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1. Introduction

Complex analysis is one of the major disciplinesvadays due to its numerous
applications not just in mathematical science,absv in other fields of study. Among the
other disciplines, geometric function theory isimniguing area of complex analysis that
involves the geometrical characteristics of anehftfunctions. It has been observed that
this area is crucial to applied mathematics, paldity in fields like engineering,
electronics, nonlinear integrable system theonyidfldynamics, modern mathematical
physics, partial differential equation theory, efithe foundation of function theory is the
theory of univalent functions, and as a consequehits wide application, new fields of
research have emerged with a variety of fascinagsglts. Below, in the first section, we
briefly discuss the basics of function theory, whiwill help in understanding the
terminology used in our results.

Let A denote the class of functiorfs of the form

f(z)=z+> a,z" (1)
n=2
which are analytic in the open unit disk = {z € C: |z| < 1}

A function f in the classA is said to be in the clasT (a) of starlike functions
of orderdin E, if it satisfy the inequality
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Re{m}nr, (0=sa<l, (zOE) (2)
f(2)

Note that ST (0) = ST is the class of starlike functions.
Denote by T the subclass #&f consisting of functiong of the form

f(z)=z—iahz” (a,=0). (3)

This subclass was introduced and extensivelyietiuoy Silverman [15].

A function f(z) is uniformly convex (uniformly starlike) il if f(z) is inCV (ST) and
has the property that for every circular @rcontained irlJ, with centeg also inU, the
arc f(y) is convex (starlike) with respect #(¢). The class of uniformly convex

functions denoted b¥/CV and the class of uniformly starlike functions B§T (for
details see [5,6]). It is well known from [10, 18t

28]l 20
f'(2) f'(2)

In [13], Ronning introduced a new class of starfikections related t&/CV and defined

as
'@ _| /2@
f(2) f(2)

Note thatf (z) € UCV & Z'(2)0S,.

Further Ronning generalized the cle&;s by introducing a parameter, -1<a <1,

4'(z) <Oe z'(2) —u
f(2) | f(2)

Cho and Srivastava [4] introduced the linear oper&l}' f (z) : A— A by

f JUCV <

fOS, <

p

fOS,(a) =

() =2+Y @A maz —1 <1< Landm € Ny ={012...} @)
n=2
n+A\"
h Am= —— 5
where ¢(4,m) (1”'} 5)

Special cases of this operator include the Uradgattl Somanatha operator in the case
A =1, [19], and forA =0, the operatoil}' reduces to to well-known Salagean operator

introduced by Salagean [14].
Inspired by the earlier works (see [1,2,3,7,8,11,82]), we define the class as follows:

Definition 1.1. The function f (z) of the form (1) is in the classS;" (1, . <) if it

satisfies the inequality
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z(0p f (z))'
e
(- p)z+ U (2)

z(DTf(z)),
‘ (- p)z+ 1} £ (2)

—yp>¢

for Os <1, 0< yslandczo’—l <A<1l,andme N, =1{012..}
Further we defineTS;' (4, y,¢) =S, (4, y,¢)n T.

The aim of this paper is to study the coefficieotinds, radii of close-to-convex,
starlikeness, and convex linear combinations fer fiinctions in TS;" (4, y/, <) -

2. Coefficient estimates
Theorem 2.1.A functionf(2) of the form (1) is inS;' (4, ¥, <)

fj[n(1+c) —u(y+¢)] g (A, m)a|<1-y (6)

n=2
whereO< /<1, 0<y<1¢=0 and@(A,m) is given by (5).
Proof: It suffices to show that

‘ z(07f (2) s z(071 (2) )
‘(1— H)z+ Tt (2) (- p)z+ py f (2)

We have

¢

I I

‘ z(07 £ (2) s z(07f (2)) )
‘(1— H)z+ i} (2) (1~ p)z+ pi} £ (2)

¢

‘ Z(Dj”f(z))’ )
‘(1— )2+ 4} £ (2)

<(1+¢)

> (n- @A ma,|2™
< (L+¢)=—

1- X ug(A.m)a, |2
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> (n- @A ma,)
< (L+¢)=2—

1-3 g ()|

The last expression is bounded above(by y) if

[

2 [n@+¢)—u(y+o)] g(Ama|<1-y

n=2
and the proof is complete.

Theorem 2.2. Let 0< <1, 0<y<land¢=0 then afunctiorf of the form (1.3)
to be in the clas3S;' (4, y,¢) if and only if

S I+ ¢) ~(y+0)] g (h,m)<1-y @

n=2
where (A, m) are given by (5)
Proof:  In view of Theorem 2.1, we need only to proverkeessity. If
f OTS]' (1, y,¢) andzis real then
(- g (A .m)a,z"
- —y>6E—
1= 3 pg (A, m)a, 2" 1- % ug (4 mp, 2"

Letting z- 1 along the real axis, we obtain the desired inkiyu
2. [n+¢)-u(y+4)] @A m)a|<1-y,

n=2

where0< /<1, 0<y<1¢=0 andg(A,m) are given by (5).

1-3 ng (A,m)a z"*
Re; —n=

Corollary 2.1. If f(2 O TS;'(4,y,<), then
< 17y
[N +¢) = u(y + )lg (A, m)

a| ®)
where0< <1, 0<sy<1¢=0 andg(A, m) are given by (5). Equality holds for
the function

_ 1y :
f(2)=2z-
O o nromm - ©)
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Theorem 2.3. Let f,(2) =z and

f(2)=z- 1y Z", n>2. (10)
[N+¢) = u(y+ )@ (A m)

Then f(2) O TS]'(4, y, <), if and only if it can be expressed in the form

{2 =S w2, w203 w =1 (1)
Proof: SL_leposef(z) can be C\;;itten asin (11). Then
N 1-y "
f(2=z-)> w, z'.
Z;‘ [n(L+¢) - u(y + g (A, m)
Now, o, LNAE )= (D @m) S g g
2 -Y)InA+¢)-uy+Dip(Am) =
Thus (2 O TS (14, y.¢)-
Conversely, let us havd(z2) O TS} (4, y,¢).Then by using (8), we get
w. =+ 6) ~ ply +1)g (4, m)

A a, ,nx2
1=
and w =1-) w,.Then we have f(z)=) w,f (2) and hence this
n=2 n=1

completes the proof of Theorem.

Theorem 2.4. The classTS;' (4, y, <) is a convex set.
Proof: Let the function

f(=z->a,,2", a,,20,j=12 (12)
n=2
be in the clas3S;" (1, y,¢) . It sufficient to show that the functidn(z) defined by
h(2) =€, +U-E),(2) , 0<E<1,
is in the classTS' (4, y,¢) . Since
h(2)=2z-3[éa,+1-&)a,, |2"
n=2

An easy compution with the aid of of Theorem 2ig2eg

>[N+ 6) -y + NERU M, +3[01+ )4y +€)] A= g mha,

S¢1-+1-$)A-y)
<@-y,
which implies thath OTS} (1, y,¢).
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Hence TS]'(1, y,¢) is convex.

3. Radii of close-to-convexity and starlikeness
Next we obtain the radii of close—to-convexity rik@ness and convexity for the class

TS (U, v:6) -

Theorem 3.1.Let the function f (z) defined by (3) belong to the cla¥s; (1, y,¢)
Then f(2)

is close-to-convex of orded (0< J <1) in the disc |Z| <r,, where

w Ha

(1-9), [+ ¢)~p(y + &)l (A, m)

r. =inf n=2 , h=2. 13
I @) )

The result is sharp, with the extremal functidn(z) is given by (10)
Proof: Given f T, and f is close-to-convex of orded , we have

1f'(29-1<1-0 (14)
For the left hand side of (14) we have

@13 na /"
n=2

The last expression is less thdr &

n=2

Using the fact, thaf(2) O TS;'(4, y, <) if and only if

i [ +¢)— uly+9)lu(Am
n=2 (1_ y)

We can (14) is true if
LN [n@+¢) — u(y+ la(A m)
1-0 1-y)

or, equivalently,

s {(1-5)[n(1+c)-ﬂ(y+ c)m(/l,m)}%'l

n(l-y)
which completes the proof.

a, <1,

Theorem 3.2.Let the function f (z) defined by (3) belong to the cla3S) (1, y,¢)
Then f(2)
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is starlike of order of orded (0< d <1) in the disc |Z| <r,, where

o Hoa
(1-9)2. [n(+¢) ~u(y + €)1 (A, m)
r, =inf n=g

(1-3)a-)

The result is sharp, with extremal functioh(z) is given by (2.5).
Proof: Given f 0T, and f is starlike of orderd, we have

42 _ <1-0
f(2)

For the left hand side of (16 ), we have
' 0 n-1
#'(2) _1‘< (n-1)a, |7
f(z - n= . n-1
W Fryal
n=2

The last expression is less than

i—z _gan|z|n_l <1.Using the fact thaf(z) O TSj“(,u, y,¢) if and if
n=2 +7

i [n(L+¢) = u(y+9)la (A, m)
n=2 (1— y)

We can say (16) is true if

§ =01 [+ Q)= iy + QlgAum

a, <1,

n=2 1-0 (1_ y)

or equilently

o < A=A+ 6) =y + g ()
(n=9)A-y)

which yields the starlikeness of the family.

4. Integral means inequalities
2

(15)

(16)

In [16], Silverman found that the functiofy (z) = Z_% is often extremal over the family

T . He applied this function to resolve his intégnaans inequality conjectured [16] and

settled in [17], that

ﬂf(ré‘*’)\”d;ﬁs ﬂ f,(re?y’| dg

for all fOT,n>0and O<r<1. In [16] , he also proved his conjecture for the

subclasse¥ () and C(a) of T.
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Now, we prove Silverman ‘s conjecture for thesslaf functions TS} (1, y,¢) .

We need the concept of subordination between aadiynctions and a subordination
theorem of Littlewood [9].
Two functions f and g, which are analytic inE, the functionf is said to be

subordinate tog in E if there exists a functionw analytic in E with
w(0) = 0, [W(2)| <1, (zDOE) Such thatf (2) = g(w(2)), (zOE).
We denote this subordination by (z) < g(z) . ( < denotes subordination).

Lemma 4.1.1f the functions f and g are analytic inE with f(z) < g(z), then for
n>0andz=re? 0<r<l,

2 2
[lore?)dg < [|f (re?)dg
0 0
Now, we discuss the integral means inequalitie$uioctions f in TS; (4, ), <)
2 2
[|ore?”)'dg < [|f (re*)[dg
0 0

Theorem 4.1.Let f OTS(1,y,¢), 0s u<1, 0<y<1, and f,(2) be defined by

_ 1-y 2
f,(2)=z- 17
(2)=2 ?,(A, mucy) 40

Proof: For f(2)= Z—Zanz”, (17) is equivalent to

u

za”zn d¢ j ¢2(/1 mucy)

By Lemma4.l, itis enough to prove that

00 ~ 1 y
1-Y az"t<1-

Z; ¢,(A,m,u,¢, y)
Assuming

00 . 1_y
1-Yaz*<1- w(z) ,

; ¢2(/11m1/l‘[1C1y)

and using (7), we obtain
> A,m, "
|W(Z)|= Z ,( ,;IC V) 1
n=2

where ¢n(il,m,ﬂ,c,y)= [N+ ¢)-uly+O)lg (A ,m)
This completes the proof.

<|7

A,
nz;‘%( m,UCV)an <[4
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5. Conclusion

Motivated by this approach in the present studyniduced a new subclass of analytic
functions involving multiplier transformations obtad necessary and sufficient conditions
for this Classes. Furthermore radii of close-tovaxity and starlikeness and Integral
means inequality results are obtained and theréfonay be considered as a useful tool
for those who are interested in the above mentpits for the research.
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