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1. Introduction  

The classical Kantorovich Operators ([2] and [5]) of bounded continuous functions 𝑓(𝑥) 

on the interval [0, ∞), which are defined as:  

 

𝐿𝑛(𝑓; 𝑥) = (n − 1) ∑  𝑃𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ 𝑓(𝑡)𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

,                                                 (1.1) 

  where,  

𝑃𝑛,𝑘(𝑥) =
(𝑛 + 𝑘 − 1)!  𝑥𝑘

𝑘! (𝑛 − 1)!  (1 + 𝑥)𝑛+𝑘
. 

Wafi and Khatoon [14] proved a Voronovskaya-type theorem for generalised Baskakov-

Kantorovich operators in polynomial weight spaces. Wafi and Rao [13], we introduced 

generalized Baskakov-Kantorovich operators based on two parameters and proved an order 

of approximation using second modulus of continuity, Ditzian-Totik modulus of 

smoothness, Peeter’s K-functional. In [1], Deniz et al. constructed Baskakov-Durrmeyer 

Kantorovich operators in terms of the method of Stan constructed Bernstein-Durrmeyer-

Kantorovich operators in [12]. Agrawal [6], studied the bivariate extension of the 

generalized Baskakov-Kantorovich operators and discussed the comparison of the 

convergence of the bivariate generalized Baskakov Kantorovich operators and the bivariate 

Szasz-Kantorovich operators. Erencin and Buyukdurakoglu [3], we introduced some direct 
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results and weighted approximation properties for a modi cation of generalized Baskakov-

Kantorovich operators. Gupta [7], we proposed three new operators, which are obtained 

from composition of genealized Baskakov-Szasz operators with Szasz and Lupas operators 

based on Laguerre polynomials. Jabbar and Hassan ([8, 9]) have introduced a modified 

Baskakov operators to improve the degree approximation as follows :  

 

𝐵𝑛
1(𝑓; 𝑥) = ∑  

∞

𝑘=0

   ℳ𝑛,𝑘(𝑥) 𝑓 (
𝑘

𝑛
),                                                                                   (1.2) 

 ℳ𝑛,𝑘(𝑥) = 𝜓(𝑥, 𝑛)𝑃𝑛+1,𝑘(𝑥) + 𝜓(−1 − 𝑥, 𝑛)𝑃𝑛+1,𝑘−1(𝑥),                                   (1.3) 

and 

𝜓(𝑥, 𝑛) = 𝑎(𝑛) + 𝑏(𝑛)𝑥, 𝑛 = 0,1 …, 
   where   𝑎(𝑛)  and 𝑏(𝑛)   are unknow sequences. For  𝑎(𝑛) = 𝑏(𝑛) = 1, obviously 

(1.2) reduces to classical Baskakov operators. The main aim of this research is to present 

a new construction of the Baskakov-Kantorovich operator, which has better features and 

properties than the usual Baskakov-Kantorovich operator. 

 

2. Kantorovich operators of order I  

For  𝛾 > 0  and  𝑓 ∈ 𝐶 𝛾(𝛪) = {𝑓 ∈ 𝐶(𝛪): |𝑓(𝑥)| ≤ 𝐶(1 + 𝑥𝛾), ∀ 𝑥 ∈ 𝛪}, where 𝛪 = [0, ∞) 

and 𝐶 is a positive constant dependent on 𝑓. For any 𝑓 ∈ 𝐶 𝛾(𝛪) we define a Kantorovich 

operator as   

𝐻𝑛,1(𝑓; 𝑥) = (𝑛 − 1) ∑   ℳ𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ 𝑓(𝑡)𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

.                                                  (2.1) 

 

Lemma 2.1. The following statements hold  

i) 𝐻𝑛,1(𝑓; 𝑥) = 2𝑎(𝑛) − 𝑏(𝑛)  

 

ii) 𝐻𝑛,1(𝑡; 𝑥) =
1

2(𝑛−1)
(2𝑛𝑥(2𝑎(𝑛) − 𝑏(𝑛)) + 4𝑥(𝑎(𝑛) − 𝑏(𝑛)) + 4𝑎(𝑛) −

3𝑏(𝑛))   

 

iii) 𝐻𝑛,1(𝑡2; 𝑥) =
1

3(𝑛−1)2 (3 𝑛2𝑥2(2𝑎(𝑛) − 𝑏(𝑛)) + 3𝑛𝑥2(6𝑎(𝑛) − 5𝑏(𝑛)) +

 6𝑛𝑥(3𝑎(𝑛) − 2𝑏(𝑛)) + 12𝑥2(𝑎(𝑛) − 𝑏(𝑛)) + 18𝑥(𝑎(𝑛) − 𝑏(𝑛)) +

8𝑎(𝑛) − 7𝑏(𝑛)) 

 

In order to study the uniform convergence, we consider the sequences 𝑎(𝑛)  and  𝑏(𝑛). 

Verify the condition 

2𝑎(𝑛) − 𝑏(𝑛) = 1.                                                                                    (2.2) 

We will consider two cases for the sequences  𝑎(𝑛)  and  𝑏(𝑛). 
Case 1: Let  

𝑎(𝑛) − 𝑏(𝑛) ≥ 0  and  𝑎(𝑛) ≥ 0.                                   (2.3) 
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 Using (2.2), we get   0 ≤ 𝑎(𝑛) ≤ 1  and  −1 ≤ 𝑏(𝑛) ≤ 1. In this case, the operator (2.2) 

is positive. 

Case 2: Let  

  𝑎(𝑛) − 𝑏(𝑛)  < 0  or  𝑎(𝑛) <  0.                                        (2.4) 

 

If    𝑎(𝑛) − 𝑏(𝑛)  < 0, then   𝑎(𝑛) > 1   and if  𝑎(𝑛) <  0, then  𝑎(𝑛) − 𝑏(𝑛) > 1. In this 

case, the operator (2.1) is non-positive. 

 

Theorem 2.2.  Let  𝑎(𝑛), 𝑏(𝑛) be two sequence which verify the conditions (2.2) and (2.3). 

If   𝑓 ∈ 𝐶 𝛾(𝛪), then  

lim
𝑛→∞

 𝐻𝑛,1(𝑓; 𝑥) = 𝑓(𝑥),  

uniformly on [ 𝑢, 𝑣] ⊂ [0, ∞). 

Proof: In view of Lemma 2.1 it is obvious that  𝐻𝑛,1(𝑡𝑖; 𝑥) → 𝑥𝑖 , 𝑖 = 0,1.2  when  𝑛 →
, 𝑤hich gives the prove of Theorem (2.2).                           □ 

 

Theorem 2.3. [11]  Let  ℎ ∈ 𝐶[ 𝑢, 𝑣] > 0  be a function and suppose that (𝐿𝑛)𝑛≥1  is a 

sequence of positive Linear operators such that for any  lim
𝑛→∞

 𝐿𝑛(𝑒𝑛) = ℎ𝑒𝑖 , 𝑖 = 0,1,2,   

uniformly on [ 𝑢, 𝑣].  Then for a given function 𝑓 ∈ 𝐶[ 𝑢, 𝑣], 𝑤𝑒  have  lim
𝑛→∞

 𝐿𝑛(𝑓) = ℎ𝑓     

uniformly on [ 𝑢, 𝑣]. 
 

Theorem 2.4.  Let 𝑓 ∈ 𝐶 𝛾(𝛪), then for all convergence sequences  𝑎(𝑛)  and  𝑏(𝑛) that 

verify conditions (2.2) and (2.4), we have   

lim
𝑛→∞

 𝐻𝑛,1(𝑓; 𝑥) = 𝑓(𝑥),  

uniformly on [ 𝑢, 𝑣] ⊂ [0, ∞). 
Proof: From (2.2) and (2.4), it follows that 

(𝑎(𝑛) > 0, 𝑏(𝑛) > 0) or (𝑎(𝑛)  < 0, 𝑏(𝑛) < 0). 
Suppose that 𝑎(𝑛) > 0, 𝑏(𝑛) > 0. The operator  𝐻𝑛,1(𝑓; 𝑥)  can be written as follows  

𝐻𝑛,1(𝑓; 𝑥) = 𝑈𝑛,1(𝑓; 𝑥) − 𝑊𝑛,1(𝑓; 𝑥), 
where 

𝑈𝑛,1(𝑓; 𝑥) = (𝑛 − 1) ∑( (2𝑎(𝑛) + 𝑏(𝑛)𝑥)𝑃𝑛+1,𝑘(𝑥) + 𝑎(𝑛)𝑃𝑛+1,𝑘−1)

∞

𝑘=0

   ∫ 𝑓(𝑡)𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

 

𝑊𝑛,1(𝑓; 𝑥) = (𝑛 − 1) ∑( 𝑎(𝑛)𝑃𝑛+1,𝑘(𝑥) + (𝑏(𝑛)𝑥 + 𝑏(𝑛))𝑃𝑛+1,𝑘−1)

∞

𝑘=0

   ∫ 𝑓(𝑡)𝑑𝑡.

𝑘+1
𝑛−1

𝑘
𝑛−1

 

Using Theorem 2.3, we obtain  

lim
𝑛→∞

 𝑈𝑛,1(𝑓; 𝑥) = (𝐿2 (𝑥 +
3

2
) +

3

2
) 𝑓(𝑥),  

lim
𝑛→∞

 𝑊𝑛,1(𝑓; 𝑥) = (𝐿2 (𝑥 +
3

2
) +

1

2
) 𝑓(𝑥), 

where  lim
𝑛→∞

 𝑏(𝑛) = 𝐿2. Therefore, lim
𝑛→∞

 𝐻𝑛,1(𝑓; 𝑥) = 𝑓(𝑥).               □ 
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Lemma 2.5. The moments of the operators (2.1) are given by 

(i) lim
𝑛→∞

 𝑛𝐻𝑛,1(𝑡 − 𝑥; 𝑥) =
1

2
(1 + 2𝑥)(2 − 𝐿2) 

(ii) lim
𝑛→∞

 𝑛𝐻𝑛,1((𝑡 − 𝑥)2; 𝑥) = 𝑥(1 + 𝑥) 

(iii) lim
𝑛→∞

 𝑛2𝐻𝑛,1((𝑡 − 𝑥)4; 𝑥) = 3 𝑥2(1 + 𝑥)2 

 

Theorem 2.6. Let  𝑎(𝑛)  and  𝑏(𝑛) be a convergent sequence that satisfies the conditions 

(2.2) and (2.3). If 𝑓′′ ∈ 𝐶 𝛾(𝛪), then  

lim
𝑛→∞

𝑛 (𝐻𝑛,1(𝑓; 𝑥) − 𝑓(𝑥)) = (
1

2
(1 + 2𝑥)(2 − 𝐿2)) 𝑓′(𝑥) +

1

2
𝑥 (1 + 𝑥)𝑓′′(𝑥). 

Proof: Using the Cauchy-Schwarz inequality and   Lemma (2.5), we get the desired 

result.   □ 

 

3. Kantorovich Operators of order II    

In this section, we will extend the previous results considering the modified Kantorovich- 

type operators as follows  

𝐻𝑛,2(𝑓; 𝑥) = (𝑛 − 1) ∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ 𝑓(𝑡)𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

,                                                   (3.1) 

   where  

ℬ𝑛,𝑘(𝑥) =  Ŵ(𝑥, 𝑛)𝑃𝑛+2,𝑘(𝑥) +  Û(𝑥, 𝑛)𝑃𝑛+2,𝑘−1(𝑥) 

+ Ŵ(−1 − 𝑥, 𝑛)𝑃𝑛+2,𝑘−2(𝑥),        (3.2)    
and moreover  

  Ŵ(𝑥, 𝑛) = 𝑐(𝑛) + 𝑑(𝑛)𝑥 + 𝑒(𝑛)𝑥2, Û(𝑥, 𝑛) = 𝑔(𝑛)(𝑥 + 𝑥2) ,                             (3.3)   
where 𝑐(𝑛), 𝑑(𝑛), 𝑒(𝑛) and 𝑔(𝑛) are some unknown sequences which are determined in 

appropriate way. For  𝑐(𝑛) = 𝑒(𝑛) = 1, 𝑑(𝑛) = −𝑔(𝑛) = 2  obviously, (3.1) reduces to 

(1.1).  

Since, 

   𝐻𝑛,2(1; 𝑥) = 2𝑒(𝑛)𝑥2 + 𝑔(𝑛)𝑥2 + 2𝑒(𝑛)𝑥 + 𝑔(𝑛)𝑥 + 2𝑐(𝑛) − 𝑑(𝑛) + 𝑒(𝑛). 
Therefore, to study the rete of convergence we set 𝐻𝑛,2(1; 𝑢) = 1, and these yields  

2𝑐(𝑛) − 𝑑(𝑛) + 𝑒(𝑛) = 1,                                                                   (3.4) 

   𝑔(𝑛) + 2𝑒(𝑛) = 0.                                                                           (3.5)                                                     
Since, 

  𝐻𝑛,2(𝑡; 𝑥) = 1

2(𝑛−1)
(𝑛𝑥3(4𝑒(𝑛) + 2𝑔(𝑛)) + 𝑛𝑥2(4𝑒(𝑛) + 2𝑔(𝑛)) + (8𝑒(𝑛) +

4𝑔(𝑛)) + 2𝑛𝑥(2𝑐(𝑛) − 𝑑(𝑛) + 𝑒(𝑛)) + 𝑥2(14𝑒(𝑛) + 7𝑔(𝑛)) + 8𝑥(1 − 𝑐(𝑛)) + 5 −

4𝑐(𝑛)). 

To prove 𝐻𝑛,2(𝑡; 𝑥), we consider the sequences 𝑐(𝑛) to verify the condition 

lim
𝑛→∞

𝑐(𝑛)

𝑛
= 0.      

Using the equations (2.5) and (2,6), we obtain   
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𝐻𝑛,2(𝑡; 𝑥) = 𝑥 +
(1 + 2𝑥)(5 − 4𝑐(𝑛))

2(𝑛 − 1)
. 

We propose 𝑐(𝑛) =
5

4
. Hence, 

𝐻𝑛,2(𝑡; 𝑥) = 𝑥. 

In order to have 𝐻𝑛,2(𝑡2; 𝑥)  we consider the sequence 𝑒(𝑛)  to verify the condition 

lim
𝑛→∞

𝑒(𝑛)

𝑛2
= 0. 

Using the equations above, we get  

𝐻𝑛,2(𝑡2; 𝑥) = 𝑥2 +
3𝑛(𝑥 + 𝑥2) − 21(𝑥 + 𝑥2) + 6𝑒(𝑛)(𝑥 + 𝑥2) −

7
2

3(𝑛 − 1)2
  

We put, 𝑒(𝑛) =
−𝑛

2
.  Therefore, 

𝐻𝑛,2(𝑡2; 𝑥) = 𝑥2 −
7(1 + 6𝑥 + 6𝑥2)

6(𝑛 − 1)2
. 

With the above choices, the operator (2.1) becomes   

𝐻𝑛,2(𝑓; 𝑥) = (𝑛 − 1) ∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ 𝑓(𝑡)𝑑𝑡

𝑘+1
𝑛−1

𝑘
𝑛−1

,                                                    (3.6) 

   where   

ℬ𝑛,𝑘(𝑥) = (
5

4
+ (

3 − 𝑛

2
) 𝑥 −

𝑛

2
𝑥2) 𝑃𝑛+2,𝑘(𝑥) + 𝑛(𝑥 + 𝑥2)𝑃𝑛+2,𝑘−1(𝑥)

− (
1

4
+ (

3 + 𝑛

2
) 𝑥 +

𝑛

2
𝑥2) 𝑃𝑛+2,𝑘−2(𝑥) 

 

Lemma 3.1. The moments of the operators (3.1) are given by  

(i) 𝐻𝑛,2(𝑡 − 𝑥; 𝑥) = 0 

 

(ii)  𝐻𝑛,2((𝑡 − 𝑥)2; 𝑥) = −
7(1+6𝑥+6𝑥2)

6(𝑛−1)2  

(iii)  𝐻𝑛,2((𝑡 − 𝑥)3; 𝑥) = −
28 𝑛𝑥3+42 𝑛𝑥2+14 𝑛𝑥+200 𝑥3+300 𝑥2+130 𝑥+15 

4(𝑛−1)3   

 

(iv) 𝐻𝑛,2((𝑡 − 𝑥)4; 𝑥) = −(3𝑥4 + 6𝑥3 + 3𝑥2)
𝑛2

(𝑛−1)4 + 𝑂 (
1

𝑛3) 

 

(v) 𝐻𝑛,2((𝑡 − 𝑥)5; 𝑥) = −(90𝑥5 + 225𝑥4 + 180𝑥3 + 45𝑥2)
𝑛2

(𝑛−1)5 + 𝑂 (
1

𝑛4) 

(vi) 𝐻𝑛,2((𝑡 − 𝑥)6; 𝑥) = −(30𝑥6 + 90𝑥5 + 90𝑥4 + 30𝑥3)
𝑛3

(𝑛−1)6 + 𝑂 (
1

𝑛4) 

 

Theorem 3.2.  Let 𝑓(4) ∈ 𝐶 𝛾(𝛪). Then  
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lim
𝑛→∞

𝑛2 (𝐻𝑛,2(𝑓; 𝑥) − 𝑓(𝑥))

=
−7(1 + 6𝑥 + 6𝑥2)

12
 𝑓′′(𝑥) −

(28𝑥3 + 42𝑥2 + 14𝑥)

24
𝑓(3)(𝑥)

−
(3𝑥4 + 6𝑥3 + 3𝑥2)

24
𝑓(4)(𝑥).              

               
Proof :    Applying the operator 𝐻𝑛,2(𝑓; 𝑥) to the  Taylor’s formula, we obtain  

𝐻𝑛,2(𝑓; 𝑥) − 𝑓(𝑥)

= 𝐻𝑛,2((𝑡 − 𝑥); 𝑥)𝑓′(𝑥) +
1

2
𝐻𝑛,2((𝑡 − 𝑥)2; 𝑥)𝑓′′(𝑥)

+
1

6
𝐻𝑛,2((𝑡 − 𝑥)3; 𝑥)𝑓(3)(𝑥) +

1

24
𝐻𝑛,2((𝑡 − 𝑥)4; 𝑥)𝑓(4)(𝑥)

+  𝐻𝑛,2 ( 𝜃(𝑡, 𝑥)(𝑡 − 𝑥)4; 𝑥), 
              

where   𝜃(𝑡, 𝑥) ⟶ 0   as    𝑡 ⟶ 𝑥.    
From the Lemma (2.1), we have  

lim
𝑛→∞

𝑛2 (𝐻𝑛,2(𝑓; 𝑥) − 𝑓(𝑥))

=
−7(1 + 6𝑥 + 6𝑥2)

12
 𝑓′′(𝑥) −

(28𝑥3 + 42𝑥2 + 14𝑥)

24
𝑓(3)(𝑥)

−
(3𝑥4 + 6𝑥3 + 3𝑥2)

24
𝑓(4)(𝑥) + lim

𝑛→∞
𝑛2 𝐻𝑛,2 ( 𝜃(𝑡, 𝑥)(𝑡 − 𝑥)4; 𝑥).   

Now, we want to show that  lim
𝑛→∞

𝑛2 𝐻𝑛,2 ( 𝜃(𝑡, 𝑥)(𝑡 − 𝑥)4; 𝑥) = 0.  

Here, we cannot use Cauchy – Schwarz inequality because 𝐻𝑛,2(𝑓; 𝑥) is not a positive 

operator in this case, we use the following technique: 

For given 𝜀 > 0  there is  𝛿 > 0 such that if  | 𝑡 − 𝑥| < 𝛿 →  |𝜃(𝑡, 𝑥)| < 𝜀  and  for 

| 𝑡 − 𝑥| ≥ 𝛿, then there is a constant  𝐶 > 0 such that  |𝜃(𝑡, 𝑥)| < 𝐶.  

𝑛2|𝐻𝑛,2 ( 𝜃(𝑡, 𝑥)(𝑡 − 𝑥)4; 𝑥)|

≤ 𝑛2(𝑛 − 1) ∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

  (𝑥) ∫  |𝜃(𝑡, 𝑥)| (𝑡 − 𝑥)4𝑑𝑡  

 

| 𝑡−𝑥|<𝛿

 

     + 𝑛2(𝑛 − 1) ∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

∫  |𝜃(𝑡, 𝑥)| (𝑡 − 𝑥)4𝑑𝑡  

 

| 𝑡−𝑥|≥𝛿

,                   

≤ 𝑛2(𝑛 − 1)𝜀 ∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ (𝑡 − 𝑥)4𝑓(𝑡) 𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

+
𝐶 𝑛2(𝑛 − 1)

𝛿2
∑  ℬ𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ (𝑡 − 𝑥)6𝑓(𝑡) 𝑑𝑡  

𝑘+1
𝑛−1

𝑘
𝑛−1

   

           ≤  𝑛2(𝑛 − 1)𝜀 𝑂 (
1

𝑛3
) +

𝑛2(𝑛 − 1)𝐶

𝛿2
 𝑂 (

1

𝑛4
) = 𝑜(1).                                     
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The proof of this theorem is complete.  □ 

 

4. Kantorovich operators of order III 

Using the approach as in the previous section we construct a third order approximation 

formula. Let us consider the following modification of Kantorovich Operators.    

𝐻𝑛,3(𝑓; 𝑥) = (𝑛 − 1) ∑   𝒟𝑛,𝑘(𝑥)

∞

𝑘=0

  ∫ 𝑓(𝑡)𝑑𝑡

𝑘+1
𝑛−1

𝑘
𝑛−1

,                                                         (4.1) 

   where,   

 𝒟𝑛,𝑘(𝑥) = 𝜙(𝑥, 𝑛)𝑃𝑛+4,𝑘(𝑥) +  𝜆(𝑥, 𝑛)𝑃𝑛+4,𝑘−1(𝑥) +  𝜃(𝑥, 𝑛)𝑃𝑛+4,𝑘−2(𝑥)                  

 + 𝜆(−1 − 𝑥, 𝑛)𝑃𝑛+4,𝑘−3(𝑥) + 𝜙(−1 − 𝑥, 𝑛)𝑃𝑛+4,𝑘−4(𝑥),                         (4.2) 

and moreover  

𝜙(𝑥, 𝑛) = 𝑎0(𝑛) + 𝑎1(𝑛)𝑥 + 𝑎2(𝑛)𝑥2 + 𝑎3(𝑛)𝑥3 + 𝑎4(𝑛)𝑥4,                           (4.3) 

𝜆(𝑥, 𝑛) = 𝑏0(𝑛) + 𝑏1(𝑛)𝑥 + 𝑏2(𝑛)𝑥2 + 𝑏3(𝑛)𝑥3 + 𝑏4(𝑛)𝑥4,                           (4.4) 

𝜃(𝑥, 𝑛) = 𝑐0(𝑛)(𝑥 + 𝑥2)2.                                                                             (4.5) 

 

We note that 𝑎𝑖(𝑛), 𝑎𝑖(𝑛), 𝑖 = 0, … ,4, and 𝑐0(𝑛) are some unidentified sequences that are 

identified in this manner. For 𝑎0(𝑛) = 𝑎4(𝑛) = 1, 𝑎1(𝑛) = 𝑎3(𝑛) = 4, 𝑎2(𝑛) =
6, 𝑏0(𝑛) = 0, 𝑏1(𝑛) = 𝑏4(𝑛) = −4, 𝑏2(𝑛) = 𝑏3(𝑛) = −12 and  𝑐0(𝑛) = 6     obviously, 

(3.1) reduces to (1.1).  

 Since, 

   𝐻𝑛,3(1; 𝑥) = 2𝑎4(𝑛)𝑥4 + 2𝑏4(𝑛)𝑥4 + 𝑐0(𝑛)𝑥4 + 4𝑎4(𝑛)𝑥3 + 4𝑏4(𝑛)𝑥3 +

2𝑐0(𝑛)𝑥3 + 2𝑎2(𝑛)𝑥2 − 3𝑎3(𝑛)𝑥3 + 6𝑎4(𝑛)𝑥4 + 2𝑏2(𝑛)𝑥2 − 3𝑏3(𝑛)𝑥3 +
6𝑏4(𝑛)𝑥4 + 𝑐0(𝑛)𝑥2 + 2𝑎2(𝑛)𝑥 − 3𝑎3(𝑛)𝑥 + 4𝑎4(𝑛)𝑥 + 2𝑏2(𝑛)𝑥 − 3𝑏3(𝑛)𝑥 +
4𝑏4(𝑛)𝑥 + 2𝑎0(𝑛) − 𝑎1(𝑛) + 𝑎2(𝑛) − 𝑎3(𝑛) + 𝑎4(𝑛) + 2𝑏0(𝑛) − 𝑏1(𝑛) + 𝑏2(𝑛) −
𝑏3(𝑛) + 𝑏4(𝑛). 
Therefore, to study the rete of convergence we set 𝐻𝑛,3(1; 𝑥) = 1, and these yields  

2(𝑎0(𝑛) + 𝑏0(𝑛)) − (𝑎1(𝑛) + 𝑏1(𝑛)) +  (𝑎2(𝑛) + 𝑏2(𝑛)) −  (𝑎3(𝑛) + 𝑏3(𝑛))                                                                    

   + (𝑎4(𝑛) + 𝑏4(𝑛)) = 1,                                                                   (4.6) 

2(𝑎2(𝑛) + 𝑏2(𝑛)) −  3(𝑎3(𝑛) + 𝑏3(𝑛)) + 4(𝑎4(𝑛) + 𝑏4(𝑛)) = 0,                     (4.7)        

𝑐0(𝑛) + 2(𝑎4(𝑛) + 𝑏4(𝑛)) = 0.                                                                                             (4.8)                                                     

Since, 

  𝐻𝑛,3(𝑡; 𝑥) = 1

2(𝑛−1)
(2𝑛𝑥5(2𝑎4(𝑛) + 2𝑏4(𝑛) + 𝑐0(𝑛)) + 2𝑛𝑥4(4𝑎4(𝑛) + 4𝑏4(𝑛) +

2 𝑐0(𝑛)) + 2𝑥5(8 𝑎4(𝑛) + 8 𝑏4(𝑛) + 4 𝑐0(𝑛)) + 2𝑛𝑥3(2𝑎2(𝑛) − 3 𝑎3(𝑛) +

6 𝑎4(𝑛) + 2 𝑏2(𝑛) − 3𝑏3(𝑛)  + 6𝑏4(𝑛) +  𝑐0(𝑛)) + 𝑥4(42𝑎4(𝑛) + 42𝑏4(𝑛) +

21𝑐0(𝑛)) + 2𝑛𝑥2(2𝑎2(𝑛) − 3 𝑎3(𝑛) + 4 𝑎4(𝑛) + 2 𝑏2(𝑛) − 3𝑏3(𝑛) + 4𝑏4(𝑛)) +

𝑥3(16 𝑎2(𝑛) − 32 𝑎3(𝑛) + 84 𝑎4(𝑛)  + 16 𝑏2(𝑛) − 28𝑏3(𝑛) + 76𝑏4(𝑛) +

18 𝑐0(𝑛)) + 2𝑛𝑥 (2(𝑎0(𝑛) + 𝑏0(𝑛)) −  (𝑎1(𝑛) + 𝑏1(𝑛)) +  (𝑎2(𝑛) + 𝑏2(𝑛)) −

 (𝑎3(𝑛) + 𝑏3(𝑛))  +  (𝑎4(𝑛) + 𝑏4(𝑛))) + 𝑥2(26𝑎2(𝑛)  − 51 𝑎3(𝑛) + 86 𝑎4(𝑛) +

26 𝑏2(𝑛) − 45𝑏3(𝑛) + 74𝑏4(𝑛) + 5𝑐0(𝑛)) + 𝑥(16𝑎0(𝑛) − 16(𝑛) + 26𝑎2(𝑛) −
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35 𝑎3(𝑛)  + 44 𝑎4(𝑛) + 16𝑏0(𝑛) − 12𝑏1(𝑛) + 22 𝑏2(𝑛) − 29𝑏3(𝑛) + 36𝑏4(𝑛)) +

10𝑎0(𝑛) − 9𝑎1(𝑛) + 9𝑎2(𝑛) − 9𝑎3(𝑛) + 9𝑎4(𝑛) + 10𝑏0(𝑛) − 7𝑏1(𝑛) + 7𝑏2(𝑛) −

7𝑏3(𝑛) + 7𝑏4(𝑛)). 

Hence, to proof 𝐷𝑛(𝑡; 𝑥),we consider the sequences 𝑎𝑖(𝑛) and 𝑏𝑖(𝑛), 𝑖 = 0, … ,4   to 

verify the conditions 

lim
𝑛→∞

𝑎0(𝑛)

𝑛
= 0,  lim

𝑛→∞

𝑏0(𝑛)

𝑛
= 0      and  

2(2𝑎4(𝑛) + 𝑏4(𝑛)) − (2𝑎3(𝑛) + 𝑏3(𝑛)) = 0.                                                       (4.9)     
Using the equations (4.6), (4.7), (4.8) and (4.9), we obtain   

𝐻𝑛,3(𝑡; 𝑥) =

2𝑛𝑥 + (
170

9 − 16𝑎0(𝑛) − 8𝑏0(𝑛)) 𝑥 + (
94
9 − 8𝑎0(𝑛) − 4𝑏0(𝑛))

2(𝑛 − 1)
. 

We put, 𝑎0(𝑛) =
137

72
  and  𝑏0(𝑛) =

−43

36
. 

Therefore,  

𝐻𝑛,3(𝑡; 𝑥) = 𝑥. 

In order to have 𝐻𝑛,3(𝑡2; 𝑥)  we consider the sequences 𝑎𝑖(𝑛) and 𝑏4(𝑛), 𝑖 = 1, ,2,3,4   to 

verify the conditions 

lim
𝑛→∞

𝑎1(𝑛)

𝑛
= 0 , lim

𝑛→∞

𝑎2(𝑛)

𝑛3
= 0, lim

𝑛→∞

𝑎3(𝑛)

𝑛3
= 0   and  

 4𝑎4(𝑛) + 𝑏4(𝑛) = 0.                                                          (4.10) 
Using the equations (4.6), (4.7), (4.8),(4.9) and (4,10), we get  

𝐻𝑛,3(𝑡2; 𝑥) = 𝑥2 +
 (3𝑛 − 138)(𝑥 + 𝑥2) + (𝑥 + 𝑥2)(36𝑎1(𝑛) + 9𝑎3(𝑛) − 18𝑎2(𝑛))

3(𝑛 − 1)2
  

We propose our analysis for the cases, 

𝑎1(𝑛) =
69

8
− 

17

24
𝑛, 𝑎2(𝑛) =

𝑛2

8
  and  𝑎3(𝑛) =

−115

6
+  

5

2
𝑛 +

𝑛2

4
.                       (4.11) 

Therefore, 

𝐻𝑛,3(𝑡2; 𝑥) = 𝑥2. 
By using equation (4.11), we have   

   𝑎4(𝑛) = −
101

8
+

43

24
𝑛 + 𝑛2,  𝑏1(𝑛) = −

45

4
+

5

4
𝑛, 𝑏2(𝑛) =

115

4
−

15

4
𝑛 −

1

2
𝑛2 , 

𝑏4(𝑛) =
101

2
−

43

6
𝑛 −

1

2
𝑛2 .  𝑏3(𝑛) =

533

6
−

73

6
𝑛 − 𝑛2 and   

 

Lemma 4.1. The moments of the operators (4.1) are given by  

(i) 𝐻𝑛,3(𝑡 − 𝑥; 𝑥) = 𝐻𝑛,3((𝑡 − 𝑥)2; 𝑥) = 𝐻𝑛,3((𝑡 − 𝑥)3; 𝑥) = 0 

(ii) 𝐻𝑛,3((𝑡 − 𝑥)4; 𝑥) =  (135𝑥4 + 270𝑥3 + 158𝑥2 + 23𝑥)
𝑛

(𝑛−1)4 + 𝑂 (
1

𝑛4) 

(iii) 𝐻𝑛,3((𝑡 − 𝑥)5; 𝑥) =  (55𝑥5 +
275

2
𝑥4 + 110𝑥3 +

55

2
𝑥2)

𝑛2

(𝑛−1)5 + 𝑂 (
1

𝑛4) 

(iv) 𝐻𝑛,3((𝑡 − 𝑥)6; 𝑥) = (15 𝑥6 + 45 𝑥5 + 45 𝑥4 + 15 𝑥3)
𝑛3

(𝑛−1)6 + 𝑂 (
1

𝑛4) 

(v) 𝐻𝑛,3((𝑡 − 𝑥)7; 𝑥) = 𝐻𝑛,3((𝑡 − 𝑥)8; 𝑥) = 𝑂 (
1

𝑛4) 

 

Theorem 4.2.  Let 𝑓(6) ∈ 𝐶 𝛾(𝛪).Then  
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lim
𝑛→∞

𝑛3 (𝐻𝑛,3(𝑓; 𝑥) − 𝑓(𝑥)) = 𝑂 (
1

𝑛3
).                                                               (4.12) 

The proof can be concluded similar to that of theorem (3.2). □ 

 
5. Numerical results   

   The theoretical findings from the earlier sections will be analyzed in this section using 

numerical examples.  

 

Example 1. Let  𝑓(𝑥) =  
𝐶𝑜𝑠(2𝜋𝑥)

 𝑒𝑥 .  

Example 2. Let  ℎ(𝑥) = 𝑆𝑖𝑛(4𝜋𝑥) + 𝑆𝑖𝑛(6𝑥). 

Example 3. Let g(𝑥) =
𝑆𝑖𝑛(5𝜋𝑥)

4
+  

𝐶𝑜𝑠(4𝜋𝑥)

5
. 
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