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Abstract. Graphs are one of the main tools for the mathemlatiodelling of various
human problems. Fuzzy graphs clearly showed thiilityato solve uncertain and
ambiguous problems. L&t = (V, 0, ) be a fuzzy graph and € V. We defineSE (u) =
Youee H(vu)deggv. In this paper, we present some propertieSigi) on fuzzy graphs
and establish relations between the Zagreb indicesthe sum of the degrees of all
neighbors of a vertex.
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1. Introduction

The concept of graph theory was first introducecEler. In 1965, Zadeh discussed the
fuzzy set [40]. The first definition of a fuzzy gita was given by Kaufmann, which was
based on Zadeh's fuzzy relations in [13]. Howetles,development of fuzzy graph theory
is due to the ground-setting papers of Rosenfe] find Yeh and Bang [39]. In
Rosenfeld’s paper, basic structural and connegtodincepts were presented, while Yeh
and Bang introduced different connectivity paramset@nd discussed their application.
Rosenfeld obtained the fuzzy analoguess of segeaph-theoretic concepts like bridges,
paths, cycles, trees, and connectedness. Most tfidloretical development of fuzzy graph
theory is based on Rosenfeld’s initial work. Momlesstudied fuzzy line graphs and
developed its basic properties, in 1993 [14]. Fugaph theory is finding more and more
applications. Applications can be found in clustealysis, pattern classification, database
theory, social sciences, neural networks, decisipalysis, group structure, portfolio
management, and many other areas [15].

The main purpose of this paper is to defines@oncepts in fuzzy graphs and get
results about them that are also true in ordinaaplgs. In this section, we provide formal
definitions, basic concepts, and properties offugraphs. For simplicity, we consider only
undirected fuzzy graphs unless otherwise specifiads, the edges of the fuzzy graph are
unordered pairs of vertices. First, we go througme basic definitions from [14, 17].
Rashmanlou et al. [20-30] studied different kindks fozzy graphs. Talebi et al.
[34,35,36,37,38] introduced isomorphism on intemaled fuzzy graphs and investigated
several concepts in iinterval-valued intuitionisfigzzy graphs.Islam et al.[6-12]
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investigated wiener index, Zagreb index, and Fxnole fuzzy graphs. In this paper, we

present some properties 8§(u) on fuzzy graphs and establish relations between th
Zagreb indices and sum of the degrees of all neighbf a vertex.

2. Preliminaries

Definition 2. 1A fuzzy subset of a non-empty $ds a mapo: S — [0,1] which assigns
to each element in S a degree of membershig(x) in [0,1] such that0 < o(x) < 1.
If S represents a set, a fuzzy relatignon S is a fuzzy subset ¢fx S. In symbols,
u:S xS - [0,1] such thato < u(x,y) <1 forall (x,y) €S XS.

Definition 2.2. Let o be a fuzzy subset of a setand u a fuzzy relation or$. Thenu is
called a fuzzy relation om if u(x,y) < a(x) Aco(y) for all x,y € S whereA denote
minimum.

Let V be a nonempty set. Define the relationon V x V by for all (x,y), (u,v) E VXV,
xy)~ (u,v) if and only ifx=u andy=v or x=v andy =u. Then it is easily
shown that~ is an equivalence relation dhx V. For allx,y € V, let [(x,y)] denote the
equivalence class df,y) with respect to~. Then[(x,y)] = {(x,¥), (V,x)}. Let &y =
{{x,y)]Ix,y € V,x # y}. For simplicity, we often write€ for &, whenV is understood.
Let E € €. A graph is a pai(V,E). The elements oV are thought of as vertices of the
graph and the elements Bfas the edges. Fory € V, we letxy denote[(x,y)]. Then
clearly xy = yx. We note that grapkiV, E) has no loops or parallel edges.

Definition 2.3. A fuzzy graphz = (V, a¢, u¢) is a triple consisting of a nonempty $ét
together with a pair of functions: = g;:V — [0,1] and u: = ug: € - [0,1] such that
forall x,y eV, u(xy) < o(x) Ao(y).

The fuzzy set is called the fuzzy vertex set@fand u the fuzzy edge set 6f Clearly,
u is a fuzzy relation om.

Definition 2.4. A path P in a fuzzy graptG = (V, 0, 1) is a sequence of distinct vertices
Xo,X1,, Xy (€xcept possibly, and x,,) such thatu(x;_,x;) > 0 for i = 1,---,n. Here

n is called the length of the path. We cBlla cycle ifx, = x,, andn = 3. Two vertices
that are joined by a path are called connected.

Definition 2.5. Let G = (V,0,u) be a fuzzy graph. The degree= V is denoted by
deg;(x) and defined aslegg (x) = Xyev u(xy).

Definition 2.6. Let G = (V, 0, 1) be afuzzy graph. The size®fis denoted by (G) and
defined as),yes 1(xy).

Definition 2.7. The fuzzy common neighborhood graph or brieflgyfiiongraph ofr =
(V,o,u) is a fuzzy graph ason(G) = (V,w, 1) such thatw(x) = o(x) and A(uv) =
min,eg{u(ux). u(vx)}, whereH = Ng(u) N N; (v).

Let G = (V,o,u) be a fuzzy graph andl = {vy,v,,..., v}, € ={ey,e;,...,¢4} the
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vertex set and the edge sethfrespectively.
The adjacency matrix of fuzzy graghis the p X p matrix Ap = Ar(G) whose(i, j)
entry denoted byy;;, is defined bya;; = u(v;v;)).

Definition 2.8. Let A = [a;;] and B = [b;;] be two matrix of sizen X n. Then we
defineC = A © B isthem x n matrix whose(i, j) entry denoted by;; X b;;.
Two old and much studied degree—based gragriemts are the so-called first and
second Zagreb indices, defined as
M;(G) = Zvev(c) deg(v)? and My(G) = Yuver(c) deg(u) deg(v) .

Also, in [16], the authors defined two new indigégG) and N,(G) as follows.

N1(G) = XYuev(c) dege (W) degeon(c)(w) and

Ny (G) = Zuves(con(G)) degg(u) degg (v).

For details on their history, mathematical progerand chemical applications see [1,2,3,4,
5,31] and the references cited therein. Now, wenddghese indices in a fuzzy graph.

Definition 2.9. Let G = (V,0,u) be a fuzzy graph.
* Mi (6):= VZEV degé (vy);

*M7(G):= X p(viv)degs(v)dege(vy);

Viv;€

« FF(G):= P degg (vy);
* N{(6):= ue%(c) dege(u) degcon()(W);
N (G):= % )M(W)dega(U) dege ().

uvee(con(G)
Definition 2.10.Let A = [a;;]mxn- Then, we defin6(4) = Yi<i<m1<j<n @ij-

3. Main results

In this section, first, we define some fuzzy graperations that were first studied in [16]
by Mordeson and Peng in 1994. Later Sunitha andydljumar [33] investigated the
properties of compliments of fuzzy graphs with exgtpo these operations in 2002. Also,
we define sum of the degrees of all neighbors wérgex in a fuzzy graph and then we
investigate some properties of it. We will establielations between the fuzzy Zagreb
indices and sum of the degrees of all neighboes\adrtex.

Definition 3.1. Let G; = (V4, 04, 11) and G, = (V,, 0,, u,) be two fuzzy graphs such that
vV, NV, =@. Union of two fuzzy graph§, and G, is denoted byG, U G, = (V, 0, 1)
such thatV =V, U1,

oo(v) , veWy w(uv) , wvey
o(v) = and u(uv) = Ju,(uwv) , wv e,
o, (v) , vEeV, 0 , 0.W

Itis easy to se&; U G, is a fuzzy graph
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Definition 3.2. Let G; = (V4,04,11) and G, = (V,, 05, u,) be two fuzzy graphs such that
Vi NV, = ¢. Sum of two fuzzy graplty and G, is denoted byz, v G, = (V,0,u) such
that V= V1 U Vz,

og(v) , vey wyuv) , wvely
o(v) = cp) ={m ), uwveV,
{az(v) , UVEV, {k , UEV,veV,
wherek = min{o;(w), o,(v)} foreveryu € V; andv € V,.

Definition 3.3. Let G; = (V4,0¢,141) and G, = (V,0,,u,) be two fuzzy graphs. The
Cartesian product of graph&; and G, is denoted byG; X G, = (V,o,u) is a fuzzy
graph such thaV = V; x V,,
o((u,v)) = g.(u) Vv g,(v), wherev is denoted maximum and
Ha(vv') -, ifu=u'
u((u,v)(',v") = {ul(uu’) , ifv=v".

0 , 0O.W

It is easy to show thal; s, ((u,v)) = degg, (u) + degg,(v). LetG = (V,o,u) be a
fuzzy graph the neighbor of vertexis denoted by, (v) and is defined as follows.

Ne(w) ={ueV | u(uv) > 0}.

Let G be a graph. Sum of the degrees of all neighboveréxu in G denoted bys,; (u)
and define asS; (u) = Y ,uee degev. Now, we will extend it to a fuzzy graph.

Definition 3.4.Let G = (V,0,u) be a fuzzy graph and € V. We define
SE@W) = Ypuee n(vu)degg (v) (v is a neighbor of vertex).

Theorem 3.5.Let G = (V, 0, 1) be afuzzy graph. Then
PRAOENHG!

uev

Proof: By Definition 3.4,

Yuev Sg(u) = Yuev Luvee p(uvydege(v) = Yuev Xvev p(uv)degg (v) =
Yvev Zuev u(uv)degs(v) = Yyey degé(v) = Mf (G).

Theorem 3.6.Let G = (V,0,u) be afuzzy graph. Then
Yuev dege(w)Sg (W) = 2M3 (G).
Proof: By definion of S£ (u), we have:
Yuev dege(W)SE (W) = Tuev dege(u) Tuves H(uv)degs(v) =
Yuev Yuvee H(uv)degg(v)dege(w) =
2 Yuves n(uv)degg (wdegg (v) = 2M3 (G).
Theorem 3.7.Let G = (V, 0, 1) be afuzzy graph ancbn(G) = (V, w, 1) the fuzzy
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congraph ofG. If G has no cycles of sizg then
dcon(G) (v) = Sg(u) - ZuEV HZ (uv)' vev.

Proof: dcon(G) (V) = Zuev Huv) = Xyey Minyey{p(vx). p(xuw)},
where H = N;(u) N Ng(v). Since G has no cycle of siz4, it follows that H < {w} for
somew € V. Therefore,
dcon(G)(v) = va,quS(G) pow)u(wu) =
ZUWEg(G) uw) Yyey puw) — Yyey p*(ww) =

SE W) — Zwey 1?(vw) = SE (W) — Zyey 12 (vw).

Theorem 3.8Let G = (V, 0, 1) be afuzzy graph and; be the adjacency df. If G has
no cycles of sizé, then
N{ (G) + S(Ap. (A O Ap)) = 2M5 (G).
Proof: By the definition of Nf (G) and by the Theorem 3.7, we have
N{(G) = Zuev dege(W)degeonicy() = Luev dege (W) (S (W) — Tvey K2 (uv)) =

Tuev deg(W)SE (W) — uev Lvev degewp? (uv)) =

2M3 (G) = Yuev Yvev Leev H(tuw)u?(uv)) =
2M§(G) — Yuev Dtev Dvev #(W)HZ (uv)) =
2M3 (G) — S(Ap- (Ar © Ap)).
Hence,Nf(G) + S(Ar. (Ar © Ap)) = 2ME(G).

Since in the ordinary grapA © A = A, by the above theorem, and by [32, Lemma 2.3(2)],
we deduce the following result.

Corollary 3.9. Let G be a graph which has no cycles of s&zéhen,
My (G) = (N1(G) + My (G)).

Theorem 3.10Let G = (V, 0, 1) be a fuzzy graph such that it has no cycles ef4iz
then

25(con(6)) = 3 M{ (6) — S(4r O Ap).
Proof: We have:
25(con(6)) = Zuev degeon(c)(¥) = Zuev (56 (W) — Tvey > uv)) =
Yuev 55 (W) = Yuev Tver 12 (uv))
M{ (G) — S(Ar © Ap).
From the above theorem, and by [32, Lemma 2.3 ]deduce the following result in a
graph.

Corollary 3.11. Let G be a(p, q)-graph and have no cycles of sizeAlso, letcon(G)
be a(p,q* )-graph. Theng* = %Ml(G) —q.
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Lemma 3.12.Let G = (V,0,u) be afuzzy graph such thétisn't a null fuzzy graph.
Then
S M@ 2
2~ MF@G) ~ 2
Proof: Let u € V be arbitrary. It is clear that —1 < degscu—1<4—1. Since
SE) > 0, we have

(6 = 1SEW) < (dege(w) — DSE () < (4 — DSEW).

So,
Yuev (6 — DSE (W) < Yyev (dege () — 1)SE (W) < Tyey (4 — 1SG(W).

8 Yuev 55(“) — Yuev Sg(u) < Duev degG(u)Sg(u) — Yuev Sg(u)
<AXuev Sg(u) — Duev Sg(u)-

By Theorem 3.5 and 3.6,
SME(G) — ME(G) < 2ME(G) — MF(G) < AMF(G) — ME(G).

So,

Hence,
SMF(G) < 2ME(G) < AMF(®),
and so
S M@ 2
2~ MF@G) T 2

Theorem 3.13Let G = (V, 0, 1) be a fuzzy graph. Then
Yuvee HV)[SE @) + S§ (V)] = 2M3 (G).

Suvee 1#0)ISE W) +SE@)] = Tuvee KEMISEW + Tuvee 1@0)SE W) =
EZuEV (ZUGV .u(uv))sg(u) + EZVGV (ZuEV H(uv))sg(v) =
~Suev dego (WSE W) +3 Tvey degs(v)SE(v) =

Proof:

By Theorem 3.6,
1 F 1 F F
> X 2M{(G) + 3 % 2Mf (G) = 2M3 (G).

Let S;(u) be sum of the degrees of all neighbors of verter graphG. The following
result can be obtained from the above theorem.

Corollary 3.14. Let G be a graph having no cycles of sieThen,
WZEE (Se (W) + Sg(v)) = 2M,(G).

Lemma 3.15.Let G = (V, 0, 1) be afuzzy graph. Then, for evarye V the following
holds:
Y u(wiv)(deg(vy) + degi(v)) = X degg*'(vy).
Viv;€ vieV
In particular,
Y u(y)(dege(vy) +dege(v)) = % degé(vi) = M{ (G),
viv;€E ViEV

and
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Y u(vvy)(degé(vy) + degé(v)) = % degg(v;) = FF(G).
VVjEE ViEV
Proof:
Ze u(viv))(degg(vy) + degg (v)) = %Z?ﬂ Py m(vivy)(degg(v) +

U,:Uj

degl(v))) =

1 1
Sy Xy m(uiv)degg(v) +5 X0, Bhy m(vv))degs(v)) =
1 1
SYE, degl) I, p(viv) + 530, degk(w) I, n(vv) =
1 1
S2b, degg(vi )degg(vy) + 535, deg(vy )dege(v) =
Y degg*t(vy).
V;EV

Theorem 3.16.Let G = (V, 0, 1) be a fuzzy graph such that it has no cycles ef4iz
then
Zeg (dege (WS¢ (v) + dege (v)SE (W) = FF(G) + 2N5 (G).
uv
Proof: By Definition 3.4, we have

D (dege(WSE®) + dege@)SE@) = > dega(w) ) degg(tuve) +

uvee uvee tvee

Zuve& degG (v) Zsue& degG (s),u(su) =
Yuwee dege(W[Lvree txu dege (O)u(st) + dege (Wu(uv)] +
Zuves degG (v)[ZsuEE,satv degG (S)ﬂ(su) + degG(”)ﬂ(uv)] =
Yuvee u(uv)[degé () + degé(v)] +
Duvee thes,tatu u(vt)degg(t)degg(u) +
Duvee Zsueg,s:tv u(us)degg(v)degg(s).
By the above lemm&, e u(uv)[degs(w) + degé(v)] = FF(G). On the other hand,
since G has no cycles of sizé, we have

p(wt)dege(Odege @) + ) D p(us)dego(v)dege(s)
UvEE vteE t#u UVEE SUEE,s#V
= ) Edega®dege )+ Y H(uv)iu(us)degg ()degs(s)

utecon(G) vsecon(G)

By the Definition 2.9, the above relation is equatihe following relation
Zuteaon(G) A(us)degG(t)degG (u) + szeaon(G) A(us)degG(v)degG (5) = ZNZF(G)-
Therefore,
Yuvee (dege(W)SE (V) + degg(v)SE (W) = FF(G) + 2N; (6).
From the above theorem, we deduce the followingltes

Corollary 3.17. Let G be a graph having no cycles of sieThen,
Yuver (dege(W)Se(v) + dege(v)Se(W) = F + 2N, (G), whereF = ¥,y deg(v)®.

Lemma 3.18.Let G, = (V4,04,144) and G, = (V,, a5, 1) be two fuzzy graphs such that
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VinV, =e, |Vi| =pg, and |Vy]| = p,.

Se,w) ., u€ewn
() Sgluf;z W) = ;
Se,w) ., u€el,
SE, () + kpydegg, (w) + 2kS(G) + k*pip, ., u€Vy
(b) SG,ve, (W) = , Where
SE, (W) + kpydegg, (w) + 2kS(Gy) + k*pip, ., u€V,

k = min{o;(w), 0, (v)} foreveryu € V;, andv € V;;
(C) S&,xc, (@, b) = Sg,(b) + S¢, (a) + 2degg, (a)dege, (b).

Proof: (a)
Sgluc2 () = Zvuevluv2 Hg,u6, (uv)degaluaz (v) =
Yuvee(Gy) B, (uv)dege, (v) , u€; 551 w , uen
Yuvee(,) be,Wv)dege,(v) . u€V, (S,(w) , u€v,

(b) Letu € V;. Then,
Sglvaz w = ZuveS(leGZ) Ug,ve, (uv)d3961VG2 (v) =
Yuvee(Gy) B, Wv)dege, v, V) + Xuev, vev, kdege,ve, (V) =
Yuvee(Gy) He, Wv)ldege, (V) + kpa] + Xvev, kldege,(v) + kps] =
S¢, (W) + kpydegg, (w) + 2kS(G,) + k*pyp,.

Similarly, if u € V,, then
Sglvaz ) = ng (u) + kp,degg, (W) + 2kS(G,) + k*pyp,.

(©)
S,x6, (@ D) = X (ap)(ca)eeG,x6,) He,x6, (@ b)(c,d))dege, xc,(c,d) =
Y (ab)(ad)ec(6,xGy) Ha, (b, D)[degg, (a) + degg, ()] +
2 (a,b)(ch)EE(G,xGy) e, (@ €))[degg, (c) + degg, (D)] =
Ybdee(G,) Ma, (bAd)dege, () + Xpaee(c,) Mo, (bd)deggi(a) +
Yacee(G,) Mo, (ac)dege, (€) + Yaces(y) te, (ac)dege, (b) =
S¢,(b) + S¢, (a) + 2degg, (a)degg, (b).

Corollary 3.19. Suppose thatG; = (V4,E;) and G, = (V,,E,) are (p,q,) and
(p2,q,) graphs, respectively, such thit NV, = @. Then

Sg,(w) , uen
(1) Seyue, (W) = ;
Se,(w) , uevw,
Sg, (W) + podegg, (W) +2q, +p1p2, . UEV;
(2 Se,ve, (W) = ,
Sg,(w) + prdegg,(w) +2q: +p1ip2 . UEV,

(3) Se,x6,(a,b) = Sg,(b) + Sg, () + 2degg, (a)degg, (b).

74



A Study on Degrees of all Neighbors of a Vertekuzzy Graphs

4. Conclusion and future work

Theoretical concepts of fuzzy graphs are highllzeiil by computer science applications.
Especiallyin research areas of computer sciende asidata mining, image segmentation,
clustering, image capturingand networking. So, s tpaper, we introduced some
properties ofSE (u) on fuzzy graphs and studied the relations betwleeZagreb indices
and the sum of the degrees of all neighbors oftexe
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