € 1, where y(u) denotes the value of at pu. The mapping definady(l)=,
y(R)=cl(K), y(r)=int(cl(p)), etc are examples of fuzzy operations.

Definition 2.2. L?] A fuzzy subsed of a fts (Xz) is called a fuzzyy-open,if Vv p/q
L, 3per andpg 1 such thay(u) S r.t, denotes the set of all fuzzyopen sets.
Clearly we have, C 1.

Definition 2.3.[7] Let A be a fuzzy set in a fts X. Thencl()) is defined ast,-cl(}) =
MU A<, et (X)}and 1,-int(d) is defined ast,- int(A) = v{u : pu <A, p €T, (X)}.

Definition 2.4. [3] A fuzzy subset u of a fts (¥),is called fuzzy preopen if ]
< int(cl(p)).

Definition 2.5. [3] Let p be a fuzzy subset of @, Then the fuzzy pre- interior of p
is defined by pint(n) ¥{A <y : X € FPO(X)} and fuzzypre-closure of u is defined
by pcl(n) =A{A >p :A eFPC(X)}.

Definition 2.6. [9] A fuzzy subset p of (%) is said to be fuzzy pre-open (in short,
fpy-open) if p< t-int(cl(p)). The family of all pre~openfuzzy sets is denoted by
FP,O(X).

Definition 7.2.17.[1] A fts (X,1) is called fuzzy door space if each fuzzy subseXa$
fuzzy open or fuzzy closed.

3. Fuzzy pre<y-open and prey-closed sets

In this section, we introduce the concepts of jpotesed, pre~closure and pre-
interior in fuzzy settings. Also we investigate sarharacterizations and fundamental
properties of pre-closed and pre-openfuzzy sets.

Definition 3.1. A fuzzy subset p of (X) is called fuzzy pre-closed (inshort,
fpy-closed) if p> t,-cl(int(p)). The family of all fuzzy pre-closedsets is represented
by FR,C(X).

Theorem 3.1. Let u be any fuzzy subset of a fts X,
() u is fp-open set iff fiis fp, -closed;
(i) pnis fp-closed set iff fiis fp,-open.

Definition 3.2. Let u be a fuzzy subset of a ), Then
(i) fuzzy prey-interior of p is defined by pifu) = V{A <up : X €
FPR,O(X)}.
(ii) fuzzy prey-closure of p is defined by pgl) = AM{A >p : A €
FP,C(X)}.
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Theorem 3.2. For any fuzzy set u of a fts X, the following staents hold
(i) int,(n) <int(u) <pint(u) <p <pcl(u) <cl(u) <cl,(u);
(if) inty (1) <pint(n) <pint(n) <p <pcl(u) <pch(p) <ch(p);

Example 3.1.Let X ={a,b,c} and @ o, M, W€ I* defined by

H1(a)=0.3, 4(b)=0.4, u(c)=0.7; (a)=0.5, 1(b)=0.5, (c)=0.5; k(a)=0.5,
mz(b)=0.5, (c)=0.7; w(a)=0.3, u(b)=0.4, w(c)=0.5.Lett={0, 1, W, Mo, MUa,
tst. Now clearly (Xg) is a fts. Definey: © — X by y(1)=1, y(0)=0, y(H1)=H1,
v(M2)=H2, y(uz)=int(cl(us)), y(ua)=cl(us). The fuzzy setsqiand w are fuzzy preopen
and also fuzzy pre-opensets, but not fuzzy -open.

Theorem 3.3. Let i and ¢ be two fuzzy sets of a fts (X). Then
(i) W1 <p2 iff pint, (1) <pint(u2);

(i) pa <p2 iff pcly(ua) <pch(p2).

Proof: Obvious.

Theorem 3.4.For any fuzzy subset p of a fts X, the followingtstmentshold
() pch(u) = (pint ()%
(i) pint,(K%) = (pch(p))"
Proof:
(i) (pint,(W)¢ = (V{d:d < p,d € FP,0X)})°
=A{d°:d< pdEe FP,0(X)}
=A{c:c= p5ceFP,CX)}
= pcl, ().

(i) (pely (W) = (pely (M))*
= ((pinty (L)))*
= pinty(uc)

Theorem 3.5.For any fuzzy subset p of a fts X, the below statetshold.

(i) W is fuzzy prerclosed iff p = pelp);

(i) p is fuzzy prey-open iff B = pinf(p).
Proof: (i) Supposep = pcly(u) =A{A: Ais a prey-closed fuzzy set and >
u} that impliespu € A {A: A is a prey-closed fuzzy set andA > p that implies,
M is prey-closed fuzzy set.

Conversely, suppose [ is a pretosed fuzzy setin X. We take qu and p is a
fuzzy prey-closed fuzzy set. So @{i: A is a prey-closed fuzzy set and >p}, p <i
implies, p =A{A: X is a prey-closed fuzzy set and>p}= pcl,(p).

(i) Similar to that of (i).

Theorem 3.6.In a fts X, the following statements hold for fuzase+-closure.
(i) pch(0x) = O
(i) pch(lx) = 1x;
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(iii) pcl(n) is a prey-closed fuzzy set in X;
(iv) pch(pch(p)) = pch(u).

Theorem 3.7.For any two fuzzy subsets jand | of a ftsX, the belowstatements
hold.
(@ pely (i v p2) = pely(ug) v pely (p2);
(i) pely (g A p2) < pely(py) A pely (p2);
Proof: (i) Since 4 < p1 V P2 (Or) e < 1 V Mz, Which gives
pcly(py) < pely (g v pz) (or) pely(pz) < pely(py v 1z). Therefore
pely (g v 12) = pely(py) v pely ().
(ii) Similar to that of (i).

Theorem 3.8.In a ftsX, the following statements hold for fuzzy prénterior.
() pint,(0Ox) = O«;
(ii) pint,(1x) = 1x;
(iii) pint,(n) is a prer-open fuzzy set in X.
(iv) pint(pint,(k)) = pint(u).

Theorem 3.9.For any two fuzzy subsets gnd ¢ of a ftsX, the following statements
hold.

(1) pint (ks Vo) = pint(ua) V pint(p2);

(i) pint,(H1 Ap2) < pint(H) A pint(p2). o _
Proof: (i) Since 4 < pavpe (0or) e < Ve that implies pinfpy) < pint(pwv Ho) (or)
pint,(U2) < pint(K1Vi2). Therefore, pin{paViz) = pingH) V- ping(po).
(i) Similar to that of (i).

Proposition 3.1.Let (X,1) be fuzzyy-regular and fuzzy door space. Theath pre-
open fuzzy set is an open fuzzy set.

4. Fuzzy prey-generalized open and pre~generalized closed sets

In this section, we introduce the concept of pigeneralized open sets in fuzzy topological
spaces. Further we discuss the relationships batfuzey prey-open and fuzzy pre-
generalized open sets.

Definition 4.1.Lety be a fuzzy operation on a fts ¢K,A fuzzy subset € X is
called fuzzy pre~generalized open (in short, ,fpopen) if u<pint(n) whenever p
<\ and) is prey-closed fuzzy set in (%) .

Remark 4.1. For any fuzzy subset p in a fuzzy topological sp&ce
(i) pis fpg-open iff |f is fp,g-closed;
(i) p is fpg-closed iff |1 is fp,g-open.

Theorem 4.1. A fuzzy subset p of a fts (X) is fp,g-open iffA < pint, (i), whenever
L is prey-closed fuzzy set and < p.
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Proof: Let u be a fpg-open inX. Then |iis fp,g-closed in X. Lek be a fp-closed
in X suchthata<p. So A<AS A°is fp-openin X. Since {uis fp,g -closed, pe(u°)

< X% which gives (pin{u))°<A°% Hencée\ < pint,(u).

Conversely, suppose that< pint(u4), wheneveih < p andi is fp,-closed in X . So
(pint, (L)) <A°=v, wherev is prey-open fuzzy set fpopen in X. Thatis pelu®) < v,

which gives (iis fp,g -closed. Thus p igp,g-open.

Theorem 4.2.Every closed fuzzy set in (},is fp,g-closed in (Xz).

Proof: Let 4 be a closed fuzzy set in fts X. et< A, wherel is prey- open fuzzy
setin X. Since pu is fuzzy closed, it is also ie<piclosed and sol, (1) = pcl(n) = u<
L. Thus pcl(n) < A. Hence p is fy-closed.

Theorem 4.3.Every fuzzy y-closed set in (%) is fp,g-closed in (Xg).

Proof: Let u be g-closed fuzzy set in ftX. Letuy < A, wherel isy-open fuzzy
setin X. Since p ig-closed, itis also is preclosed and sol, (1) = pcl(n) = p<A.
Thus pc)(i) < A. Thus [ is fpg -closed.

Theorem 4.4. Every prey-closed fuzzy set in (X) is fp,g-closed in(X, t).

Proof: Let u be a pre-closed fuzzy set in fts X. Let < A, where )\ ispresy-open
fuzzy set in X. By hypothesis, p is pyreslosed fuzzy set, we have ggl) = p<.
Thus pcj(u) <A. Hence p is fgy -closed.

But the converse need not be true as shown indil@ving example.

Example 4.1Let X ={a,b}. Consider the fuzzy sets, jj2, € 1* defined by u(a)=0.2,
M1(b)=0.4; 12(2)=0.3, (b)=0.6. Lett = {1,0,.u}. Now clearly (Xg) is a fts.
Definey: © —I1* byy(1)=1,v(0)=0,y(u1)=p1. The fuzzy set p is fp,g-closed set,
but not fp-closed set.

Theorem 4.5.If p is prey-generalized closed and prespen fuzzy set iX, then p
is fuzzy prey-closed.

Proof: Let p <, where p is preg-generalized closed and pyrespenfuzzy set. So
pcl,(W < p Butp < pcl, (). Thus, = pch(n) and so p is preclosed fuzzy
set.

Theorem 4.6.Let u be a fuzzy subset of a fts {X,Then u is a pre-generalized-
closed fuzzy set iffu < A implies pcl(i) < A, V prey-closedfuzzy setk in X.

Proof: Let u be a prg-generalized-closed fuzzy set aidbe a prerclosed fuzzy
set such that |£A. Thus p<A® and1® is prey-open fuzzyset in X. Since \ is pre-
generalized-closed fuzzy set, fp) <A°. Thuspcl,(1) = A.

Conversely, letv be prey-open fuzzy set in X, such that< A. Thus
pgve which implies pckp) < v¢, so pcj(L)< v. Thus p is pre~generalized-
closed fuzzy set in X.

Theorem 4.7.f u is prey-generalized-closed fuzzy set in afts {)X,and u<a <

pcl(u), then) is also a pre-generalized-closed fuzzy set in €X,
Proof: Let v be prey-open fuzzy set in X such that <v. SO p<Au<w.
hypothesis | is a pregeneralized-closed fuzzy set in X, it followgat pcl(u) <v
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A < pcl(p) which gives pe(n) < pcl(pcl,(p)) = pch(p). Hence pe{d) <v. Thus A
is fuzzy prey-generalized-closed in X.

Theorem 4.8.If u is prey-generalized-open fuzzy set in a fts{Xandpint,(u) <

A <MW, then) is also a pre-generalized-open fuzzy set in ¢X,
Proof: Let u be fuzzy pre-generalized-open aridbe any fuzzy set in Xuch that

pint,(W) <A <pu. Then ¥ is aprey-generalized-closed fuzzy setin X and
ue < A° < pcly(u°). Then, ¢ is a prey-generalized-closed fuzzy setX. Hencel is
fuzzy prey-generalized-open set in X.

Theorem 4.9.Let p be any fuzzy subset of ¢¥) and (Yzy) be asubspace of a fts
(X, tx). If p is fp,g-closed set in X, then p is Jfp-closedn Y.

5. Conclusion

In this paper, we introduced the concepts of fyaey-closed, fuzzy pre-closure, fuzzy
prev-interior and fuzzy pre-generalized open sets in fuzzytopological spavés.
discussed the relationships between fuzzyypebsed and fuzzy pre-generalized closed
sets. We proved that every prelosed fuzzy set is pregeneralized-closed as well as
everyy-closed fuzzy set is pregeneralized-closed but not converse. There iDpesto
study and extend these newly defined generalizezyfsets.

Acknowledgments. The author is very thankful to the referees fonfsiiable suggestions
which resulted in the improvement of the paper.

Conflict of interest. The authors declare that they have no conflichtefrest.
Authors’ Contributions. All the authors contributed equally to this work.
REFERENCES

1. S. Anjalmose and G. Thangaraj, Interrelations betwkizzy door space and Some
fuzzy topological spacebljternational Journal of Mathematicsand its Applications,
4 (4) (2016) 129-135.

2. S.N.Banasode and A.Mandakini Desurk&eneralized Maximal Closed Sets in
Topological SpaceAnnals of Pure and Applied Mathematics, 16(2) (2018) 413-418

3. A.S.Bin Shahna, On fuzzy strong semi continuity &ty precontinuity Fuzzy
Sets and Systems, 44 (1991) 303-308.

4. C.L.Chang, Fuzzy topological spacdsMath. Anal. Appl., 24 (1968) 182—
189.

5. D. De, Fuzzy generalizeg -closed set in fuzzy topological spadanals of Pure
and Applied Mathematics, 7(1) (2014) 104-109.

6. Hariwan Z.lbrahim., Weak forms gf-open sets and new separation axioms,
J. &i. Eng. Res., 3(4) (2012) 1-4.

7. B.Kalita and N.R.Das, Some Aspects of Fuzzy openatiThe Journal of Fuzzy
Mathematics, 19(3) (2011) 531-540.

8. S.Kasahara, Operation-compact spabtath. Japonica, 24 (1979) 97-105.

82



More on Fuzzy Prey-Open and Fuzzy Prey-generalized Closed Sets

9. C.Sivashanmugaraja and A.Vadivel, Weak forms okyug-open setsGlobal
Journal of Pure and Applied Mathematics, 13(2) (2017)251-261.

10. A.Vadivel and C.Sivashanmugaraja, Properties ofyPspen Sets and Mappings,
Annals of Pure and Applied Mathematics, 8(1) (2014) 121-134

11. L.A.Zadeh, Fuzzy set$nformation and Control, 8 (1965) 338-353.

83



