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Abstract. Let Cj, and Py, respectively denote a cycle and a path on k vertices. In this paper,
we give necessary and sufficient conditions for the existence of (k; p, q)-decomposition of
K, ¢+ when k is prime.
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1. Introduction

Here, we consider finite undirected simple graphs. Let Ky, ,,  » denote a complete r-
partite graph with part sizes nin,,...,n, where each n; > 0 is an integer. A partition of a
graph G into edge-disjoint subgraphs G, G5, G3, ..., G, such that their union gives G is
called a decomposition of G. Let C;, and P, respectively denote a cycle and a path on &
vertices. They are also called k-cycle and k-path, respectively. We say that the complete
tripartite graph K, - has a {Cy, Py },, 4- decomposition of K. s ; if K, 5, can be decomposed
into p copies of C;, and q copies of P, for all possible values of p and q. Throughout this
paper, the partite sets of the complete tripartite graph K, s with 1<r <s <t, are
assumed to be {a,ay,...,a,}, {by, by,..., bs} and {cy, ¢y, ..., ¢ }. The problem of finding
necessary and sufficient conditions to decompose complete bipartite graphs into k-cycles
was solved by Sotteau[14]. Cavenagh[5] has shown that K,;, ;,, ,, can be decomposed into
k-cycles if and only if k < 3m and k divides 3m?. Billington [2] gave necessary and
sufficient conditions for the existence of a decomposition of any complete tripartite graph
into 3-cycles and 4-cycles. Mahmoodian and Mirzakhani [11] proved the existence ofa Cs-
decomposition of K, ;. whenever the necessary conditions are satisfied and two of the
partite sets have equal size, except when r = s = 0(mod 5) and t = 0(mod 5). The
authors of [1,3,6,7] also studied this problem. Billington, et al. [4] gave necessary and
sufficient conditions for the existence of path and cycle decomposition of complete
equipartite graphs with 3 and 5 parts. Jeevadoss and Muthusamy [9] gave necessary and
sufficient conditions for the existence of {Py.1, Cx}p q- decomposition of Ky, , and K,

"“] for k = 0(mod4) and when m,n > 2k for k = 2(mod4).

k
when m=>-, n>|—
2’ 2
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Ganeshmurthy and Paulraja [8] gave necessary dficiesut conditions for the existence
of a complete{Cs, Cs}-decomposition oK, ;, ., a < b < c. Priyadarsini and Muthusamy
[13] proved the existence of decompositionkpf; . into paths and cycles of length 3.
Manikandan and Paulraja [12] gave necessary affigisnf conditions for the existence
of C,-decomposition of some regular graphs.

In this paper, we study the existence{6f, P }-decomposition ok, ¢;, so we
abbreviate the notation &8%; p, g)-decomposition. The obvious necessary condition for
such existence B(p + q) = |E(G)|. We only consider cases where the vertices rdg an
are of even degree in which the cgse 1 is also obvious, since the endpoints of a single
path in the decomposition would have to have odgtede Hence, all the vertex degrees
are even ang # 1. We prove thak, ¢ . has ak; p, q)- decomposition where at least any
two of the partite sets are divisible by k when k is prime. LetK, . . be the complete
tripartite graph with parts r, s and t, where {a,,a,,as,...,a,}, s = {by,b,,bs,..., bs}
andt = {c;, ¢y, C3,...,Ce}.

To prove our results, we state the following:

Theorem 1.([12]). For any primep > 11, m > 3, C,|K, * K, if and only ifn(m — 1)
is even angh|m(m — 1)n2.

2. (k; p, 9)-decomposition ofK,. s, whenk > 5 is prime

In this section we investigate the existence(kfp, qg) —decomposition of complete
tripartite graph whek > 5 is prime.

Let (@1b1¢1¢k-1)/201) and P(bycibyczcpe11y/2) Tespectively denote the cyof and
pathP, of length k.

Construction 1. Let C, andCg be two cycles of length k, where
Ca = (albi+(k—l) azCjy10a3 bi+(k—(l—1))- . arbiC]’. .. Cj+k_(k—(22r+1))a1>

and
Cﬁ =

(alb(i+1)+(k—l)aZC(j+1)+la3 bi+1)+k-(1-1))- - - ArDi+1Cjt1--- C(j+1)+k_(k—(2r+1))a1>-
2

C, U CB =P, U PB

where

Pp=7P (bi+(k—z)a1b(i+1)+(k—z)azCj+za3bi+(k—(z—1))---arbiCj---Cj+k_(k—(2r+1))>
2

and
PB =

p (bi+(k—l)a2C(j+1)+la3 bi+iy+(k=-1))- - ArDis1Ci41--- C(j+1)+k_<k—(22r+1))a1Cj+k_(k—(22r+1))>

Construction 2. The complete bipartite grapfi , can be decomposed into k copie®pf
whenk > 5 is prime as follows:
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2
addition with the subscripts are taken modulo k.

P (bicjbi+1Cj+(k-1)bi+zcj+(k-z)bi+3---bi+(u)cj+(u)) fori=j={12,...,k}, where
2

Construction 3. The complete bipartite grapty, can be decomposed inRy when at
least one of s, t is even and divisible by k. i sven and t is divisible by k, then we have

p (bicjbi+1cj+1bi+zcj+2- . Cj+(ﬂ)bi+(%)cj+(k—1)>

2
foriisodd,j=1,k+1,2k+1,3k+1,..and iis evenj = %32—“ 5"2—“ %

wherel <i<s,1<j<t and addition with the subscripts i, j are takeodmlo s, t
respectively. Hence we ge(i) copies ofP,. Similarly, if t is even, then we have
P (Cjbicj+1bi+lcj+2bi+2"'bi+(%)cj+(%)bi+(k—l)) for ]IS Odd, L= 1, k+ 1, 2k +

.. . k+1 3k+1 5k+1 7k+1 , ,
1,3k+1,..and jis evenj = T wherel <i<s,1<j<tand

addition with the subscripts i, j are taken modsild respectively.

Lemma 1 If k, r, s, t be positive integers such that, t = 0(mod k), andk > 5 is prime,
then the complete tripartite grafgh; . withr < s < t, has(k; p, q)- decomposition.
Proof: Let r =s =t = 0(mod k), then the graplk,,, can be decomposed into

2
(i) Ky k k- The graphX; . , can be decomposed infp by Theorem 1. By Construction

1, we get 3k copies df. Lets = t, then the grapK, ; ; can be decomposed into

T S S S T
(5) ) K v (3) G = 5) K
Lets < t, then the grapK, ;. can be decomposed into
Kr,s,s U Kr,t—s U Ks,t—s
where K, ,_s = (%) (’%S) Kex and Ky ;g = (%) (’%S) Kix- The graphK,, can be
decomposed intoP, by Construction 2. Hence the gragl);, has the desired
decomposition.

Lemma 2 If k, r, s, t andr’ be positive integers such that= r'(mod k), s,t=
0(mod k) andk = 5 is prime, then the complete tripartite grafh . withr < s < t, has
(k; p, g)- decomposition.

Proof. Case (i) r' is odd.

Subcase (@)r' < % Letr, s, t are all odd and= r’, then the graplk,., , can be
decomposed into k copies 6f as follows:
(@1Di4+(k-1)02Cj+103D 4 (- (1-1)) @aCj+ (1-1) A5 D4 (je—(1-2)) A6 Cj+(1-2) -+ Dit (k=1) @' ~1Cj41
a1 bi¢ibi 164 (k-1)Di+2Cj+(k-2)- -+ bi+(k—(22T+1))Cj+(k_(k—(22r+1)))a1)

fori =j=1{1,23,...,k} andl = r2;1 The remaining edges gi2e’ copies ofP, and we

have the following construction:
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P (cjblcj+1b2cj+2b3. .. cj+(%)b%) andP (b%cﬂ(%)b%cﬂ(%). .. cj_lbkcj>

forj = 0(mod 2) < k, where addition with the subscripts are taken mo#ulLets =t =
0(mod k), then the grapi,. ; ; can be decomposed into

() Ko (2) (= 1) e

Fors < t, the graptk,. ;, can be decomposed int6,’ s ; U K7 g, ,

WhereK, ¢ ._s can be decomposed w(ce—) Kr’+k2k V] (S k)( )Kkk

The graphX, ., ,;, can be decomposed ir2¢k + ') copies ofP, by Construction 3.
Letr = r' (mod k) ands = t, then the grapK, ; ; can be decomposed into

0 0202) () o

Fors < t, the graphX, ;. can be decomposed into

t—s (r+s)—(k+r")
Kr,s,sU(ZR)KIHr ZkU( k )( k )Kk,k-
If r, s and t are even, then the grdfy ¢ can be decomposed into

(D)0 () G~ 1) e 0 2 () (57) e

S t—s
Fors <t, Kyse=Kpss U (3)(5) Kiok U Krems:

WherekK, ._; can be decomposed im<(t_—s) copies ofP, by Construction 3.

Subcase (b): ' > E Letr, s, t are all odd. Ifk — 1) = 2(mod 4), then the graph

K, can be decomposed into

Kr’ (k+1)kk U ZK%'R.

The graphk,. ; - can be decomposed irﬂg,_(ﬂ)’s’s u 2( )Kk+1

2

The graphk, s ; can be decomposed inkg. ¢ ; U 2 (T;T’) (%) Ky k-

If r, s and t are all even, then the grdfl ; can be decomposed into

(i) Kr' (k+1) V) 2Kk+1 V) (i) (% - 1) Ky U2 (T;:,) (%) Ki k-

Fors < t, the graerrst can be decomposed into

Kpss U (5) Krrane 0 (50) () i U (2) (52) e
Hence the desired decomposition is obtained.
If (k — 1) = 0(mod 4), then the grapl(, , , can be decomposed into

Kr'—(%),k,k U ZK%,R'

The graph¥, ; ; can be decomposed irm?”’—(ﬂ),s,s U2 (%) K ¥'k. The graplk, 5 ; can

2

be decomposed int, ; ; U 2 (r;: ) (%) Kpcre-
If r, s and t are all even, then the grdfly ; can be decomposed into
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(D)Ko -(ezzy v 2K, U (3) (5= 1) K 02 (55) (7) Kie
Fors < t, the graplk, ;. can be decomposed into

K U (52) Ky U (50) () K U () (52) K

Hence the required decomposition is obtained.

Case (ii):r" is even.
Subcase (c)r' < % Either r, s, t are all odd or even af¥d— 1) = 0(mod 4), then the
graphk, ; ¢ can be decomposed into

() Kzt 0 () G = 1) Ko 0 2 () Kioaie 0 (F2) () i

If (k- 1) 2(mod4), then the graph k, 5 ; can be decomposed into

()00 0 () = 1)k 2 G e Z2D) ()

Fors < t, then the grapl, . can be decomposed into
Krss U Kyiprp—s U K(r+s)—(k+r’),t—s1

where Kk+r’,t—s = (tz__ks) Kk+r’,2k andK(r+s)—(k+T').t—S = (%) ( ) Kk fer

Subcase (d)Letr’ > E. Either all of r, s, t are odd or even, then thapdr

t+s (r+s)-r'"\ [t-s
Kr,s,t = Kr—r',ss ( )K ! ( & ) (T) Kk,k-
Hence obtained the required decompaosition.

Lemma 3.1fr, s, t ands’ be positive integers such that = 0(mod k), s = s'(mod k)
and k =5 is prime, then the complete tripartite grafih;, with r <s <t, has
(k; p,q) — decomposition.

Proof. Case (i) r, s, t are all odd. Let' is odd and # r + k, then the grapK,. ;. can be
decomposed into

Kr,s—(k+s’),s—(k+s’) U (t—(S—ikH"))) ((T+S)_k(k+5’)) Kk,k u (%) Kk,k+s’ u (tzik) Kk+s 2k

U K ts' 31
If s’ is even, then the grag{} ;. can be decomposed into

N
Kr,s—(2k+s’),s—(2k+s’) u (E) Kk,2k+s’ u Kr,t—(s—(2k+s’)) U Ks—(2k+s’),t—(s—(2k+s’)) U
Koks' t-

Case (ii):r, s, t are all even. Let is odd ands # r + k, thenk, 5, can be decomposed
into

Kr,s—(k+s’),s—(k+s’) U (t_(s_;k-'-S,))) ((T+S)_k(k+5’)) Ky U (%) Kk,k+s’ U (i) Kk+s’,2k'

If s” is even, then the grag. ;. can be decomposed into

r s—(2k+s")\ [t—(s—(2k+s"))
Kr,s—(2k+s’),s—(2k+s’) u (E) Kk,2k+s' u Kr,t—(s—(2k+s')) U ( & ) ( & )Kk,k

U Kokss' e
By using Construction 1, 2 and 3, the graigh, . has the required decomposition.
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Lemmad Ifk,r, s, tand’ be positive integers such that = 0(mod k), t = t'(mod k)
andk > 5, is prime, then the complete tripartite grafyly  withr < s < t, has(k; p, q) —
decomposition.
Proof. Either all of r, s and t are odd or even antls + k. If t' is odd, then the graph
K, s+ can be decomposed into

r+s

r+s\ ((t—s)—(k+t")
Krss U () Kisere 0 () (772 K
If t" is even, then the grapf ;. can be decomposed into
r+s r+s

r+s\ ((t—s)—(2k+t")
Krss U (50) Kigesrr-1 U (50) Kiern U (52) (F552) Ki
By using Construction 1, 2 and 3, the graiff ; has the required decomposition.

Main Theorem. Let p and q be non negative integers and lgttrpe positive integers.
The complete tripartite grapki.;, with r < s < ¢, has(k;p, q)- decomposition when
k = 5isprimeifandifk(p + q) = rs + st +tr,q # 1. These necessary conditions are
sufficient when at least any two of the parts avésible by k.

Proof: This follows from the Lemmas 1, 2, 3 and 4.

3. Conclusion

The objective of this manuscript is to find the @®position of complete tripartite graphs
into cycles and paths for all possible values ahd q when k 5 is prime. | find the
necessary conditions for such existence and alseedrthese necessary conditions are
sufficient when at least any two of the partsdivsible by k.
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