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Abstract. In this article, we solve the Diophantine equations (n + 2)* - 2.n¥ = Z and (n +
2 + 2.n¥ = Z, where x, y, z are non-negative integers and n is a positive integer with n=
2orn=3(mod 4).
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1. Introduction
In the past few years, many researchers have studied the Diophantine equations of the

form a* —b’ =z, where a,b are positive integers and x, y, z are non-negative integers
(seefor instance [1-11]).
Recently, Thongnak, Chuayjan and Kaewong [12] studied the Diophantine

equation 5* - 2[B” = z” and found that the equation has no non-negative integer solution.
In this paper, we will generdize their results by considering the Diophantine equation

(n+2)* -2 = 7%, where n is a positive integer with some conditions. Moreover, we
will solve the Diophantine equation (n+ 2)* + 2’ = 7°.

2. The Diophantine equation i + 2)' - 2nY =7
We begin this section by considering case n=2.

Theorem 2.1. The Diophantine equation 4* — 22" = 7 has the non-negative integer
solutions(x, y,2) O{ (r,2r =1,0):r 00} .

Proof: Let x,y and z be non-negative integers such that 4* —22Y = 7*. It implies that
(2= 2)(2* + 2) = 2"**. There exists a non-negative integer r such that 2*-z=2" and
2°+z=2"""" | Consequently, y+1>2r and 2*' =2"(2"""* +1) . Thus y+1-2r =0
and sox+1=r+1. Then y=2r -1 and x=r, respectively. Since y is a non-negative
integer and y=2r -1, weget r #0. Since x=r and 2*-z=2", we have z=0. Hence,
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(x,¥,2) D{(r,Zr -10):r DD} are al non-negative integer solutions of the Diophantine

equation4* - 22" = 7°.
Now, we consider casen =3(mod4) .

Theorem 2.2.Let n be a positive integer with n=3(mod4) . Then the Diophantine
equation(n+2)* — 2" = z* has no non-negative integer solution.

Proof: Assumethat x,y and z are non-negative integers such that (n+2)* -2’ = 2°.
Since n=3(mod4), itimpliesthat 2 = (n+2)* -2’ =1-2(-1)Y (mod4) .

Case 1:y iseven. Then 72 =1-2(1) =-1=3(mod4) .

Case 2:y isodd. Then z° =1-2(-1) =3(mod4) .

Both cases are impossible since z° =0,1(mod4) .

By Theorem 2.2, if n=3, then we have the result of Thongnak, Chuayjan and Kaewong
[12]:

Corollary 2.1. [12] The Diophantine equation 5* — 23’ = z* has no non-negative integer
solution.

Corollary 2.2. Letmand n be positive integers withn = 3 (mod4) . Then the Diophantine
equation(n+2)* — 2" = z*" has no non-negative integer solution.

Proof: Assumethat a,b and ¢ are non-negative integers such that (n+2)® — 2" =c¢*".
Then(x,y,2) =(a,b,c™) is a non-negative integer solution of the Diophantine equation
(n+2)* -2’ = Z°. This contradicts to Theorem 2.2.

3. The Diophantine equation § + 2)* + 2n¥ =7

We begin this section by considering case n=2.

Theorem 3.1. The Diophantine equation 4* + 22" = 7> has the non-negative integer
solutions (X, Y, z)D{(r -12r,32Y:r DD} .

Proof: Let x,y and z be non-negative integers such that 4* + 2[2Y = Z*. It implies that
(z-2")(z+2")=2"". There exists a non-negative integer r such that z—2*=2" and
z+2° =2 Thusy+1>2r and 2" =2"(2"**"*" -1) . Consequently, 2"*"* -1=1 and
x+1=r.Then y=2r and x=r -1, respectively. Since x is a non-negative integer, we
get r#0. Since z-2*=2" and x=r -1, we obtain that z=2"+2""=3[2"". Hence,
(%Y, Z)D{(r -12r,32""):r DD} are al non-negative integer solutions of the

Diophantine equation 4* + 2[2¥ = 7°.
Now, we consider casen =3 (mod4) .
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Theorem 3.2.Let n be a positive integer with n=3(mod4) . Then the Diophantine
equation (n+2)* + 2’ = z° has no non-negative integer solution.

Proof: Assumethat x,y and z are non-negative integers such that (n+2)* +2m’ = 7°.
Since n=3(mod4) , itimpliesthat 2 =(n+2)* + 2’ =1+ 2(-1)’ (mod4).

Case 1:y iseven. Then z° =1+2(1) =3(mod4) .

Case 2:y isodd. Then z° =1+ 2(-1) =-1=3(mod4).

Both cases are impossible since 72 =0,1(mod4) .

By Theorem 3.2, we have the following corollaries:

Corollary 3.1. The Diophantine equation 5* +2[3¥ = zZ> has no non-negative integer
solution.

Corollary 3.2. Letmand n be positive integers withn = 3 (mod4) . Then the Diophantine
equation(n+2)* + 2[hY = z*™ has no non-negative integer solution.

Proof: Assumethat a,b and ¢ are non-negative integers such that (n+2)® + 2[m° =c".
Then(x,y,2) =(a,b,c™) is a non-negative integer solution of the Diophantine equation
(n+2)* +2[MY = Z*. This contradicts to Theorem 3.2.

4. Conclusion
In this work, using elementary methods, we investigated non-negative integer solutions

of the Diophantine equations (n+2)* -2’ =z*and (n+2)* +2M’ =7°, where n is a
positive integer with n=2or n=3(mod4) . Nevertheless, the Diophantine equations on
the other case remain an open problem.

Acknowledgements. The author would like to thank reviewers for careful reading of this
manuscript and the useful comments. This work was supported by Research and
Development Institute and Faculty of Science and Technology, Thepsatri Rajabhat
University, Thailand.

Conflict of interest. The paper is written by single author so there is no conflict of
interest.

Authors’ Contributions. It isasingle author paper. So, full credit goesto the author.
REFERENCES

1. N.Burshtein, All the solutions of the Diophantine equations (p+1)* - p¥ =z and
p’ - (p+1)* =z*when pis prime and x+y=2,34, Annals of Pure and Applied
Mathematics, 19(1) (2019) 53-57.

21



10.

11.

12.

Suton Tadee

N.Burshtein, A short note on solutions of the Diophantine equations 6* +11’ = z*and
6* —11' = Z%in positive integers x,y, z, Annals of Pure and Applied Mathematics,
19(2) (2019) 55-56.

N.Burshtein, All the solutions of the Diophantine equations p*+ p’ =2 and
p* - p’ =zZ°when p=2 is prime, Annals of Pure and Applied Mathematics, 19(2)
(2019) 111-119.

N.Burshtein, All the solutions of the Diophantine equations 13“-5'=27° ,
19" -5’ = Z*in positive integers x,y,z, Annals of Pure and Applied Mathematics,
22(2) (2020) 93-96.

A.Elshahed and H.Kamarulhaili, On the Diophantine equation (4")*-p’ =7,
WSEAS Transactions on Mathematics, 19 (2020) 349-352.

W.Orosram and A.Unchai, On the Diophantine equation 2°™ — p¥ = z°, where p isa
prime, International Journal of Mathematics and Computer Science, 17(1) (2022)
447-451.

S.Tadee, On the Diophantine equation (p+6)* — p¥ =z where pis a prime number
with p=1(mod28), Journal of Mathematics and Informatics, 23 (2022) 51-54.

STadee and N.Laomalaw, On the Diophantine equations n*-n’=27* and
2* - p’ =7*, Phranakhon Rajabhat Research Journal (Science and Technology),
17(1) (2022) 10-16.

S.Thongnak, W.Chuayjan and T.Kaeswong, On The exponentia Diophantine equation
2* -3 = 72, Southeast-Asian Journal of Sciences, 7(1) (2019) 1-4.

S.Thongnak, W.Chuayjan and T.Kaewong, The solution of the exponentia
Diophantine equation 7*-5' =z, Mathematical Journal by The Mathematical
Association of Thailand Under The Patronage of His Majesty The King, 66(703)
(2021) 62-67.

S.Thongnak, W.Chuayjan and T.K aewong, On the Diophantine equation 7* - 2¥ = 7°
where X,y and z are non-negative integers, Annals of Pure and Applied Mathematics,
25(2) (2022) 63-66.

S.Thongnak, W.Chuayjan and T.Kaewong, On the exponential Diophantine equation
5 - 2[® =Zz*, Annals of Pure and Applied Mathematics, 25(2) (2022) 109-112.

22



