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Abstract. J.C.Varlet introduced the concept of 0-distributive lattices to generalize
the notion of pseudo complemented lattices. A lattice L with 0 is called a O-
distributive lattice if for all a,b,ce L, anb=0=anAc imply an(bvc)=0.
Of course every distributive lattice with 0 is O-distributive. Also every pseudo
complemented lattice is 0-distributive.Recently, Chakorborty and Talukder extended
this concept for directed above meet semi lattices. A meet semi lattice S is called
directed above if for all a,b € §, there exists ¢ € S such that ¢ > a,b. Again Y.
Rav has extended the concept of 0-distributivity by introducing the notion of semi
prime ideals in a lattice. Recently, Noor and Begum have studied the semi prime
ideals in a directed above meet semi lattice. In this paper we have included several
characterizations and properties of 0-distributive meet semi lattices.. We proved that

for a meet sub semi lattice A of S, 4° = {x eS:xna=0 forsomeac A}is a

semi prime ideal of S if and only if S is O-distributive. Using different equivalent
conditions of O-distributive meet semi lattices we have given a ‘Separation theorem’
for a - ideals..

Keywords: 0-distributive meet semi lattice, Semi prime ideal, Prime ideal, Maximal
ideal, o -ideal.
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1.Introduction

J.C.Varlet [7] first introduced the concept of O-distributive lattices.Then many
authors including [1,2,5] studied them for lattices and semilattices. By [2], a meet
semilattice S with 0 is called O-distributive if for all a,b,ce S

withaAb=0=aAc imply and =0 for some d >b,c. We also know that a
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0-distributive meet semilattice is directed above. A meet semi lattice S is called
directed above if for all a,b € S, there exists ¢ € S such that ¢ >a,b.

A non-empty subset | of a directed above meet semilattice S is called a
down set if for xe/and y<x (yeS)implyyel . Down set ] is called an

ideal if for x,y €[, there exists z > x,y suchthatze /.
A non-empty subset F of S'is called an upset if x € F and y>x (y€S§) imply
yeF . An upset F of S is called a filter if for all x,yeF, xAyeF.An

ideal (down set) P is called a prime ideal (down set) if a A b € P implies either
ae P or be P.Afilter Q of S is called prime if S —Q is a prime ideal.

A filter F of S is called a maximal filter if F' =S and it is not contained by
any other proper filter of S. A prime down set P is called a minimal prime down set
if it does not contain any other prime down set of S.

Following Lemmas in lattices are due to [1] and [5], and also hold for meet
semi lattices by [2].
Lemma 1. 4 proper subset F of a meet semilattice S is maximal if and only if S-F is
a minimal prime down set. []

Lemma 2. Let F be a proper filter of a meet semilattice S with 0. Then there exists a
maximal filter containing F. []

Following result is due to [4,Lemma 5]

Lemma 3. Let F be a filter and I be an ideal of a directed above meet semilattice S,
such that F N1 =@. Then F is a maximal filter disjoint from I if and only if for

each a ¢ I, there exists be F suchthat anbel. O

Let S be a meet semilattice with 0. For a non-empty subset 4 of S, we define
A" ={xeS|xAra=0 forallae A} This is clearly a down set, but we can

not prove that this is an ideal even in a distributive meet semilattice. If L is a lattice
with 0, then it is well known that L is O-distributive if and only if 7 (L) is O-
distributive.Unfortunately, we can not prove or disprove that when S is a 0-
distributive meet semi lattice, then I(S) is

0-distributive. But if /(S) is O-distributive, then it is easy to prove that S is also 0-

distributive. We define A’ ={xeS|xrna=0 for someaec A} This is
obviously a down set. Moreover, 4 — B implies 4° = B°. For any a € S, it easy
to check that (a)" = (a)’ =[a)".

Following result is due to [2].
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Theorem 4. Let S be a directed above meet semilattice with 0. Then the following
conditions are equivalent.

(i)  Sis O-distributive

(ii)  Foreach ac S, (a)" =(a)’ =[a)’ is an ideal.

(iii)  Every maximal filter of S is prime. []

Since in a 0-distributive meet semilattice S, for each a € S, (a)L is an ideal, so

we prefer to denote it by (a]”. Y Rav [6] have generalized the concept of 0-

distributive lattices and introduced the notion of semi prime ideals in lattices. In a
very recent paper [4] have extended the concept in a directed above meet semi
lattice. In a directed above meet semilattice S, an ideal J is called a semi prime ideal
ifforall x,y,zeS, xAyedJ, xanzedJ imply xAd e J for some

d > y,z. In a distributive semilattice, every ideal is semi prime. Moreover, the

semilattice itself is obviously a semi prime ideal. Also, every prime ideal of S is
semi prime.

Theorem 5. For any meet sub semilattice A of a directed above meet semi lattice S
with 0, A° is a semi prime ideal of S if and only if S is 0-distributive.

Proof: Suppose S is O-distributive. We already know that 4° is a down set, Now
lett x,yeA’. Then xAa=0=yAb for some abeA. Then
xAnanb=0=yAranb. Since S is 0-distributive, so (a Ab)Ad =0 for some

d>x,y. Now anbe 4 implies d € A°, and so A’ is an ideal. Finally let
xAyeAd’, and xazed’ Then xayara =0=xAzAb, for some
a;,by € A. Thus x Aa;, Aby Ay=0=xAa, Ab, Az.Then by the 0-distributive
property, xAa, Ab,Ad, =0 for some d,>y,z. Thus xnad, € Ad’as
a, Ab, € A. Therefore A° is semi prime. Conversely, if A° is a semi prime ideal

for every meet sub semilattice 4 of S, then in particular (a) % is an ideal. Thus S is 0-
distributive by Theorem 4. []

Following characterization of semi prime ideals is due to [4].
Theorem 6. Let S be a directed above meet Semilattice with 0 and J be an ideal of
S.
Then the following conditions are equivalent.
(i) Jissemiprime

(ii) Every maximal filter disjoint to J is prime. [

Thus we have the following separation theorem.
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Theorem 7. Let S be a O0-distributive meet semi lattice and A be a meet

subsemilattice of S. Then for a filter F disjoint from A°, there exists a prime ideal
containing A° and disjoint from F. []

Lemma 8. Let A and B be filters of a directed above meet semilattice S with 0, such
that AN B = @. Then there exists a minimal prime down set containing B° and
disjoint from A.

Proof: Observe that 0 g Av B. For if 0e€ Av B, Then 0>aAb for some

ac A, beB. Thatis, ab=0, which implies a € B gives a contradiction. It
follows that Av B is a proper filter of S. Then by Lemma 2, Av Bc M for

some maximal filter M. If xe M N B°’, Then xe M and x Ab, =0 for some
b, € Bc M . This
implies O € M which is a contradiction as M is maximal. Thus, M N B" = ¢.

Then by Lemma 1, S — M is a minimal prime down set containing B°. Moreover,

S-M)ymAd=¢. [

Lemma 9. Let A be a filter of a directed above meet semilattice S with 0. Then
A° is the intersection of all the minimal prime down sets disjoint from A.

Proof: Let N be any minimal prime down set disjoint from 4. If x € A°, then
xAa=0 forsome a € 4 andso x € N as N is prime.

Conversely, let y €S —A°. Then yAa#0forall a e A. Hence Av[y)
is a proper filter of S. Then by Lemma 2, AV [y) < M for some maximal filter M.

Thus by Lemma 1, S-M is a minimal prime down set. Clearly
(S—-M)nA=¢ and
yveS-M. [

Now we include some characterization of 0-distributive meet semilattices.

Theorem 10. Let S be a directed above meet semilattice with 0. Then the following
Statements are equivalent.
(i)  Sis O-distributive.
(ii) Foreach a< S, (a)’ is a semi prime ideal.
(iii) For any three filters A, B, C of 'S,
(Av(BNC) =(Av B)’ n(4v )’
(iv) For all a,b,ce S,

([a) v ([b) N [e))” = ([@) v[B))" N ([a) v[e))®
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) For all ab,ceS,(and)’ =(@nrb)’n(anc)’  for some
d=>b,c.

Proof: (i) < (ii). Follows by theorem 4.

(i) = (iii). Let x€ (Av B)’ N (Av C)’.Then xe(Av B)’and xe(4Av )’ .
Thus xA f=0=xAg forsome f € AvBand g€ AvC.Then f 2a, AD,
and g=>a,nc for some a,,a, €A, beB, ceC. This implies
xna, Ab=0=xna,Ac andso xAa, na, Ab=0=xAa, na, Ac. Since
S is O-distributive, so x Aa, Aa, Ad =0 for somed >b,c. Now a, na, € A
and de BnC. Therefore, ((a, na,)~nd e Av (BN C)and SO
xe(Av(BNC))’. The reverse inclusion is trivial as
Av(BNC)c Av B, Av C. Hence (iii) holds.

(iii) = (iv) is trivial by considering A =[a), B =[b) and C =[c¢) in (iii).

(iv) = (v). Let (iv) holds. Suppose x € (aAb)’ N(arc)’ . Then by (iv)
x e ([a) A[P))’ N ([a) Alc)’ = ([a) v ([b) N[c)))’. This implies xA f =0
for some f €[a) v ([b)N[c)) . Then f>and for some d €[b)[c). That is,
fzand for some d >b,c. It follows that xAand=0 and so
xe(and)’.On the other hand, [a)v[d)c[a)Vv]D) and
[a)v[d) <[a)V][c)implies that (a Ad)’ = (aAb)’ N(anrc)’. Therefore (v)
holds.

(v) = (i). Suppose (v) holds. Let a,b,ce S with aAb=0=anc. Then

an(anb)y=0=an(anc) implies aec(anb)’n(anc)’ =(@and)’ for
some d > b,c. Thus, an(and)=0 for some d >b,c. Thatis and =0 for
some d > b,c. and so S is 0 —distributive. [

Now we include few more characterizations of 0-distributive semilattices.

Theorem 11. Let S be a directed above meet semi lattice with 0. Then the following
are equivalent.

(i)  Sis O-distributive.

(ii)  For any three filters A, B, C of L.

(ANB)v(ANC)’ =4 ~(Bv )’
(iii)  For any two filters A, B of S, (AN B)" = 4A° " B’
(iv) Forall a,be S, (a)’ N (b)’ =(d)° for some d > b,c.
(v) Forall a,be S, (a]' N (b] =(d]" forsome d > b,c.
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Proof: (i) = (ii). Suppose S is 0-distributive, Since(ANB)v(ANC)c A and
BvC , so (AnB)v(ANnC)’' cA’°n(BvC)’. Now suppose
xeA"N(BvC)” Thenxe A and xe(BvC)". Thus xAa =0 for some
xe€ AandxAd =0 for some d e BvC.Now de BvC implies d>bnc
for some beB,ceC. Hence xna=0=xAbnrc. Then
xncna=0=xAcAb . Since S is O-distributive, so x AcAd; =0 for some
d >ab. Then d eANnB. Now x A a =0implies
xnd, na=0=xAd, Ac. Again by the O-distributivity, x Ad, Ad, =0 for
some d, > a,cthatis d, € AN C. Therefore, x € (AN B)v (AN C))" and so
(ii) holds.
(il) = (iii) is trivial by considering B = C in (iii).
(iii) = (iv),. Choose A =[a) and B =[b) in (iii).

Now forall d > a,b, [a) 2[d) and [p) D[d) andso [d)’ < (a)’ N (b)".
Also by (iii), (@)’ ")’ =([a)N[b))’ . Thus, xe(a)’ N (b)". implies
xAd, =0 forsome d, >a,b. Thatis, x € (d,)° for some d, > a,b. Thus (iv)
holds.

(iv) < (v) is obvious.
(v) = (i).Suppose (v) holds and for a,b,ceS, anb=0=anc. Then
ae(b]" Nn(c]" =(d] forsome d >b,c. Therefore, a Ad =0 and so S is

0-distributive. [
An ideal I in a directed above meet semilattice S with O is called an o-ideal if for

each xel {x}™" 1.

Proposition 12. If [ is an a-ideal of a O-distributive meet semilattice S, Then
I={yeS|(ylc{x}"" for some xel} .

Proof: Let yeR H.S. Then (y]c{x}™ </ . This implies yel.
Conversely, let y € I . Since S is O-distributive, so by theorem 4, (y]* is an ideal

and (y]N(¥]" =(0] . Thus, (y]< (¥]"", which implies y € R. H. S. 0

Prime separation theorem for a-ideals in O-distributive lattices was given in
[3]. Now we include a prime separation theorem on a-ideals for 0-distributive meet
semilattices.

Theorem 13. Let F be a filter and I be an o-ideal of a directed above meet
semilattice S with 0, such that I " F = @ . If I (S) is O-distributive, then there exists

a prime a-ideal P containing I such that PN F = ¢.
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Proof: By lemma 2, there exists a maximal filter M containing F and disjoint to /.
Thus P =S — M is a minimal prime down set containing / and disjoint to M. Now
let p,geS—M. Then by lemma 3, there exist a,b e M such that

anpeland bagel. Then by proposition 12, (a A p]c (x]™ and
(baglc (¥]™ forsome x,yel.Thus (aAp]la(x]" =0]=bBArqlA(]"
This implies (a AbIA(X]" A(¥]" A(p]l=(0]=(@aAbIA(x]" A(¥]" A(q],
Now as [ is an ideal, so there exists d, = x,y such that d, € I . Again by Theorem

11 (v), (x]* A(y]" =(d,]" for some d, >x,y.Then d=d, rnd,€el,
and so (d]" < (x]" A(¥]" =(d,]" = (d]".Thus (x]" A(¥]" =(d]" for some
del, d>x,y. Then we have

(a ABIA(d]" A(p]=(0]1=(a Ab]A(d]" A(q]. Since I(S) is 0-distributive, so
(a AbIA(d] A((p]A(g]) =(0] . Then (aAb]a(d]" A(t]=(0]for some
t>p,q. Thus (anbatlc(d]"cIcS—-M But anbeM implies
teS—M as §—Mis prime. Therefore P=S8 —M is an ideal. Now let x € P.
If xel ,Then (x]"" < I < PasIisan o-ideal. Finally if x € P— I . Then again
by Lemma 3, there exists ae€M such that aaAnxel. Thus

(al"" A(x]"" cIcP. Since a ¢ P, so (a] L¢P, Therefore,

(x] L PaspP is prime, and hence P is also an
o-ideal. [

REFERENCES

1. P. Balasubramani and P. V. Venkatanarasimhan, Characterizations of the O-
Distributive Lattices, Indian J. Pure Appl.Math., 32(3) 315-324, (2001).

2. H.S.Chakraborty and M.R.Talukder, Some characterizations of O-distributive
semilattices, to appear in Bulletin of Malaysian Math. Sci. Soc.

3. C. Jayaram, Prime o -ideals in a O-distributive lattice, Indian J. Pure Applied
Math., 17(3),1986, 331- 337.

4. Momtaz Begum and A.S.A. Noor, Semi prime ideals in Meet Semi lattices,
Annals of Pure and Applied Mathematics, 1(2),2012, 149- 157.

5. Y. S. Powar and N. K. Thakare, 0-Distributive semilattices, Canad. Math. Bull.,
21(4) (1978), 469-475.

6. Y. Rav, Semi prime ideals in general lattices, Journal of Pure and Applied
Algebra, 6(1989) 105- 118.

7. J. C. Varlet, A generalization of the notion of pseudo-complementedness, Bull.
Soc. Sci. Liege, 37(1968), 149-158.

66



