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Abdtract. Varlet characterized the concept of O-distributatéces to generalize the notion
of pseudo complemented lattices. Powar and Thakareduced the notion of O-
Distributive semilattices. Very few authors haved#d join semilattices. Among them
Nimbhorkar and Rahemani, Akhter and Noor and Ralokaumar have introduced the join
semilattices. In this paper, we have introducedrtbigon of join semilattices witl® -

distributive directed below. A join semilattic® is called directed below if for any
a,b0S there isd <a, bsuch thatd 0S. Then obviously, every join semilattice with

Ois directed below.
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1. Introduction

The work of Noor and Momtaz Begum [1] has motivatezlto make the foundation Of
-distributive join semilattices directed below. this paper, we have given some
characterization of) -distributive join semilattice directed below. Raad Kumar [2]
introduced modular and classic ideals in direc&ldw join semilattice. By [3] introduced
the concept of0 -distributive lattices and a meet semilattisevith O is called O -
distributive if for all a,b,c0S with aldb=0=alc imply aldd =0 for some

d = b, c. In sectior?, | introduce some basic definitions which is neefiedstablish the
main result of this paper.

2. Preliminaries

In this section, we consider some important reledafinitions which are already known
and will be used to get the main result of thisgrap
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Definition 2.1. An ordered se(S; s) is known agoin semilattice if sup{a, b} exists for

alla,bdS. A join semilatticeS containing an elemer@is said to be join semilattic&
with Oif 0< x forallxS.

Definition 2.2. Then the elemerf)is said to be théeast elementofS. Dually, a join
semilattice S containing an elemerttis said to be join semilatticE with 1if x <1 for all
x0S. Then the elemerttis said to be thiargest elementof S.

Definition 2.3. By [6], a join semilatticeSwith Qis said to beD — distributiveif for all
a,b,cOS, (a]n (b]=(a] n (c]= (0] = (x] n (b Oc] = (0].

Definition 2.4. A join semilatticeSis calleddirected belowif for anya, b0 S, there is
d <a,b suchthatd 0S. Clearly, every join semilattice with O is diredtieelow.

Definition 2.5. An upsetF is calledfilter if for anya,b 0 F , there existx < a, b such

thatc 1 F . A non-empty subsel of join semilatticeS is calleddown setif alll and
b < afor any b0 Simplies thaa 1l . A down setl of Sis called anideal if for all
a,b0l suchthan CbOl .

Definition 2.6. A filter P (up set) is called arime filter if aC b P implies either
adPorbOP. An ideal J of a join semilatticeSis calledprime ideal if S—Jis a
prime filter.

3. Main result
To derive the main consequences of this paper, eeg o demonstrate the following
Lemmas and Theorems.

Definition 3.1.An ideal | of Sis calledmaximal ideal if S# | and it is not contained
by any other proper ideal &f. Fora[l F , the filter F :{bD Slas b} is called the

principal filter generated bya and it is denoted t{ﬁ) Let Sbe a join semilattice. A

filter F of Sis called anaximal filter of Sif F [0 M [0 Sfor any filter M of S
impliesM =F .

Lemma 3.1.Suppose that F be a filter and | be an idealdifexted below join semilattice
S, such that n' | = ¢. In that case, F is a maximal filter disjoint frdiifiand only if for

eacha ] F , there existd [ F such that(a] n (b]O 1 .

Definition 3.2. Let S be a join semilattice with 0. Let A be a fnib semilattice. Then we
can defineA’ :{XDS (X] n (a] =(0] for someall A} is asemi prime ideal of S if
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and only if S is O-distributive and this is obvibua down set. Now ifA [1 B, this implies
A’ 1 B® and for anyad Simplies (a)” = (a)" = (a] .

Lemma 3.2.Let S be a directed below join semilattice withfGs is not O-distributive,
the set

F:={x09x<(a]N(x]= 0 for all y<b,c}

Corollary 3.3. Let S be a directed below join semilattice witirBen the following
conditions are equivalent.
® S is O-distributive.

(i)  Foreachads,(a)” =(a) =(a] is an ideal.
(i) Every maximal filter of S is a minimal prime idsal

Since in a O-distributive join semilattice S, faca allS, (a]D is an ideal, we can denote

it by(a]o. Talukder and GopEﬁ] has generalized the concept of O-distributive join
semilattices.

Now, we have the following characterization due{]l;d)].

Theorem 3.1.For any join sub semilatticé of a directed below join semilattic®with
0. Then A’is a semi prime ideal obif and only if Sis O-distributive.

Proof: Let Sis a distributive join semilattice wifh. It is obvious thatA’is a down set.
Thus for somex,yJA", (x] n (a]:(O]:(y] n (b] for somea,b0A. This implies
(x] n(an b] = (0] = (y] n(an b] and sinceSis a distributive join semilattice wil,
then (a n b] nd= (O] for somed = x, y. Now (a n b] 0 Aimplies d O A" and thenA
is an ideal. For somg,y,z[JA", (x] N (y]D A and(x] N (Z]DA° . This implies
(x]n (y]n (a]=(0]=(x] n (z] n (by]for someay by DA

Then (X] n (y] n(a,n bl] = (0] = (x] n (z] n(a, n bl] , thus by the property o
distributive join semilattice(,x] N (dl] LA as (a1 N bl]D A. HenceA’is a semi prime.

Conversely, ifA’is a semi prime ideal for every join sub semilattisof S, by
Lemma 3.3 it is clear thabis O -distributive.

Definition 3.3. A prime ideal P of Sis called aminimal prime ideal of Sif M [ P for
any prime ideaM of SimpliesP =M .

Now we have the following useful characterizatiofisninimal prime ideals of directed
below join semilattice.
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Lemma 3.5. SupposeA and B be filters of a directed below join semilatti&with O,
suchthatAn B° = ¢ . Then there exists a minimal prime ideal contajnBy and disjoint
fromA.

Proof: Let 00 AL B. For if 00 ACB. Then (a] n (b] < (0] for somea A bOB.
Thatis, (a] N (b] = (0] which impliesa [ B gives a contradiction. It follows thaA [ B
is a proper filter ofS. Then by Lemma 3.2A L B [0 M for some maximal filteM . If
xOM n B, then xOM and (x] n (bl] = (0] for someb, 0B O M . This implies
00 M which is a contradiction aM is maximal. ThusM n B" = @. Then by definition,

S—M is a minimal prime ideal set containiBg. Moreovel(S— M ) NA=¢.

Lemma 3.6.Let A be filter of a directed below join semilatti&@with 0. Then A’is the
intersection of all the minimal prime ideal disjtifromA .

Proof: Let N be any minimal prime ideal disjoint frof. If X[ A®, then[x) N [a) = [O)
for someal] A and sox[ON as N is prime.

Conversely, lety0S—A". Then [y)n [a);t [O) for all all A. Hence AD[y) is a
proper filter ofS. Then by definition,AD[y) J M for some maximal filteM . Thus
S—M is a minimal prime ideal. Clearly 1 S—M.

Theorem 3.2.Let Sbe a directed below join semilattice. Then the nmibany two filters
of S is also a filter.
Proof: Let F and Q are two filters of a directed below join semiledtiS . Let

xOFOQand yOSwithx<y. ThenxUOF and xQ implies yOOF and ylQas
F and Q are both filters. ThugJF [J Q. Now suppose that y[JF [JQ . This implies
X, YOF andx,y[JQ. Since F and Q are two filters, then there exists[]1F and
qUQ such thak,y< f,q. Letc=f Cq. This impliescOF 0 Q and thusx,y <c.
HenceF O Q is filter.

Theorem 3.3.Let Sbe a join semilattice witl® . Then every prime down set contains a
minimal prime downset.

Proof: Let F be a prime down set of a join semilatti€ewith 0 and letA be a non-empty
set of all prime down sep contained inF asF [ A. LetM be a non-empty prime down

set aJM and M =U{P|PDC}, whereCOA. Let al0M asb<a. This implies

aldPforallPOC. ThusbOPas Pis an down set. Then clearlp[ 1M . Again let for
somex, YIS, xL yOOM . This impliesxC yU Pfor all PUC. SincePis a prime
down set, this implies eithex(JP or y[JP and this is obvious that eithec[1M or
y[OM . Thus every prime down set contains a minimal prirp set.
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The following Lemma is a special characterizatibdioected below 0-distributive join
semilattices.

Lemma 3.9. Let Sbe a directed below join semilattice with Then the following are
equivalent.

0) Sis 0—distributive.

(i) For any three filtersA, B, C of L

(AnB)O(AnC) =A n(BOC)

(iiiy  For any two filtersA, Bof S, (AnB) =A n B’

(v) Forallab,cS, (a) n (b) =(d) for somed =b,c

v)  Forallab,cOS, (a] n (b] =(d) for somed =b,c
Proof: (i) = (ii). Let Sis 0 distributive. Since(An B)J(An C) O A and
BCC,so((AnB)O(AnC)) OA n(BOC) . Now supposa 0 A" n (BOC)
Then xJ A and x O (B DC)° . Thus(x] N (a] = (O] for somex [ Aand (x n d] = (O]
for somed 0B C. Now d (1B C Cimplies d 0 (b n c]for someb[1B, cIC.
Hence(x a] = (0] =(xn b] n (c] Then(x n c] n (a] = (0] =(xn c] n (b] Since S
is 0—distributive, so(x n ¢| n (d,] = (0] for somed, = a,b. Thend, JANn B.
Now (x n a] = (0] implies(x n dl] n (a] = (0] =(xn dl] N (c] Again by the
0 - distributivity, (x n dl] n (dz] = (0] for somed, > a,c thatisd, > An C.
Therefore,x 0 ((An B)O(An C)) and henceii) holds.

o

(it) = (iii) is trivial by consideringB = Ciin (iii).

(iii) = (iv) . ChooseA = [a)and B =[a) in (iii). Now for alld > a,b, [a) O [d) and
[b) 0 [d) and so[d)” O (a) n (b)". Also by (iii), (a) n (b) =([a)n[b))". Thus,
xO(a) n (b) , implies (x n dl] = (0] for somed, = a,b. Thatis, x((d,) for some
d, = a,b. Thus(iv) holds.

(i) = (iv)is obvious.

(v) = (i) . Suppos€V) holds and fora,b,cJ S, (a n b] = (O] = (a N C]. Then
al(b]" n (c]" =(a] for somed = b,c. Therefore,(a n d] = (0]and soSis

0 - distributive.

4. Conclusion

In this study, some characterization of directelbwed-distributive join semilattices are
established.
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