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Abstract.Letn be a positive integer where = 1(mod 15). In this paper we shown that the

Diophantine equatiom®* +n’ =z* has no non-negative integer solution wheng and
Z are non-negative integers.
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1. Introduction
In the past, there was a lot of interest in stuglyime solution of Diophantine equations.

The general form of the Diophantine equatio@’is+b’ =c* which has been studied in
[4]. In 2008, Pumnea and Nicoar [8] studied Diopgh@n equations of the form

a* +b’ =7%, for example2* + 7 =7z°,2 + 11 =z? and2* + 13 =z°. Many authors
also studied some particular cases of the Diophamtijuatiord* +b’ = z*, whereb is a
fixed number andb is a prime number. In 2011, Suvarnaman, SingtaG@motchaisthit

[12] showed that Diophantine equatiofis+ 77 = z*> and 4* + 1¥ =z* have no solution
in non-negative integers. The following year, Chaisthit [3] showed that the

Diophantine equatiod” + p’ =z has no non-negative integer solution wheng and
Z are non-negative integers apdis a positive prime. In 2014, Sroysang [11] esthigld

that the Diophantine equatiof + 10 = z* has no non-negative integer solution where
X,y andz are non-negative integers. In 2016, SrisarakhanTémongmoon [10] solved

that the Diophantine equatiot8* + 84 = z* has a unique non-negative integer solution
(x,y,z) = (1, 0, 7) In 2018, Kumar, Gupta and Kishan [5] showed thatDiophantine

equations6l* + 67 =z> and 67 + 73 =z° have no solution wherg y,andz are
non-negative integers. In the same year, Lu [6g&tigated the equation of the form
q* +p’ =z® with g and p are primes. Particularly, Lu considered the eaqusti

3+p’ =z> where p=5modi12) and 3 +b =z where b=1(mod4) and
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p =5(mod 12 or p = 7(mod 12. In the next year, Burshtein [1] established some-
negative solutions for the Diophantine equat®nt+ p’ = z> wherep is an odd prime
number andx +y < 8. Later, [2] proved that the equati® + 9 =z* has no solution

whenx,y andz are positive integers by utilizing the last digifsthe powers8*, 9. In
2021, Moonchaisook [7] considered the non-linear opbantine equation

p* + (p +4" )y = z® has no solution wherp > 3,p + 4' are primes.

In this paper, we consider the Diophantine equaffo+n’ =z?, wheren =
1(mod 15) andx,y,z are non-negative integers. Here we will studytedlpossible causes
and we will use a quadratic residuerof

2. Preliminaries
Let p be an odd prime ana be a positive integer wheged (a, p) = 1. If the quadratic

congruencex’ = a(mod p) has a solution, thea is said to be quadratic residueof p.
Otherwise,a is calleda quadratic non-residue of p. In 1798 Adrien-Marie Legendre [9]

introduced the Legendre symt{o%} which is defined by

p -1 ;if a is a quadratic non -residue of p.

In this paper, using the following symbols;

(aJ _{ 1 . if a is a quadratic residue of p.

Lemma 2.1. The Diophantine equatiod + 1= z* has no non-negative integer solution
wherex andz are non-negative integers.

Proof: Let X and z are non-negative integers. ¥ =0, then z> =2, which is
impossible. Ifx =1, thenz® =5, which is impossible. Ik >1, then4* + 1=z*. Since

2 . .
4 = 1(mod3), thusz® =4 +1= 2(mod 3 but (5] =-1, this equation has no

solution.

Let n =1(mod 15. We getlS‘n -lorn-1=1% for some integerk . Get
n=1%+1= 3(% )+ 1= 58 }* :son =1(mod3)andn =1(mod5). In this paper,
we assume that is a hon-negative integer.

Lemma 2.2. Let n be a positive integer with = 1(mod 15). The Diophantine equation

1+n’ =Zz* has no non-negative integer solutiprand z .

Proof: Let y and z are non-negative integers amd be a positive integer with
n =1(mod 15 is clear than = 1(mod 3) andn = 1(mod 5). We divide it into two cases
as follows:

116



On the Diophantine Equatiori 4 n¥ = 22

Casel: if y =0, then2 =z is impossible.
Case2: if y =21, then1+n’ =Zz°. Sincen =1(mod 5), thusn’ =1(mod 5) and

2
7z =1+n’ =2(mod5 but(gJ =-1.

3. Main theorem
Theorem 3.1. Let n be a positive integer whene =1(mod15. The Diophantine

equation4* +n’ =z* has no non-negative integer solutiyy andz .
Proof: Let n be a positive integer where=1(mod 15, andx,y,z are non-negative

integers. We divide it into three cases as follows:
Case l: x =0, by Lemma 2.2, there is no non-negative integkrtien.
Case2: y =0, by Lemma 2.1, there is no non-negative integkrtien.

Case3: ifx 21 andy =1, then we consider two cases:
Case 3.1 x is even. We ge#* =1(mod5. Sincen =1(mod 5), thus

n¥ =1(mod 5). Thereforez® = 4 +n’ = 2(mod 5) but [éj =-1.
Case 3.2 x is odd. We ge#” = 1(mod 3). Sincen =1(mod 3), thus

n’ =1(mod 3). Thereforez’ = 4 +n’ = 2(mod 3, but (é] =-1.

Corollary 3.2. The Diophantine equatiod* + 138 =z* has no non-negative integer
solutionx andz.

Proof: Since136= 1(mod 15, by Theorem 3.1 the Diophantine equatitin+ 136 = z°
has no non-negative integer solution.

Corollary 3.3. Let n be a positive integer whene =1(mod 15,. The Diophantine
equation4* +n’ =u?*® has no non-negative integer solutiyy andu.

Proof: Let z =u""® then4* +nY =u®*® =z% n =1(mod 15, which has no solution by
Theorem 3.1.

4. Conclusion
In this paper, we discussed the Diophantine equatio+n’ =z* with n = 1(mod 15)

and x,y,z are non-negative integers. We used the quadratilue of n which

conclusion that Diophantine equatigh+n’ =z* has no non-negative integer solution
X,y andz.

AcknowledgementThe authors thank the reviewer for putting valuatdenarks and
comments on this paper.

117



WachirarakOrosram, Sasikarn Niratsrakd Arisa Sukkharin

Conflict of interest.The authors declare that they have no conflichterest.

Authors’ Contributions.All the authors contributed equally to this work.

1.

10.

11.

12.

REFERENCES

N.Burshtein, On solutions of the Diophantine equa* + p’ = z*, Annals of Pure
and Applied Mathematics, 19(2) (2019) 169-173.

N.Burshtein, On solutions of the Diophantine equa8* + 9 = z*> whenx,y,z are
Positive IntegersAnnals of Pure and Applied Mathematics, 20(2) (2019) 79-83.
S.Chotchaisthit, On the Diophantine equatidn+p’ =z* where p is a prime
number,Amer. J. Math. <ci., 1 (2012) 19£193.

T.Hadano, On the Diophantine equat@h+b’ =c*, Math. J. Okayama Univ., 19
(1976) 1-53.

S.Kumar, S.Gupta and H.Kishan, On the non-lineapbantine equatio61* + 67
=z* and67* + 73 =z, Annalsof Pure and Applied Mathematics, 18(1) (2018) 91-

94.
L.Lu, A Note on the Diophantine Equatiax + py =z2, Journal of Physics:

Conference Series, 1039 (2018) 012007

V.Moonchaisook, On the non-linear Diophantine eiuap” + (p +4" )y = z° where

p andp +4" are primesAnnals of Pure and Applied Mathematics, 23(2) (2021) 117-
121.

C.E.Pumnea and A.D.Nicoar, On a Diophantine eqoatfca* +b’ = z*, Educatia
Matematica, 4(2) (2008) 65-75.

K.Rosen, Elementary Number Theory and Its Applications. Addison-Wesley
Publishing, MA, 1986.

N.Srisarakham and M.Thongmoon, The solution of Dagine equatiod8 +
84 =z*, RMUTSB Acad. J., 4(2) (2016) 140-148.

B.Sroysang, More on the Diophantine equat®n+ 10 = z?, International Journal
of Pure and Applied Mathematics, 91(1) (2014) 135-138.

A.Suvarnaman, A.Singta and S.Chotchaisthit, Ondiephantine equatioft + 7/ =
z° and 4* + 17 =z*, Science and Technology RMUTT Journal, 1(1) (2011) 25-28.

118



