Annals of Pure and Applied Mathematics
Vol. 28, No. 1, 2023, 29-34 Annals of

ISSN: 2279-087X (P), 2279-0888(online) H
Published on 30 September 2023 Pure and App"Ed

www.researchmathsci.org =
DOI: http://dx.doi.org/10.22457/apam.v28n1a06917 Mathematlcs

A Ramsey Problem Related to Butterfly Graph vs. Sma
Paths andCs

C.J. Jayawardene'” and B.L. Samarasekara®

Department of Mathematics, University of Colomba,l%nka
Zemail: lilanthi@cmb.ac.lk
"Corresponding authoremail: ¢ jayawardene@maths.cmb.ac.lk

Received 17 August 2023; accepted 28 September 2023

Abstract. A graph on five vertices consisting of 2 copieshs cycle grapl€s sharing a
common vertex is called the Butterfly gra).(The smallest natural number s such that
any two-colouring (say red and blue) of the eddds;;ghas a copy of a re8 or a blueG

is called the multipartite Ramsey number of Bulyedgraph versus G. This number is
denoted bymy(B,G). In this paper, we find the exact values ipfB,G) whenj >2 andG
represents any small path or else three cycles.
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1. Introduction

In this paper, we concentrate on simple graphstHeetomplete multipartite graph having
j uniform sets of size be denoted b¥Kxs. Given two graphs$s andH, we say that
Kn- (G, H) if Ky is coloured by two colours, red and blue, anaittains a copy d& (in
the first color red) or a copy ¢f (in the second color blue). Regarding this notatiea
define the Ramsey number r(n,m) as the smallesg@éntN, such akn - (Kn, Km). As of
today, beyond the case= 5, almost nothing significant is known with regiao diagonal
classical Ramsey numbgin,n) (see [8] for a survey). Burger and Vuuren (sdgJere
honoured for introducing and developing a branciRamsey numbers known as size
multipartite Ramsey numbers. The size multipafitensey numbem(B,G), which is a
generalization of the much celebrated Ramsey numbdrased on exploring the two
colourings of multipartite graphKjxs instead of the complete graph. Formally, we
define size multipartite Ramsey number as the sstalhatural numbes such that
Kixs = (Kn, Km).

In the last 14 years, many research papers have fagsished on the Ramsey
number for different pairs of graphs. [2,3,4,6]. M&of [5,7], focuses on the multipartite
Ramsey numbers for graghversus grapid whereH is any isolated vertex free simple
graph on four vertices and gra@hrefers to either &;, aCa. In this paper we find exact
the values fom(B,G) whenj >2 andG represents any small path or else a 3 cycle.
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G= P, Ps Pa Cs
=3 2 2 3 0
=4 2 2 2 0
=5 1 1 2 oo
=6 1 1 2 2
=7 1 1 1 2
=8 1 1 1 2
>9 1 1 1 1

2. Notation

Given a graplG=G(V,E) theorder of the graph is denoted bBy({5)| and thesizeof the
graph is denoted b#(G)|. For a vertex of a graphG, the neighborhood of denoted by
N(v) is defined as the set of vertices adjacent teurthermore, the cardinality of this set,
denotedd(v), is defined as the degreév. In a Butterfly graptB, the vertex of degree 4
is defined as the center of the Butterfly gr&@ Ve say that a graghis ak regular graph

if d(v) =k for all vIV(G). LetNg(V) (N&(V)) be the set of vertices adjacent/ia red(blue).
Then the cardinality of this set is denoteddegk(v) (deg(v)). Denote thg partite sets of
Kixsby V1, Vs, ... V. LetKjxs= Hr @Hgdenote a red and blue coloringkgts whereHr
consists of the red graph and whEkgonsists of the blue graph, having vertex setslequa
to V(Kjxs). Suppose that a vertede V(K;xs) of Hr(or Hg) belonging to the partite s¥tis
such that it is incident td,i»,...,ij-1 vertices of each of the remainifidl partite sets
respectively. Then, we say that vertelas aig,iz,...,ij-1) red (or blue) split itHr (or Hg)
provided that:> i, >iz>.. > ij-1.. Moreover if there exists, kz,.... k-1 such thati> k;, i>>

ko, i2> ks, ... i-1>Ki-1 andki > ko > ka>.. > k-1, then we say that contains aky,ko,...,k-1)
red (or blue) split itHr (or Hg).

3. Size Ramsey numbers fom; (B,P2) and m; (B,Ps)
Theorem3.1.1f j > 3, then

2 if jO{3,4}
m, (B, B) = :
1 otherwise
Proof of Theorem 3.1:The proof is trivial and is left for the reader.
Theorem 3.2.If j > 3, then
2 if jO{3,4}
m;(B B) ={

1 otherwise

Proof of Theorem 3.2: Consider the red-blue coloring #%x> = Hr @Hs where Hg
consists of three independent blue edges\,2), (V2,1,v32) and {1,2,vs1). ThenHg will
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consist of the following diagrarihus,Ksx2has neither a bluBsnor a redB. Therefore,
ms(B,Ps) > 3.

11 U2 v31

U192 v

-
o

Figure 3.1: TheHr graph

Next to showns(B,Ps) < 3, consider any red/blue coloring givenKys= Hr @ Hg such
thatHrcontains no re8 andHg contains no blu®s. In order to avoid a blue; all vertices
must have blue degree at most equal to 1. Th#itisrdices must have red degree at least
equal to 5. Sinc&asxshas odd number of verticesthout loss of generality, we may
assume that; 1 has red degree 6. However,degr(V2,1) >5 anddegk(v2,2) >5, there will

be a red R, induced byw- U Vs. Thus, we will get a reB, a contradiction. Therefore,
ms(B,Ps) = 3.

As, r(B,Ps) =5, (see [4]) we gatu(B,Ps) > 2. Next to showmu(B,Ps) < 2, consider
any red/blue coloring given Bux>= Hr @ Hg, such thaHrcontains no red® andHs
contains no blu@s. In order to avoid a blues all vertices must have blue degree at most
equal to 1. That is all vertices must have red elegt least equal to 5. Suppose thats
adjacent in red to all vertices BE{Vv21, V22, Va1, Va2, Va,1}. But then in order to avoid a
redB induced by{vi1, V21, V2.2, Va1, Va2, Va1, U must not contain a redkz. That is,U
must contain a bluk; ,, a contradiction. Thereforenu(B,P3) = 2.

As, r(B,Ps) =5, we gem(B, Ps) = 1 forj > 5.
Theorem 3.3.If j > 3,then
o j[{3,4,5}
m(B G) =1 2 jO{6,7,8}
1 otherwise

Proof of Theorem 3.3:(B,C3) = sincem(Cs,Cs) =« forj € {3,4,5} andCsis a subgraph
of B (See [5]).

Next consider the case {6,7,8}. First consider a red/blue coloringkdx, given byKexz
= Hr @ Hg, such thaHrcontains no re@ andHs contains no blu€s. As mg(Cs,Cs) = 1,
the induced subgraphl; whereV (Hi) = {vi1: i € {1,2,..,6} } has a redCs; say
V1,1,V2,1,V31,V1,1. Denote this re@s; by A;. Similarly the induced subgrapty whereV (Hy)
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={vs,1} U{vi2:i €{1,2,4,5,6}} has a reds(sayA,). If vaiis a vertex oAz thenKex2has
a redB, a contradiction. Otherwise, we get the followingetihcases.

Case 1:None of the vertices df.belong to the partite se¥s,Va,Va.
Case 2 Two of the vertices of\; belong to two of the partite se¥s, Vz,Vs.

Case 3:0nly one of the vertices @& belong to one of the partite s&tgV>,Vs.

Figure 3.2: The three cases

In each of these cases first consider the induabdraphH such thaH consists
of six verticesvi,vz,...,ve Where no two vertices of{,v»,...,vs} belong to the same partite
setandyf (A) NV (H)| = 1 for eaclie {1,2}. Due to the absence of a biGgandmg(Cs;,Cs)
=1,H has are@s(sayAs). If V(As) NV (A1) #0 orV (As) NV (Az) # @ thenKexzhas a
redB, a contradiction.

Otherwise, consider the induced subgrifaleonsisting of the six verticas,us,
... ,Uswhere no two vertices ofuf,u,, ...,Us} belong to the same partite set audA)NV
(Hy)| = 2 for each € {1,2,3}. Hihas a re€zdue to the absence of a blogandms(Cs,Cs)
= 1. This redCsalong with one of thé wherei € {1,2,3} forms a red3, a contradiction.
Thereforems(B,Cs) < 2.

As, r(B,Cs) =9, (see [4]) we getng(B,Cs) >2.

Therefore, Z mg(B,Cs) < my(B,Cs) < ms(B,Cs) < 2, gives usn(B,Cs) = 2 forj € {6,7,8}.
Finally, asr(B,Cs) =9, (see [4]) we getny(B,Cs) =1 if j >9. O

Theorem 3.4.If j > 3, then

3 j=3
m (B R) =1 2 j0{4,5,6}
1 otherwise

Proof of Theorem 3.4:my(B,P,) > 3. sincamns(B,Ps) = 3 by theorem 2.
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Next to showmg(B,P4) < 3, consider any red/blue coloring Kixsgiven byKsxs= Hr P
Hs, such thatHgr contains no red and Hg contains no blud®s. By the theorem 2 as
mg(B,P3)=3, we get that there exists a bRe

Case 1:There exists a bluesthat lies in three partite sets.

Without loss of generality, assume that this HRigecomprises of\i 1,v21) and
(v2,1,v3,1) blue edges. But then in order #x3 not to have a bluBs, (Va,1,V1,2), (V3,1,V1,3),
(va,1,v2,2) and {/3.1,v2.3) have to be red edges. Next W#{ vi 2,V1,3V2,2,V2,3,V3,1} hot to induce
a redB, Wwill be forced to contain a blus, belonging td/; andV.. Thus, this case leads
to the following case 2.

Case 2:There exists a bluesthat lies in two partite sets.

Without loss of generality, assume that this Bgeomprises of\ 1,v21) and (
Vi1, V2,2) blue edges. But then in order #4x3 not to have a bluBas, {v2,1,v2,2 will have
to be adjacent to all vertices @h={vi2,Vv13Vs1,Va2Vas in red. In order forWw; not to
induce a blud?,, without loss of generality we may assume that;,\.1) is a red edge.
But then in order to avoid a r&linduced byW,U{ V2 1}, (V13 V32 and {13, Va3 are blue
edges. In addition, in order to avoid blRg given byvs, vi3Vvs 3 V12 the edgevg s Vi o)
are a red edge. But them{,v2.1,v2,2,V3 1,va 3} Will induce a redB consisting of the two red
trianglevi 2,2 2,va 1,Vi 2andvi 2,V2.1,Va 3, V1 2With vi 2 as the center vertex, a contradiction.

Thus,m(B,Ps) < 3. Thereforems(B,Ps) = 3.

As r(B,Ps) = 7, (see [4]) we gats(B, Ps) > 2. To showu(B, Ps) < 2, consider
Kaxz with any red/blue coloring. Assuni&x; has neither a reB nor a blueP.. Since
mu(B,Ps) = 2 andKax2 has no red, it has a blués.

Case 1:There exists a bluesthat lies in two partite sets

Let the bluePsbevi i, 21, Va2 As there is no blu®, all vertices inVsUV4U{ 22} are
adjacent in red to both 1andvi 2. As there is no reB the red graph induced y={ -,

Va1, Va2, Va1,Va2 } has no red R, Then any connected components in the graph imduce
by H is equal to &, K2, Ps, K3, K1,3 0r Ky,4. Also the induced red graph ldfcan contain

at most one connected component having one or radredges. In both these situations
the blue graph induced by has a blu€s, a contradiction.

Case 2:There exists a bluBsthat lies in three partite sets.

Let the bludPsbevi 1, V21, Va1, AS there is no bluB, all vertices in §2: 10{2,3,4}} U{va,1}
are adjacent in red tg1andall vertices in {2 : 1 [0{1,2,4}} U{va1} are adjacent in red to
vs1. However, by the elimination of case 1, eithey,{s1) or (Vs2Va2) must be red.
Without loss of generality assume thatz(,v4.1) is red. In order to avoid a ré&with vy 1
as the centeryv{.Vva2) must be blue. But then, in order to avoid cas@~k,va1) is red.
Next in order to avoid a redl with vi1; as the centery{ Va2 must be blue and in order
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to avoid a re® with vs 1 as the centery{ Va2 must be blue. However, as there is no blue
Pa, (V12,V2.2), (V2,2,V32) and {12,vs2) must all be red. This gives us a Bavith v» > as the
center, a contradiction. Thereforay(B,P,) < 2.

As 2<mg(B, Ps) <ms(B, Ps) < mu(B, Ps) <2 we getm(B, Ps) = 2 forj e {4,5.6}.
Finally, asr(B,Ps) =7 we getm(B, Ps) =1 ifj >7.
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