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 Abstract. The awareness of ideals obviously affects the concern of certain equivalence 

relations over a ternary semi-group. These equivalence relations, early studied by J.A. 

Green (1951), have played a basic role in the progress of semigroup theory. The major 

application of this paper is to find some results on Green Relations and their conditions on 

ternary semigroups. 
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1. Introduction and preliminary concepts 
In 1932, Lehmer initiated the conception of ternary algebraic structures [4]. But now that 

Kasner has reexamined that system, he has given some thought to the n-ary algebraical 

structure—the ternary semigroup- as a universal algebra with one associative ternary 

operation. Banach has presented the view of ternary semi-groups. He showed by the 

illustration that a ternary semigroup can not necessarily be compressed to a standard 

semigroup. Los investigated several characters of ternary semi-groups and derived that any 

ternary semi-group shall be embedded in a semi-group in 1955. Santiago [8] improved the 

generalization of ternary semi-groups and semi-heaps in 1983. On the other hand, Green’s 

relations distinguish that in terms of the principal ideals generated by the components of a 

semigroup in mathematics. Howie [3], an eminent semigroup theoretician, delineated this 

area as so that it is all-pervading that, on confronting a fresh semigroup. In 1997, Dewanand 

and Dixit [2] started the study of left, lateral and right congruences over ternary 

semigroups, and they argued Green’s relations ℒ, ℳ, ℛ, ℋ, 𝒟 and ℐ  over ternary 

semigroups. After that, Rabah Kellil investigated Green’s relations over ternary 

semigroups in 2013. This article establishes certain results of Green’s equivalence relation 

over ternary semi-groups.  

http://www.researchmathsci.org/
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Definition 1.1. A non-empty set with the operation among triplets of members is stated as 

a triplex when the following premises are satisfied.   

 

Premise  I.                    

 )...(.)....(.)...( cbabedecbadedcba                                                                    

ebdcadcebaecdba .)..(.)...(.)...( 
                          

eadcbcbedadbeca .)...(.)...(.)...(                                                          

baedccaedbdaecb .)...(.)...(.)...(                                                                   
 

for any Sedccba ,,,,, . 

 

Premise II.  If the members a and b in S , then there exists a member x in S such  that  

... cxba   

 

The number of members in S  is calling as order of triplex and is given when essential by 

adding one of the premises:  

 

Premise III1.  S contains  ‘ n ’ members. 

 

Premise III2 .  S contains extremely many elements. 

According as 1III  or 2III  holds, the triplex is called finite or infinite. 

 

Examples: 

1. Set of all natural numbers is a triplex under  ‘  ’  multiplication. 

2. ....},.........3,2,1{ Z is a triplex under  ‘  ’  multiplication. 

3. If S is the collection of matrices of the form 








b

a

0

0
of order  22 matrices where a and  

b are  in N ,  set of natural  numbers.  Thus S is a triple with general matrix multiplication. 

 

Definition 1.2. A nonempty set T be called ternary semi-group if there is one 

ternary  operator  TTTT :    describe by  

cbacba ),,(   holds the below  condition  

)...(.)....(.)...( edcbaedcbaedcba 
 
 for any   Tedcba ,,,, .     

 

Example 1. Let T =  {[
0 0
0 0

] , [
1 0
0 1

] , [
1 0
0 0

] , [
0 1
0 0

] , [
0 0
1 0

] , [
0 0
0 1

]}  . Then T  is a 

ternary semigroup with respect to matrix multiplication. 

 

Example 2. We take }5,4,3,2,1,0{T and‘ ’ is act  as  in the following  table 

such as cbaabc  )(  for any Tcba ,, . 

Accordingly (T , ) is a ternary semigroup. 
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Example 3. 
Z is denote as the collection of negative integers and ‘ ’   is general ternary 

multiplication on 
Z . Hence 

Z is a ternary semigroup. 

 

Note 1: In generally  cba ..   will write as  abc . 

         2: Every semigroup can be reduced to a ternary semigroup. 

         3: Every ternary semigroup need not be a semigroup.  

 

Example 4: Consider },{ iiM  and ‘.’ is  complex multiplication  then M bean ternary 

semigroup. But it is not a semigroup by the following table 

 

. i  i  

i  1  1 
i  1 -1 

 

Definition 1.3. A ternary semigroup T is called abelian (commutative) if  

xzyzyxyxzzxyyzxxyz  , for any Tzyx ,, . 

Example: Let  },,0{ iiT    be a commutative ternary semigroup with the usual ternary 

multiplication. 

Definition 1.4. An element  ‘ a ’ of a ternary semigroup  T   is said to be left identity or 

left unit (lateral identity or lateral unit, right identity or right unit) if taat  ( tata  ,

ttaa  )   for all   Tt .  

Definition 1.5. An element ‘ x ’ of ternary semigroup  T  is said to be an idempotent if   

xx 3
. 

 

Note: The set of all idempotent elements in a ternary semigroup T   is denoted by ).(TE  

 

Definition 1.6. An element ‘ a ’in ternary semigroup T  is said to be a non-trivial   ‘ a ’ is 

idempotent, but not an identity inT if identity is there. 

A ternary semigroup T is said to be an idempotent ternary semigroup or a ternary band if 

all elements T are idempotent. 

 

* 0 1 2 3 4 5 

0 0 0 0 0 0 0 

1 0 1 1 1 1 1 

2 0 1 2 2 1 1 

3 0 1 1 1 2 2 

4 0 1 4 5 1 `1 

5 0 1 1 1 4 5 
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2. Green’s relations and its properties 

Definition 2.1. Let T be a ternary semigroup. From
1T  we denote the set }1{T where 1 

is identity for the ternary operation. We are defining equivalence relations on 
1T  which 

we define Green’s relations by:  

𝑎ℒ T 𝑏  ∃ 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑎 = 𝑥𝑦𝑏  and 𝑏 = 𝑢𝑣𝑎  ∀ 𝑎, 𝑏 𝜖 𝑇 1 .                     

𝑎ℛ T 𝑏  ∃ 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑎 = 𝑏𝑥𝑦  and 𝑏 = 𝑎𝑢𝑣  ∀ 𝑎, 𝑏 𝜖 𝑇 1 .        

𝑎𝒥 T 𝑏  ∃ 𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑎 = 𝑥𝑏𝑦  and 𝑏 = 𝑢𝑎𝑣  ∀ 𝑎, 𝑏 𝜖 𝑇 1 .        

𝑎ℋ T 𝑏  𝑎ℒ T 𝑏  and 𝑎ℜ T 𝑏 ∀ 𝑎, 𝑏 𝜖 𝑇 1 .                              

Now we define  the relation 𝒟 T
 to be the least equivalence relation containing 

both ℒ T
and  ℛ T

.  For any  𝑎𝜖𝑇 1
, ℒ T

a ,  ℛ T

a , ℋ T

a , 𝒟 T

a and  𝒥 T

a
T

a

 will denote the 

equivalence classes of madulo ‘ a ’ respectively  ℒ T , ℛ T , ℋ T ,   𝒟 T and  𝒥 T
.  

The  relations   will  be  denoted if  there  is  no  confusion  on  ternary   semigroups   by  

 ℒ,   ℛ ,   ℋ , 𝒟 , and  𝒥.  The  corresponding class of an element𝑎𝜖𝑇 will be denoted by 

ℒ
a

, ℛ
a

, ℋ
a

 , 𝒟
a

 and  𝒥
a

. 

 

Definition 2.2. An equivalence relation𝜌 in a ternary semigroup T is said to be 

(i) Left congruence if 𝑎𝜌𝑏 (𝑠𝑡𝑎)𝜌(𝑠𝑡𝑏) 

(ii) Right congruence if  𝑎𝜌𝑏 (𝑎𝑠𝑡)𝜌(𝑏𝑠𝑡) 

(iii) Lateral congruence if 𝑎𝜌𝑏 (𝑠𝑎𝑡)𝜌(𝑠𝑏𝑡) 

(iv) Congruence if     

𝑎𝜌𝑎′, 𝑏𝜌𝑏′and  𝑐𝜌𝑐′ (𝑎𝑏𝑐)𝜌(𝑎′𝑏′𝑐′) for any  𝑎, 𝑏, 𝑐, 𝑎′, 𝑏′, 𝑐′𝜖𝑇 and 𝑠, 𝑡𝜖𝑇. 
 

Theorem 2.3. If  ℒ 𝑎𝑛𝑑 ℛ are Green’s equivalence relations on ternary semigroup  T , 

then  ℒ  and   ℛ   are respectively right and  left congruence’s on T . 

Proof: Given that ℒ and ℛ be equivalence relations overT .Then 𝑎ℒ T 𝑏 ∃ 𝑢, 𝑣, 𝑥, 𝑦 ∈

𝑇 1 such   as  𝑎 = 𝑥𝑦𝑏 and 𝑏 = 𝑢𝑣𝑎 and  𝑎ℛ T 𝑏 ∃𝑢, 𝑣 , 𝑥, 𝑦 ∈ 𝑇 1 such   as 𝑎 =

𝑏𝑥𝑦 and 𝑏 = 𝑎𝑢𝑣   for all𝑎, 𝑏𝜖𝑇 1 . 

(i)We have to prove that  ℒ  is right congruence on  T . 

     i.e., if  𝑎ℒ𝑏  (ast)ℒ(bst). 

Consider 𝑎, 𝑏𝜖𝑇 1
   and   𝑎ℒ𝑏 ∃𝑢, 𝑣, 𝑥, 𝑦 ∈ 𝑇 1

 

such   as 𝑎 = 𝑥𝑦𝑏 and  𝑏 = 𝑢𝑣𝑎 for any  𝑎, 𝑏𝜖𝑇 1 .           

 𝑎𝑠𝑡 = 𝑥𝑦𝑏𝑠𝑡  and  𝑏𝑠𝑡 = 𝑢𝑣𝑎𝑠𝑡  for any  𝑎, 𝑏, 𝑠, 𝑡𝜖𝑇 1     𝑎st ℒ𝑏st 
Therefore      𝑎ℒ𝑏 𝑎st ℒ𝑏𝑠t . 

(ii) To prove that ℛ be a left congruence on T . 

i.e., 𝑎ℛ𝑏  (st𝑎)ℛ(stb). 

Since  ℛ  is an equivalence relation.  Then    

𝑎ℛ𝑏 ∃𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1 such   that 𝑎 = 𝑏𝑥𝑦 and 𝑏 = 𝑎𝑢𝑣 ∀𝑎, 𝑏𝜖𝑇 1 . 
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            t𝑎 = 𝑡𝑏𝑥𝑦 and 𝑡𝑏 = 𝑡𝑎𝑢𝑣 for any 𝑎, 𝑏, 𝑡𝜖𝑇 1 . 

             st𝑎 = 𝑠𝑡𝑏𝑥𝑦 and 𝑠𝑡𝑏 = 𝑠𝑡𝑎𝑢𝑣 for any 𝑎, 𝑏, 𝑠, 𝑡𝜖𝑇 1
 

        𝑎ℛ𝑏   st𝑎ℛ stb. 
 

Theorem 2.4. Let T  be a commutative ternary semigroup and  𝒥 be a Green’s equivalence 

relation on T . Then 𝒥 is  lateral congruence on T . 

Proof:  Let T be a commutative ternary semigroup and let  𝒥 be  a Green’s equivalence 

relation on T . 

i,e., we define𝒥  by    𝑎𝒥𝑏 ∃𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1
 

such   that 𝑎 = 𝑥𝑏𝑦 and 𝑏 = 𝑢𝑎𝑣    for any  𝑎, 𝑏𝜖𝑇 1 . 

We have to prove that  𝒥 is lateral congruence on T . 

Consider     𝑎𝒥𝑏 ∃𝑥, 𝑦, 𝑢, 𝑣 ∈ 𝑇 1 such   that  𝑎 = 𝑥𝑏𝑦  and 𝑏 = 𝑢𝑎𝑣   for any  𝑎, 𝑏𝜖𝑇 1
 

  s𝑎𝑡 = (𝑠𝑥𝑏)𝑦𝑡  and 𝑠𝑏𝑡 = (𝑠𝑢𝑎)𝑣𝑡  for any 𝑎, 𝑏, 𝑠, 𝑡𝜖𝑇 1  

      s𝑎𝑡 = 𝑥𝑠(𝑏𝑦𝑡)and 𝑠𝑏𝑡 = 𝑢𝑠(𝑎𝑣𝑡) ( sinceT is commutative) 

      s𝑎𝑡 = 𝑥(𝑠𝑏𝑡)𝑦 and 𝑠𝑏𝑡 = 𝑢(𝑠𝑎𝑡)𝑣  𝑓𝑜𝑟 𝑎𝑛𝑦 1,,, Ttsba   

 (s𝑎𝑡)𝒥(𝑠𝑏𝑡) for all  𝑎, 𝑏, 𝑠, 𝑡𝜖𝑇 1 . 

Hence  𝒥 is a lateral congruence relation onT . 

 

Definition 2.5. The relation 𝒟 = (ℒ   ℛ) = (  ℛℒ ) is the smallest equivalence relation 

contains both ℛ and ℒ . i.e., 𝒟 = (ℒ   ℛ) = (  ℛℒ ) 

 

Definition 2.6. A relation  ℋ = ℒ ∩ ℛ = ℛ ∩ ℒ  is one equivalence relation in a ternary 

semi-group T  containing in both ℒ  and ℛ. 

We denote 𝒟
x

and   ℋ
x

 the corresponding equivalence class that contains the 

element𝑥𝜖𝑇. Clearly, for 𝑥𝜖𝑇,  ℋ
x

=  ℒ 
x

∩ ℛ
x

. 

 

Theorem 2.7. Let   T be  a  ternary   semigroup.  Then                                                                                                                     

(i) 𝑥𝒟𝑦  ℒ
x

∩ ℛ y ≠ ∅  ℛ
x

∩ ℒ y ≠ ∅.                                                                                                        

(ii)  𝒟
x

=
xDy

 ℒ y =  
xDy

 ℛ y .     

Proof: Let T be a ternary semi-group. 

Since   𝒟 smallest equivalence relation over  T .  

 We have  𝒟 = ℛ ∪ ℒ = ℒ ∪ ℛ.  

(i) For any 𝑥 and 𝑦𝜖𝑇,𝑥𝒟𝑦 𝑥(ℛ ∪ ℒ)𝑦 𝑥(ℒ ∪ ℛ)𝑦 

 there  exists 𝑧 ∈ 𝑇such   that 𝑥ℒ𝑧 and 𝑧ℛ𝑦 𝑥ℛ𝑧 and 𝑧ℒ𝑦 

 𝑧 ∈ ℒ
x

and 𝑧 ∈ ℛ y  𝑧 ∈ ℛ
x

and 𝑧 ∈ ℒ y
 

 𝑧 ∈ (ℒ
x

∩ ℛ y )  𝑧 ∈ (ℛ
x

∩ ℒ y ) 

  (ℒ
x

∩ ℛ y ) ≠ ∅ (ℛ
x

∩ ℒ y ) ≠ ∅. 
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 Hence  𝑥𝒟𝑦 ℒ
x

∩ ℛ y ≠ ∅ ℛ
x

∩ ℒ y ≠ ∅. 

(ii) For any  𝑥 ∈ 𝑇, 

  Let      𝒟
x

= { 𝑦 ∈ 𝑇 ∶ 𝑥𝒟𝑦 } 

                    = { 𝑦 ∶ 𝑥(ℒ ∪ ℛ)𝑦 = 𝑥(ℛ ∪ ℒ)𝑦  } 

                    = { 𝑦 ∶ ∃ 𝑧 ∈ 𝑇 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑥ℒ𝑧  and 𝑧ℛ𝑦 =  𝑥ℛ𝑧  𝑎𝑛𝑑 𝑧ℒ𝑦 } 

                    =
xDy

 ℒ y =  
xDy

 ℛ y                                                                                                          

Therefore   𝒟
x

=
xDy

 ℒ y =  
xDy

 ℛ y . 

 

Theorem 2.8. Let T  be an  idempotent ternary semigroup.  Then for all   𝑎, 𝑏 ∈ 𝑇 

(i)     𝑎ℒ𝑏  𝑎 = 𝑎𝑏𝑏  and 𝑏 = 𝑏𝑎𝑎. 

(ii)    𝑎ℛ𝑏  𝑎 = 𝑏𝑏𝑎  and 𝑏 = 𝑎𝑎𝑏. 

Proof: LetT be a idempotent ternary semigroup. 

Thus  all elements of   T     are   idempotent. 

            i.e.,  𝑎 3 = 𝑎 for any  𝑎 𝜖 𝑇. 

Suppose ℒ and ℛ are equivalence classes on T . 

𝑖. 𝑒. ,   𝑎ℒ𝑏 1',',, Ttsts   such   as stba    and atsb ''  

and 𝑎ℛ𝑏 1',',, Ttsts   such   that  bsta    and ''tasb  for any  𝑎, 𝑏𝜖𝑇 1 . 

(i)  Consider   𝑎ℒ𝑏 stba    and  atsb ''  ,   for any  1, Tba                            

                                𝑎𝑏𝑏 = (𝑠𝑡𝑏)𝑏𝑏  and  𝑏𝑎𝑎 = (𝑠′𝑡′𝑎)𝑎𝑎 , 

                                𝑎𝑏𝑏 = 𝑠𝑡(𝑏𝑏𝑏) and  𝑏𝑎𝑎 = 𝑠′𝑡′(𝑎𝑎𝑎) 

                               
 
 𝑎𝑏𝑏 = 𝑠𝑡𝑏  and  𝑏𝑎𝑎 = 𝑠′𝑡′𝑎 

                                   𝑎𝑏𝑏 = 𝑎  and  𝑏𝑎𝑎 = 𝑏 

Hence 𝑎ℒ𝑏 𝑎𝑏𝑏 = 𝑎  and   𝑏𝑎𝑎 = 𝑏. 
(ii) Consider 𝑎ℛ𝑏 𝑎 = 𝑏𝑠𝑡 and 𝑏 = 𝑎𝑠′𝑡′ ,   ∀𝑎, 𝑏𝜖𝑇 

 𝑏𝑏𝑎 = 𝑏𝑏(𝑏𝑠𝑡)  and  𝑎𝑎𝑏 = 𝑎𝑎(𝑎𝑠′𝑡′)  

 𝑏𝑏𝑎 = (𝑏𝑏𝑏)𝑠𝑡   and  𝑎𝑎𝑏 = (𝑎𝑎𝑎)𝑠′𝑡′ 

 𝑎𝑏𝑏 = 𝑏𝑠𝑡   and   𝑏𝑎𝑎 = 𝑎𝑠′𝑡′ 

  𝑏𝑏𝑎 = 𝑎  and  𝑎𝑎𝑏 = 𝑏. 
Therefore    𝑎ℛ𝑏 𝑏𝑏𝑎 = 𝑎 and  𝑎𝑎𝑏 = 𝑏. 

Definition 2.9. Let  𝑇  be a ternary semigroup. Then for each  𝑠, 𝑡 𝜖  𝑇  we define (as 

before) the mapping 𝜌: 𝑇 1 →  𝑇 1   𝑏𝑦  𝜌(𝑧) = 𝑠𝑡𝑧   ∀  𝑧 𝜖 𝑇 1
. 

 

Theorem 2.10. Let    𝑇  be a  ternary  semi-group.  For  any  𝑥, 𝑦 𝜖 𝑇 ,  let  𝑥ℒ𝑦.  We have 

(i) ρ ∶  ℛ
x

→ ℛ y is   bijection  and  𝜂 ∶ ℛ y → ℛ
x

is  bijection.                             

(ii)   𝜂 =  𝜌 1
  inverse  function of   𝜌   restricted  to  ℛ

x
.                                                                                    

(iii)  𝜌(𝑧)  fixes  the ℒ- class,   that  is    𝑧ℒ𝜌(𝑧)  for   all  𝑧 𝜖 ℛ
x

. 
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(iv) 𝜌  preserves  ℋ  - class, that  is for all  𝑢, 𝑣 𝜖 ℛ
x

; 𝑢ℋ𝑣  𝜌(𝑢)ℋ𝜌(𝑣).    

Proof: Let  𝑇 be a ternary semi-group. Since 𝑥ℒ𝑦. There have 1',',, Ttsts   such that  

that   𝑠𝑡𝑥 = 𝑦  and        𝑠′𝑡′𝑦 = 𝑥                                                                                       (1) 

(i) Define  ρ(z) ∶  ℛ
x

→  ℛ y nd  𝜂:  ℛ y ⟶ ℛ
x

by  𝜌(𝑧) = 𝑠𝑡𝑧   ∀  𝑧 𝜖 ℛ
x

, 

  𝑠, 𝑡 𝜖 𝑇 1
and 𝜂(𝑧) = 𝑠′𝑡′𝑧, ∀  𝑧 𝜖 ℛ y   an   𝑠′, 𝑡′ 𝜖 𝑇 1

   respectively. 

First to prove that   ρ ∶  ℛ
x

→ ℛ y bijective mapp. 

Let 𝑧𝜖ℛ
x

. Then   𝑧ℛ𝑥 𝑥𝑇 1 𝑇 = 𝑧𝑇 1 𝑇 

Consider 𝑥𝑇
1
𝑇 = 𝑧𝑇

1
𝑇 ⟹ 𝑠𝑡𝑥𝑇

1
𝑇 = 𝑠𝑡𝑧𝑇

1
𝑇 

                                       ⟹ 𝑠𝑡𝑧𝑇
1
𝑇 = 𝑠𝑡𝑥𝑇

1
𝑇 

                                       ⟹ 𝑠𝑡𝑧𝑇
1
𝑇 = 𝑦𝑇

1
𝑇(from equation (1)) 

                                      ⟹ st𝑧ℛ𝑦                                  

                                     ⟹  ρ(z)ℛ𝑦 

Thus   ρ(z)ϵℛ y  for  any  𝑠, 𝑡𝜖𝑇   and  𝑧𝜖ℛ
x

.  Hence ρ is onto. 

Next to show that   ρ is one-one. 

 For any 𝑧𝜖ℛ
x

, let   ρ(x) =  ρ(z)   

                  ⟹ 𝑠𝑡𝑥 = 𝑠𝑡𝑧  for some 𝑠, 𝑡𝜖𝑇 1 . 

                    stx − stz = 0 

                    st(x − z) = 0 

                   x − z = 0  and    st ≠ 0 

                      x = z 

Therefore  ρ   is   one – one. 

Hence   ρ ∶  ℛ
x

→ ℛ y   is  bijective map. 

Similarly,  we can  show  that  𝜂 ∶   ℛ y → ℛ
x

is  bijective  mapp.                                         

(ii)  To claim that   𝜂 =  𝜌 1
. 

Consider 
xz    𝑧ℛ𝑥 1',',, Tvuvu     such that  xuvz   and    ''vzux  . 

Consider xuvsttsstzts ))(''())(''(   

        
uvstxts ))(''(  

        
uvyts ))(''(  

        
uvyts )''(  

        xuv  

          = 𝑧 

                 
zstzts ))(''(

              
(2) 

Now zstztsstzzz  )('')())(()(  . 
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Here 𝜂(𝜌(𝑧)) is the identity mapping of ℛ
x

 and 𝜌(𝜂(𝑧)) is the 

identity   mapping    of  ℛ y . Hence    𝜌𝜂 = 𝜂𝜌 = 𝐼 η =  𝜌 1 . 

(iii)  Assume that  𝑧𝜖ℛ
x
 𝑠𝑡𝑧 = 𝜌(𝑧)and  𝑠′𝑡′𝜌(𝑧) = z. 

 From equation (2),  then  𝑧 and   𝑠𝑡𝑧 ( 𝑜𝑟𝜌(𝑧)) are in the same ℒ - class. 

Therefore  𝜌(𝑧)  fixes the ℒ −  class, that is  𝑧ℒ𝜌(𝑧) for all𝑧𝜖ℛ
x

. 

(iv)  Let   𝑢, 𝑣𝜖ℛ
x
 𝑢𝜖ℛ

x
and𝑣𝜖ℛ

x
  ⇒ by (iii)  𝑢, 𝑣 are in the  ℒ −  class. 

Here 𝑢ℒ𝑣 vstu     and  vtsu ''  vu )( and  𝜌(𝑣) = 𝑢. 

Consider        𝑢ℋ𝑣 𝑢(ℒ ∩ ℛ)𝑣 

                                𝑢ℒ𝑣 and𝑢ℛ𝑣 

                                𝜌(𝑢)ℒ𝜌(𝑣)  and  𝜌(𝑢)ℛ𝜌(𝑣) 

                                𝜌(𝑢)ℋ𝜌(𝑣). 
 

Definition 2.11: Let 𝑇 be a ternary semigroup. For  𝑝, 𝑟𝜖𝑇,  we define a  mapping 𝑓: 𝑇 1

→ 𝑇 1   by  𝜌(𝑧) = 𝑧𝑝𝑟 for any 𝑧𝜖𝑇 1
. 

 

Theorem 2.12. Let 𝑇  be a ternary semigroup. Define green’s equivalence 

 ℛ   on    𝑇    by  𝑦ℛ𝑧 ⟺ 𝑦𝑝𝑟 =  𝑧  and  𝑧𝑝′𝑟′ = 𝑦   for  any 𝑝, 𝑟, 𝑝′, 𝑟′𝜖𝑇 1 , 𝑡ℎ𝑒𝑛 

(i)  𝑓:  ℒ y → ℒ z bijection  and  𝑔: ℒ z → ℒ y bijection. 

(ii)  𝑔 = 𝑓 1
  is  an  inverse  function  of  𝑓  restricted  to  ℒ y .                                                                                    

(iii)  𝑓 preserves ℛ − 𝑐𝑙𝑎𝑠𝑠,   𝑡ℎ𝑎𝑡 𝑖𝑠 𝑤ℛ𝑓(𝑤),    for any  𝑤𝜖ℒ y . 

Proof:  Simply we can prove this proof following by theorem   2.10. 

 

Theorem 2.13.  Let  𝐸 T   be the collection of idempotent elements of ternary semigroup 

𝑇and let  𝑒𝜖𝐸.   If  𝑥ℒ𝑒  and   𝑥ℛ𝑒 then respectively 𝑥 = 𝑥𝑒𝑒 and 𝑥 = 𝑒𝑒𝑥. 

Proof: Let  𝑇 be a ternary semigroup and given 𝑒𝜖𝐸 T and 𝑥𝜖𝑇. 

(i) Consider𝑥ℒ𝑒 1',',, Ttsts   such that estx    and   xets '' 𝑠′𝑡′𝑒 = 𝑥. 

⟹ etsx ''    

          
3'' ets  

          eeets ''     

     xeex   

(ii) Consider  𝑥ℛ𝑒 ∃𝑠, 𝑡, 𝑠′, 𝑡′ ∈ 𝑇 1  such that  𝑥𝑠𝑡 = 𝑒 and 𝑒𝑠′𝑡′ = 𝑥. 

 ''tesx          

          ''3 tse        

          ''teees                         

Hence eexx  . 
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3. Conclusions 
We introduced the notion of Green’s Relations congruences over ternary semigroups, 

investigated their properties, and described their extension. In the course of this work, we 

plan to study Green’s relations over Ternary semigroups. 
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