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1. Introduction

After Booles axiomatization of two valued propositional calculus as a Boolean
algebra, a number of generalizations both ring theoretically and lattice
theoretically have come into being. The concept of an Almost Distributive
Lattice (ADL) was introduced by Swamy and Rao [4] as a common abstraction
of many existing ring theoretic generalizations of a Boolean algebra on one hand
and the class of distributive lattices on the other. In that paper, the concept of a
filters in an ADL was introduced analogous to that in a distributive lattice and it
was observed that the set PF(R) of all principal filters of R forms a distributive
lattice. This enables us to extend many existing concepts from the class of
distributive lattices to the class of ADLs. We introduced a relation on an ADL,
which is reflexive and symmetric (i.e., Tolerance relation) on ADL. We proved
that a tolerance relation is compatible. Finally, we proved that tolerance relation
induced by filter if and only if it congruence relation on ADL.

2. Preliminaries

Definition 2.1.[4] An Almost Distributive Lattice with zero or simply ADL is an
algebra (R, v, A, 0) of type (2, 2, 0) satisfying

L.XVY)Az=XAZ)V(YAZ)

2.XA(YVZ)=(XAY)V (XAZ)

3. XVy)Ay=y

4. (XVY)AX=X
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5 XV (XAY)=X
6.0Ax=0
7.xv0=x,forany x,y,z€R.

Every non-empty set X can be regarded as an ADL as follows. Let x, €X. Define
the binary operations v, A on X by

r if r#x y if £
Ivy:{ 7 L0 I/,\y:{y - 0
if rg if = = x0.

Then (X, Vv, A, Xo) is an ADL (where X, is the zero) and is called a discrete ADL.
If (R, Vv, A 0)isan ADL, forany a,b € R, definea<bifandonlyifa=aAb
(or equivalently, a v b =b), then <is a partial ordering on R.

Theorem 2.2. ([4]) If (R, ¥, A, 0)is an ADL, for any a, b, ¢ €R, we have the
following:

()avb =ae=aab =b

(Qavb =beanb =a

(3) 2 is associative in R

4 anbac=baranc

B)@vb)yac=(b va)ac

6)anb =0e=baa=0
(Mavac)y=(avb)a(avc)

(8)an(avb)=a, (@aab)vb =bandav(bnra)=a
9a<avbandaab <b

(10)ana=aanda va=a

(1) 0 va=aandaa0=0
(12)Ifa<c,b<cthenaAb =bAaanda Vb =b va
(13)a vb =(a vb) va.

It can be observed that an ADL R satisfies almost all the properties of a
distributive lattice except the right distributivity of v over A, commutativity of
v, commutativity of A. Any one of these properties make an ADL R a
distributive lattice.

Theorem 2.3. ([4]) Let (R, V; 4, 0) be an ADL with 0. Then the following are
equivalent:

(1) (R, Vv, A, Q) is a distributive lattice

(2) avb =bva,foralla,b €R

(3) anb =baa, foralla,b €R

(4) (@nb) ve=(avc)a(b vc), foralla, b, c eR.

As usual, an element m € R is called maximal if it is a maximal element in
the partially ordered set (R, <). Thatis, foranyae R, m<a=>m=a.
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Theorem 2.4. ([4]) Let Rbean ADL andm €R. Then the following are
equivalent:

(1) mis maximal with respectto <

(2) mva=m, foralla eR

(3) mana=a,foralla €R

(4) a vmis maximal, forall a €R.

As in distributive lattices [1,2], a hon-empty subset F of an ADL R is said to
be a filter of RifaAb e FandxvaeFfora,beFandx€eR.
For any subset S of R is the smallest filter containing S is given by

[S)={x|xV (AjL1si)]|si €S, XER and ne Z+}. If S={x}, we write [x) instead
of [S).

3. Tolerance Relation on ADLs
We introduced the notion of tolerance relation on an ADL and proved some
important properties on it. First, we give the following.

Definition 3.1. LetR bean ADL,a € R and F afilter of R. Define aAF =
{anf|feF}.

Theorem 3.2. Let R be an ADL. Then for each filter F of R and each a €R the set
a A Fis aconvex subADL of R.

Proof: Letx,yeaAF.Thenx=aAf, andy=aAf,,wheref, f, €F.
NowxAy=(aAfi)A(@ATf) =anf, Af,.

Sincef, Af, eF,wegetxAy€eaAF.

Also,xvy=(anf)v(@naf,) =ana(f, vf)thatimpliesxvyeaAF (Since
fi v, €F).

Therefore a A Fis a sSubADL of R.
Letx,y€eaAFandzeRsuchthatx<z<y.

Thenx=aAf, y=aAf, wheref, f, €F.

Now we prove thatzea A F.

Takef=(f, vz)Af,. Thenf€eF.

NowaAf=aAn(f,vz)Af, =an(fiv)ananf, =[@nf)v(@nz]ay
=[XV@AYAZD]AY =[XV(YAZ)]AY =(XVZ)AY =ZAY =12
SothatzeaAF.

Therefore a A F is a convex subADL of R.

Lemma 3.3. LetRbean ADL and F afilter of R. Then S ={aAF|a¢€
R} is covering of R.

Proof: Letae Randx € F.

Nowa=aA(avx)eaAF,sinceavxeF.

Thereforea € aA F . Hence Sg  is covering of R.
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Definition 3.4. Let R be an ADL and F be a filter of R. The covering Sg ={aAF
| a € R} is called induced by F and tolerance relation T (S¢ ) induced by Sg  is
called tolerance on R induced by the filter of F.
For the sake of brevity, denote by T =T (Sp).

Definition 3.5. Let F be afilter of R. Definea AF={aAf|fE€F}.

A relation Tr on R defined by the rule <x, y >€ Tg if and only if there
existsa € RsuchthatxeaAnFandyeaAF.

It is easy to verify that Tr is reflexive and symmetric relation on R.

Lemma 3.6. Let R be an ADL, F afilter of R and T be the induced by F.
If <c,d>€Tg, then

l.<aAd,aAc>€Tk

2.<dANa,cna>€eTe

3.<avdavVc>€eT:.

Proof: Let<c,d>€e T¢.

Then there existsu € Rsuchthatce uAF, d€euAF.
Thatimpliesc=uAf,,d=uAf, forsomef,f, €F.
1.NowaAd=aAuAf,
anc=aAUuAf.Thatimplies<aAd,aAc>€eTg.

2. Similarly <dAa,cAa>eTg.
3.Now,avd=av(uaf)=(@vu)ya(avf,)(sinceavf, €F).

Also again,avc=aVv(uAf)=(@vu)A(avf)(sinceavf, eF).
Therefore<avd,avc>€eTg.

Note that<dva,cva>& Tr foreacha€eR,sincedva=(uAf)Va,
there is no right distributivity of v over Ainan ADL.

Lemma 3.7. LetRbe an ADL, F afilter of R and T arelationonR. If
<a,b>€T: ,<c,d>€ Tr then<aAc,bAd>ETe.
Proof: Let<a, b>e T, <c,d>€ Tg.
Then there existu, v € Rsuchthata=uAf, b=uAf,
C=V/\f3, d=V/\f4, WherEfl, fz, f3, f4 eF.
Now,aACc=uAf, AVATs =uAVvATf AT;
bAd=uAf, AVAT, =uAVvVATf, Af.
That implies<aAc,bAad>e Tk.
Similarly,<cAa dAb > Tk.
Now,avc=(UAT)V(VAT)
=[(UAT)VVIA[(uAT) VT
=[uvVv)A(fL VVIATUAT)VIE]
SUVV)A(fL VV)ATuAT) V] (since(fLvV)AJ(unT) v ] eF).
Now,bvd=(UATf,)V (VAT
=(UVV)A VV)ATUAT) V] (ince(f, VVA[uAT)VT]E F).
Therefore<ave,bvd>€eTe.
Similarly, weget<cva dvb > T.
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Lemma 3.8. Let R be an ADL, F afilter of R and Tg is relation on R. If
a,beRand<a b>€eT: thena=(a vb) Af, b= (a vb) af,, for some
fi,f, €F.

Proof: Let<a,b>€ Tg.

Then there exists u € Rsuchthata,beuAF

that impliesa=uAf, b=uAf, wheref, f, €F.

Now (@Vb)Af, =[UATf)VUAR)AT =uA(fvR)AT =uAnf, =a
Similarly, b = (a v b) A f,. Hence lemma.

We conclude this paper with the following result.

Theorem 3.9. Let R be an ADL and F a filter of R. If Tr is a compatible on R
then T is congruence relation on R.

Proof: Clearly T is reflexive and symmetric

Let<x,y>€T: and<y,z>€ T¢.

Then there exista,b € Rsuchthatx,yeaAFandy,zebAF.
Thatimpliesx=aAf;, y=anAf,

andy=bAfs, z=bAf,wheref, f, f;,f, €F.

We prove that <f;, f, > T¢.

Now f; =(f, V) ATy

f4 = (fl \ f4) N f4.

Therefore < f;, f, >€ Tk.
SinceacaAnFandxeaAnF,weget<a, Xx>€ Tg.

Similarly <a,y>,<b,y> <b,z>€ T¢.

By symmetry, we get< y,b > < a,y >€ T. Since T is compatibility,
<yvabvy>eT:.

Since Tg is compatibility, <a, b >€ Tr.

Since<fy, f, >ETeg, <aAnf,,bAf, >ET:.

That implies < x,z >€ Tg.

So that T is transitive.

Therefore T¢ is congruence on R. O]

Corollary 3.10. LetR be an ADL, F afilter of R and T is the relation induced
by F . The following are equivalent

1. T is a compatible relation R

2. Te istransitive

3. T¢ is a congruence relation on R.
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