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Abstract. Yehuda Rav has given the concept of Semi-prime ideals in a general
lattice by generalizing the notion of 0-distributive lattices. In this paper we
introduce the concept of semi prime 7 -ideals in lattices when n is a neutral
element. For a fixed element 7 in a lattice L, any convex sublattice containing 7 is
called an » -ideal. Here we give several characterizations of semi prime 7 -ideals of
lattices. We include a Prime Separation Theorem in a general lattice with respect to
annihilator # -ideal containing a semi prime # -ideal.
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1. Introduction

In generalizing the notion of pseudo complemented lattice, J. C. Varlet [9]
introduced the notion of O-distributive lattices. Then [2] have given several
characterizations of these lattices. On the other hand, [7] have studied them in meet
semi lattices. A lattice L with 0 is called a 0-distributive lattice if for all a,b,c € L
with anb=0=anc imply an(bvc)=0.Let Lbe a lattice and n € L. Any
convex sublattice of L containing 7 is called an # -ideal of L. An element n € L
is called a standard element if for a,b € L, a A (b v n) = (a A b)v (a A n), while n

1s called a neutral element if
(i) it is standard and

i) nA(avb)=(nra)v(nab) forall a,bel.
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Set of all n -ideals of a lattice L is denoted by /, (L) which is an algebraic lattice;

where {n}and L are the smallest and largest elements. For two 7 -ideals / and J,
I NJ isthe infimu q hm and
IvJ={xeLlijnj <x<i,Vv j,, for some i,,i, €I and j,,j, €J}. The

n -ideal generated by a finite numbers of elements a,,4a,,...,a,, is called a finitely

generated » -ideal denoted by < a,,a,,...,a, >,. Moreover, < a,,d,,...,a, >,=
{)CEL/a1 ANa, N..Ana, An<x<a va,Vv..va, vn}
= [al NGy A..oAN@, AN,Q, VA,V ...V A, vn]

Thus, every finitely generated 7 -ideal is an interval containing n. An 7 -
ideal generated by a single element a € L is called a principal 7 -ideal denoted by
<a>, and <a>,=larnavn]. Moreover [a,b]n[c,d]|=[avec,bAd] and
[a,b]v [c,d] = [a Ac,bv d]. If n is a neutral element, then by [6],
<a>, n<b> =<m(a,n,b)>,, where m(x,y,z)=(x Ay)v(xrz)v(yAz).

n?
For detailed literature on 7 -ideals we refer the reader to consult [5, 6].

A proper convex sublattice M of a lattice L is called a maximal convex
sublattice if for any convex sublattice O with Q D M implies either QO = M or

QO = L. A proper convex sublattice M is called a prime convex sublattice if for any
teM, m(a,t,b)e M implies either a € M or b € M . Similarly, an n-ideal P
of L is called a prime 7 -ideal if m(a,n,b)e P implies cither a € P or b€ P.
Equivalently, P is prime if and only if <a >, N"<b> < Pimplies either
<a>,c Por <b>,c P. Moreover, by [9], we know that every prime convex

sublattice P of L is either an 7 - ideal or a filter.

By [1] L is called an n -distributive lattice if for all,
<a>, N<b> ={nfand<a>, N<c>, ={n}imply
<a>, N[<b>, 6 v<c> |={n}. Equivalently, L is called n -distributive if
anb<n<avband anc<n<avc imply an(bvc)<n<av(bnac).

Y. Rav [8] an ideal I of a lattice is called a semi prime ideal if for all
x,y,zeL,xAnyel and xAazelimplyxA(yvz)el. Thus, a lattice L
with 0, is called O-distributive if and only if (0] is a semi prime ideal. Let n be a
neutral element of a lattice L. An n-ideal J of L is called a semi prime # -ideal if
for all a,b,cel,<a> Nn<b>cJ ad <a> N<c>cJ

imply<a >, N(<b>, v<c> )cJ. In a distributive lattice every n -ideal is

semi prime. Moreover, every prime 7 -ideal is semi prime. Lattice itself with an
element 7 is of course a semi prime 7 -ideal. It is easy to see that a lattice with the
element n is n-distributive if {n} is a semi prime 7 -ideal. In the pentagonal
lattice {0,a,b,c,n;a<b,avc=bvc=nanrc=bnrc=0}, n is neutral. Here
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{n} and <0> =L are semi prime but not prime. Moreover, <a >, ,<c >, are
prime  but <b>, is not even semi  prime. Again in
M, ={0,a,b,c,njanb=brc=cra=0= avb=bvc=cva=n},
< 0> =L issemiprime. But {n}, <a> , <b> , <c>, arenotsemi prime.

Throughout the paper we will consider 7 as a neutral element.

Lemma 1. Intersection of any class of prime (semi prime) n- ideals of a lattice is a
semi-prime n- ideal.
Proof: Suppose {P, :k €T} is a class of prime (semi prime) n-ideals of L. Let

a,b,ceL and [=({P,:keT}. Cleartly [ is an n-ideal. Let
<a> N<b>cl and<a> N<c> cl.Then<a> N<b> c P, and
<a>,N"<c>,c P for all P,. Since each P, is prime (semi prime), so
<a>, N(<b> v<c>,)cP forall k.

Hence <a >, N(<b>, v<c>,)cI,andso [ issemi-prime. B

Corollary 2. Intersection of two prime (semi prime) ideals is a semi-prime n- ideal.
|

Lemma 3. Every convex sublattice disjoint from an n-ideal [ is contained in a
maximal convex sub lattice disjoint from I .

Proof: Let F' be a convex sub lattice in L disjoint from /. LetF be the set of all
convex sub lattices containing F and disjoint from 7. Then F is nonempty as
F eF .Let C beachaininF andlet M =U(X : X € C). We claim that M is a

convex sub lattice. Let x,y € M . Then x€ X and yeY for some X,Y eC.
Since C is a chain, either X c Yor ¥ < X . Suppose X <Y .So x,y €Y. Then
XAy, xvyeY and so xAy,xvyeM . Thus M is a sublattice. Now let
x<t<y with x,y € M . Then x,y € X for some X € C. Thus, by convexity of
X, te Xandso t € M . Therefore M is convex. Moreover, M D F .So M isa
maximum element of C. Then by Zorn’s Lemma, F has a maximal element, say

OoF. =

Lemma 4. Every maximal convex sublattice disjoint to an n -ideal J is either a
maximal ideal or a maximal filter.
Proof. Let F' be a maximal convex sublattice disjoint to J . Since F' = (F]N[F),

so either (FINJ =@ or [F)NnJ =¢.If not,let xe (F]NJ and ye[F)NnJ.
Then x € J and x < f| forsome f, € FandyeJ and y 2> f, forsome f, € F.
Now, f,<xv f,<f v [f, implies by convexity that xv f, € F. Also
x<xv f,<xvy implies by convexity that xv f, €J. It follows that
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xv f, e FNJ, which is a contradiction. Therefore either (F]NJ =¢ or
[F)NJ =¢@. Since F is maximal so, either F'=(F ] or F =[ F). In other words,
F must be either an ideal or a filter. m

Lemma 5. Let I be an n- ideal of a lattice L. A convex sublattice M disjoint
from I is a maximal convex sublattice disjoint from 1 if and only if for all a ¢ M,
there exists b € M such that m(a,n,b) € I .

Proof. Let M be maximal and disjoint from / and a ¢ M . Let m(a,n,b) ¢ I for
all b € M .Consider
M1={yeL:y/\nS(avb)/\ns(a/\b)vnﬁyvn;beM}. It is easy to
cheek that A, is a convex sublattice as n is neutral. Also M, "I = ¢ . If not, let
xeM,NI. Then xAn<(avb)an<(anb)vn<xvn for some be M
and x e I .
Thus, xan<(avb)yan<(anb)yv(ann)v(barn)<(anb)yvn<xvn
implies m(a,n,b) €  which gives a contradiction. Now for beM
ban<(avbyan<(anb)yvn<bvn implies be M, andso M < M,. Also
ann<(avb)yan<(anb)yvn<avn implies ae M, but ae¢ M. Hence
M < M,. Thus we have a contradiction to the maximality of M . Hence there
exists some b € M such that m(a,n,b) € 1

Conversely, Suppose the given condition holds. If M is not maximal
disjoint from /7, then by Lemma 3, there exists a maximal convex sublattice
N D M and disjoint with /. For any a € N — M , there exists b € M such that
m(a,n,b) e l. Now, a,be N implies anb,avbe N. By Lemma 4, N is
either an ideal or a filter. Hence (a Ab)vne N or (avb)Aane N but not
both. For otherwise, n € N would give a contradiction to I NN =¢@.Now any
of the above causes will imply m(a,n,b) € N and so m(a,n,b) e "N which is

again a contradiction. Therefore M must be a maximal convex sublattice disjoint
with /. m

Let L be a lattice with neutral element n. For 4 < L, We define
At = {x eL:m(x,n,a)=n forallac A}. A" is always a convex subset
containing n but it is not necessarily an 7 - ideal.

Theorem 6. Let L be an n-distributive lattice. Then for AcC L,
At = {x e L:m(x,n,a)=n for all a € A} is a semi-prime n- ideal.

Proof. By [1,Theorem 6] we already know that A™ is an n-ideal. This is also
equivalent to the condition /, (L) is pseudo complemented.
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i L,
Now let <x> N<y>cA" and <x> N<z> c A" . Then for all

acA.
This implies< x>, "<y > N<a> ={n}=<x> N<z> N<a>,

<y>,c(Kx> N<a> ) <z>c(Kx> N<a>,)* and S0
<y>,v<z>c(Kx> Nn<a>,)* and this implies
<x> N<a> NKy>, v<z>)={n} for all aelL. Hence

<x> N(<y> v<z>)CZ A" andso A isasemiprime n-ideal. m

Let AcL and J be an n-ideal of L. We define
A" ={xeL:m(x,n,a)eJ forall ae A}. This is clearly a convex subset

containing J . In presence of distributivity, this is an 7 - ideal. A" is called an 7 -
annihilator of A relative to J . We denote /, (L), the set of all n -ideals containing

J . Of course, I,(L) is a bounded lattice with J and L as the smallest and the

largest elements. If 4 €/,(L), and A*" is ann - ideal, then A" is called an

annihilator 7 - ideal and it is the pseudo complement of 4 in /,(L).

Following Theorem gives some nice characterizations semi prime 7 -ideals
which is also a generalization of [3, Theorem 7].

Theorem 7. Let L be a lattice and J be an n-ideal of L. The following
conditions are equivalent.
(i) J is semi prime.

(i) {a}*” ={xe L:xAaeJ} is asemi prime n- ideal containing J .

(i) A" ={xeL:xnraeJ forall ac A} is a semi prime n-ideal containing
J.

(iv) 1,(L) is pseudo complemented

(v) 1,(L) is a 0 —distributive lattice.

(vi) Every maximal convex sublattice disjoint from J is prime.

Proof: (i)=(ii). {a}""’ is clearly a convex subset containing J. Now let
x,yef{a}’”. Then<x> Nn<a>cJad<y> Nn<a> cJ.Since J is
semi prime, ) <a> AN<x> v<y>)ed. Now
<XAY> N<a>cCcJ <XAYy> C<x> VY>> =[XAYARXVYVH].
Also <xvy> c<x> v<y> . Thus and <xvy> N<a>cJ.

J

Therefore x A y,xVv y € {a}*"” . This implies {a}*"” is an 7 - ideal containing J .
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I I
Now let <x> n<y>cilal’’ and <x> n<z> clal’. Then
<x> N<y> N<a>cJ and <x> N<z> N<a>cJ. Thus,
(x>, Nn<a>)N<y>cJ and(<x> N<a>)"<z>cJ. Then

(x>, N<a>)N(Ky>, v<z>)cJ, as J is semi prime . This implies

<x> NKy> v<z>)cC {a}ln’ and so {a}*"” is semi prime.

(ii) = (iii). This is trivial by Lemma 1, as 4~/ =N({a}*";a € A).

(iii) = (iv). Since for any 4~ is an 7 - ideal, it is the pseudo complement of A in
I,(L),so I,(L) is pseudo complemented.

(iv)= (v). This is trivial as every pseudo complemented lattice is O-distributive.

(v)=(vi). Let I,(L)be O-distributive. Suppose [ is a maximal convex
sublattice disjoint from J. Suppose X,y & F'. Then by Lemma 5, there exist

aeF, b € F such that m(x,n,a) e J, m(y,n,b)eJ. Thus
<x> N<a>cJ,<y> Nn<b>cJ and S0
<x> N<a> N<b>cJ,<y> Nn<b> Nn<a>,cJ. Thus,

<x> Nn<m(a,nb)> cJ, <y> Nn<m(a,nb)> cJ.Since I,(L) is
0-distributive, so, <m(a,n,b)> N(<x> v<y>)cJ. By a routine
calculation, we have [(avbVv(xAy)An(arnba(xvy))vn]cJ. This
implies (avbv(xAy)Aaned and (aAbA(xVv y))vneJ. By Lemma 4,
F is either an ideal or a filter. Suppose F is filter. If xv y € F, Then
(anbnr(xvy)vnc FnJ, which is a contradiction. Thus, xv y¢F.
Similarly by considering F as an ideal, if xAyeF, we
have(avbv (xAy)Aanc FNnJ, which also gives a contradiction.
Thusx A y & F'. Therefore, ' must be prime.

(viy= (). Let a,b,ce L with <a> Nn<b> cJ, <a>, Nn<c>,cJ.
Then
[(avb)an,(anb)vn]lcJ and [(avc)an,(anc)vn]lcJ. Thus

(avb)ynn,(anb)yvneld and (aveyan,(anc)vneld. Now
<a> N<b> Nn<c>)=[larnnavn]n[brcAnbvcvn]

=[(av((brc)an,(an(bvec)vn]. If <a> N(<b> Nn<c> )J,
then either (av(bAac)angJ or (an(bvce))vnegJ. Without loss of
generality, suppose (an(bve)vnegJ. Let F=[(an(bvc))vn). Then

15



M. Ayub Ali, R. M. Hafizur Rahman, A. S. A. Noor and M. R. Rahman

FnJ=¢.If not, let ye FNJ. Then y>(an(bvc))vn, yeJ. Thus
n<(anbve))vn<y implies (an(bvc))vned, which is a
contradiction. Then by Lemma 3, there exists a maximal filter /' D [a A (bV ¢))

and disjoint from J . But a convex sublattice containing a filter is itself a filter. By
(vi), M is a prime filter. Now avneMand bvecvneM. Since M is a
prime filter and n ¢ M ,so a € M and b or c € M . Thus either anbe M or

anceM . Hence (anb)yvneMnJ or (anc)vne M nJ which is
again a contradiction. Therefore, <a > N(<b>, N<c> )< J andso J isa

semi prime 7 -ideal. =

Corollary 8: In a lattice L, every convex sublattice disjoint to a semi-prime n- ideal
J is contained in a prime convex sublttice.
Proof: This immediately follows from Lemma 3 and Theorem 7. m

Theorem 9: If J is a semi-prime n -ideal of a lattice L and J # A=({J, :J, is
an n-ideal containing J}, Then A’ ={xe L:{x}*" #J }.

Proof: Let xc A" . Then m(x,n,a)eJ forall ac A. So a e {x}*"” for all
a€A. Then Ac{x}*” and so {x}*” #J. Conversely, let x € L such that
{x}*" % J . Since J is semi-prime, so {x}*" is an 7 - ideal containing J. Then

Ac{x}*"”,andso 47 o {x}*"’*" . This implies x € 4, which completes the

proof. m

In [2] a series of characterizations of # -distributive lattices are provided.
Here we give some results on semi prime 7 -ideals related to their results.

We conclude the paper with the following characterizations of semi-prime
n - ideals with the help of annihilator 7 -ideals. This is also a generalization of
Prime Separation Theorem for 7 -ideals.

Theorem 10: Let J be an n-ideal in a lattice L. J is semi- prime if and only if for
all convex sublattice F disjoint to {x}*"”, there is a prime convex sublattice
containing F disjoint to {x}*" .

Proof: Using Zorn’s Lemma we can easily find a maximal convex sublattice O

containing F and disjoint to {x}*" . Then either Q is an ideal or a filter. Without
loss of generality, suppose Q is a filter. We claim that x € Q. If not, then

Ov[x)>0. By maximality of O, (Ov[x)Nn{x}*" 2. If

(OV[x)N{x}* #pthen t>gAx for some g €Q and m(t,n,x) € J. Thus
m(t,n,x)vn=(Arx)vneJas neJ. Then n<(garx)vn<(tAx)vn
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implies (g Ax)vneJ = m(qgvn,nx)eJ. Thus gvne{x}*”’. Therefore,

x € Q gives a contradiction to the fact that 0 N {x}* ' = .

Now let ze¢Q. Then (Qv[z)N{x}*"’ = @.  Suppose
ye(Qvz)n{x}*’ then y> g, Az for q, € Q and m(y,n,x) € J . Then
(yAx)vneld and SO (g AzAx)vas(yAX)VH implies
(g AzAax)vned. This implies m(z,n,(q, AzAx)vn)eJ. Thus by
Lemma 5, Q is a maximal filter disjoint to J . Hence by Theorem 7, Q is prime.

Conversely, let <x> N<y>eJ, <x> N<z> eJ. Suppose
<x>, N<Ky> N<z>)0J.
Then [(xv(yAz)Aan(xA(yvz)vn]lJ This  implies  either
(xv(yaz)AaneJ or (xA(yvz)vned. Suppose
(xAn(yvz)vneJ. Then [yvzvn)n{x}*” =¢. For otherwise
telyvzvn)ni{x}*’ implies t>yvzvn and m(t,n,x)eJ. Then
m(t,n,x)vn=(tAx)vneJ. Then n<(xa(yvz)vns({EtAax)vn
implies (xA(yvz)vneld gives a  contradiction. Similarly
(xv(yaz))AngJ would imply another contradiction. Therefore,
<x> N(<y> N<z>)cJ andso J is semi prime. m
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