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Abstract. In this paper, we introduce and investigate the concept of Σα-compact spaces 

within the framework of Σα-shelter. Furthermore, we establish several characterization 

theorems concerning our proposed perspective in fuzzy topological spaces, fuzzy 

subspaces, fuzzy continuous mappings, fuzzy open mappings, fuzzy 1T -spaces, fuzzy 

2T -spaces (Hausdorff spaces), and various miscellaneous characteristics within fuzzy 

topological domains. Finally, we explore the "good extension" property of the proposed 

compactness.  
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1. Introduction 
Zadeh [1] initially dealt with fuzzy sets in 1965, introduced the concept of fuzzy sets, and 

described fuzziness mathematically. Chang [2] first used an open cover to present the idea 

of fuzzy compactness, and later, Wong [3] extended the theory of fuzzy topological spaces 

based on Chang’s [2] concept and discussed various covering characterizations that define 

these spaces. Lowen [4, 5] invented the three types of fuzzy compactness: strong fuzzy 

compactness and ultra-fuzzy compactness, and later, Chadwick [6] expanded on Lowen’s 

compactness concept. Additionally, Lowen [7, 8] discussed compactness in fuzzy real lines 

as well as compact product fuzzy topological spaces. In fuzzy topological spaces, Ying [9, 

10] addressed the concept of fuzzifying compactness; N-compactness was presented by 

Guojun [11], and it was then generalized by Dongsheng [12]. A new way to define fuzzy 

compactness in L-fuzzy topological spaces was addressed by Shi [13], and the idea of the 

notion of degree of fuzzy compactness in L-fuzzy topological spaces was addressed by Li 

and Shi [14]. Hong [15] first introduced RS-compactness, and Noiri [16] provided several 

of its properties. Additionally, the features of RS-compactness were discussed by Kudri 

and Warner [17], and El-Shafei et al. [18]. Using the notion of fuzzy upper limit, Georgiou 

and Papadopoulos [19] described well-known fuzzy compactness, and Warner [20] 

discussed the modelling of general topology by fuzzy topology, which is illustrated by 

fuzzy compactness. A good definition of compactness in an L -fuzzy topological spaces 

was presented by Warner and McLean [21], and this idea was extended to arbitrary L -
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fuzzy subsets by Kudri [22], who further discussed its characteristics. Chen [23] discussed 

about the fuzzy compactness within the induced I(L)-fuzzy topological spaces. Two 

notions of intuitionistic fuzzy compactness in intuitionistic fuzzy topological spaces were 

introduced by Mahbub et al. [24]. Abbas [25] addressed there are three types of 

intuitionistic compactness, intuitionistic almost compactness, and intuitionistic near 

compactness and discussed them in the general framework of intuitionistic fuzzy 

topological spaces. Rachana Navalakhe and Purva Rajwade [26] define and study a new 

class of Nano fuzzy open sets called Nano fuzzy b-open sets in Nano fuzzy topological 

spaces. Gantner et al. [27] introduced the concept of  -shading and  -compactness due 

to L -fuzzy topological spaces, and Mashhour et al. [28] extended this concept. Kim [29] 

explored about the concepts of  -compactness regarding fuzzy topological spaces and 

establish a product theorem for an arbitrary product of  -compact fuzzy spaces. A 

relationship between  -compact fuzzy topological spaces and general topological spaces 

was demonstrated by Benchalli and Siddapur [30].  Shi [31] addressed a new way form of 

 -compactness in L-topological spaces, and Aygün [32] provided a good definition of 

fuzzy  -compactness in L-fuzzy topological spaces. Talukder and Ali [33] introduced 

partially  -compact (abbreviated as p -compact) fuzzy sets, and together with their 

various characteristics in fuzzy topological areas were discussed. Also, Talukder and 

Hossain [34] introduced slightly  -shelter, slightly  -compact fuzzy sets and 

discussed their various characterizations. The primary motivation behind introducing the 

concept of  -compact spaces is to address the limitations of existing fuzzy compactness 

notions, which often restrict the tracking of localized topological coverings. While classical 

 -shading and variants capture foundational structures [39-42], they lack flexibility when 

handling cumulative threshold constraints across multiple fuzzy subsets. By deploying the 

framework of  -shelters, this paper provides a robust and non-trivial extension of 

compactness in fuzzy topological spaces. The originality of our work lies in bridging these 

generalized shelters with fundamental topological elements, including fuzzy subspaces, 

continuous mappings, and separation axioms such as fuzzy 1T -spaces, fuzzy 2T -spaces 

(Hausdorff) spaces. Furthermore, demonstrating that  -compactness satisfies the "good 

extension" property highlights its theoretical consistency, opening new avenues for 

applications in mathematical modeling and systems dealing with structured uncertainty. 

The motive in relation to this paper is that we addressed and discuss the notion of  -

shelter and  -compact fuzzy spaces with several characteristics.  

 

2. Preliminaries 

In this section, we systematically review several essential definitions and algebraic 

properties that form the baseline of our main results. These conventions are aligned with 

the established literature referenced across our discourse. 

Definition 2.1. [1] Consider the set S  which is not an empty and 1][0I  ,  is the closed 

unit interval. A function or mapping e :  S  I , which allocates to every component 

S∈g , which is a fuzzy set. e(g)  represents a grade or degree of the membership of g
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. 
SI  is stands for whole fuzzy sets in S . Every ingredient of 

SI  may also be treated as 

a fuzzy subset of S .  

 

Definition 2.2. [1] If a fuzzy set has an identically 0 (zero) grade of membership, it is 

considered an empty fuzzy set. The number S0  represents it. 

 

Definition 2.3. [1] If a fuzzy set has an identically 1 (one) grade of membership, it is 

considered a whole fuzzy set. It is symbolized by S1 . 

 

Definition 2.4. [1] Suppose S  is not an empty set and A  S . Following that, the 

characteristic function A1 : S  1}{0,  is described by 










A

A
A g0

g 1
g)1

if

if
(  

As a result, we declare that A  is a fuzzy set in S  and that A1  represents this fuzzy set. 

Hence, any subset of a set S  can be thought of as a fuzzy set with a range of }1,0{ .  

 

Definition 2.5. [1] Suppose e  and z  are fuzzy sets in S . We ascertain          

(1) e  z  iff e(g)  z(g)  for whole S∈g  

(2)  e  z  iff e(g)  z(g)  for whole S∈g  

(3)   ze  iff (g)  z)(g)(e   max z(g)][e(g)  ,  for whole S∈g  

(4)    ze  iff (g)  z)(g)(e   min z(g)][e(g)  ,  for whole S∈g  

(5)    ce  iff (g)  e(g)1  -  for whole S∈g  and we identify that 
ce  is the 

complement of e .              

          Note: It should be observed that the fuzzy sets e  and z  are disjoint iff ze 0  

 

De-Morgan’s laws 2.6. [1] The De-Morgan’s Laws are tangible for fuzzy sets in S   i.e. 

for any fuzzy sets e  and z  are in S , after that   

(1)  z)(e  1 -  e)- (1  z)- (1  

(2) z)(e  1 -  e)- (1  z)- (1  

For each fuzzy set in e  in S ,  e  e)- (1  not compulsory be zero and e  e)- (1  not 

compulsory be one. 

 

Distributive laws 2.7. [1] The distributive laws for fuzzy sets in S  are nevertheless 

concrete i.e. for any fuzzy sets e ,  z  and h  are in S , then 

(1) h)(ze   z)(e  h)(e  

(2) h)(ze   z)(e  h)(e       
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Definition 2.8. [35] Presume   is a fuzzy set in S . Next to that,   is treated as a quasi-

coincident (shortly q -coincident) with a fuzzy set   in S , identified by q  iff 0  

for some S∈g .  

 

Definition 2.9. [2] Presume p : S  B  is a mapping and e  is a fuzzy set in S . After 

that, the image of e , symbolized by p(e) , is a fuzzy set in B  whose membership 

function is provided by 

p(e)(d) 














(d)p                              0

(d)p  (d)}pg:{e(g)
1-

-1-1

when 

when sup
 .  

 

Definition 2.10. [2] Presume p : S  B  is a mapping and z  is a fuzzy set in B . 

After that, the inverse of z , symbolized by (z)p-1
, is a fuzzy set in S  whose 

membership function is described by z(p(g))(z)(g)p-1   for whole S∈g . 

 

Definition 2.11. [36] Consider S  is a not an empty set and V  is a collecting of subsets 

of S . Next to that, V  is viewed as topology on S  when 

(1)  ,  S V   

(2)  iG V  for each Ji , after that
J

G
i

i V  

(3)  G ,  H V  G  H V  

The pair  VS  ,  is treated as a topological space; any ingredient D V  is treated 

as an open set in topology V .  

 

Definition 2.12. [36] A topological space  VS  ,  has a subset M  that is compact iff 

there is a finite subcover for each of its open covers.  

 

Definition 2.13. [2] Consider S  is not an empty set and in S ,   is a collecting of fuzzy 

sets. Next to that,   is viewed as a fuzzy topology on S , when 

(1)  1 0,     

(2)  ie    for each Ji , after that 
Ji

ie    

(3)  e ,  z    , after that e  z    

The twins   ,S  is viewed as a fuzzy topological space and, shortened to fts. Each 

members in   are treated as  -open fuzzy sets. Any fuzzy set is treated as  -closed iff 

its complement is  -open. When there won’t be any confusion, we’ll call it a  -open (

 -closed) fuzzy set simply an open (closed) fuzzy set. 
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Definition 2.14. [2] Presume   ,S  and  l ,B  are fuzzy topological spaces. A 

mapping p :    ,S    l ,B  is viewed as fuzzy continuous iff inverse for each l -

open fuzzy set is  -open or likewise inverse for each l -closed fuzzy set is  -closed. 

 

Definition 2.15. [3] Presume   ,S  and  l ,B  are fuzzy topological spaces. Consider 

p :    ,S    l ,B  is a charting from an fts   ,S  to another fts  l ,B . After 

that, p  is viewed as fuzzy open charting iff p(e) l  for each e   . 

 

Definition 2.16. [35] Assume   ,S  is an fts and A  S . Next to that the gathering 

A  }e:|{e A  is also fuzzy topology on A , treated as subspace fuzzy 

topology on A  and after that the twins  AA  ,  is treated as fuzzy subspace of 

  ,S .   

 

Definition 2.17. [37] Consider   ,S  is an fts. Next to that   ,S  is described fuzzy

1T -space iff for each g ,  d   S ,  g  d , there exist e , z     such that

0e(g)  ,  0e(d)   and 0z(g)  ,  0z(d)  . 

 

Definition 2.18. [37] Assume   ,S  is an fts. After that   ,S  is described fuzzy 2T
-space (Hausdorff space) iff for each individual g , d S , g  d , there exist e , z

   such that 0e(g)  ,  0z(d)   and de 0 . 

 

Definition 2.19. [38] The space  VS  ,  is assumed to be topological. A mapping p :  

S   R (with usual topology) is treated as lower semi-continuous, abbreviated as l.s.c. 

when for every a R , the set V)(ap-1  , . Assume a set S  and a topology 

T ,  consider )(V  is the set of whole l. s. c. functions from  VS  ,  to I  (with 

usual topology); in this way )(V  }Ia1](ae:I{e 1
-1    , , VS

. It is going to 

be demonstrated that the )(V , which is a fuzzy topology on S . Fuzzy topology is 

analous to FP of the property P, which is assumed to be a property of topological spaces. 

As a result FP is viewed as a ‘good extension’ of P “iff the announcement  VS  ,  has P 

iff   )(, VS   has FP” maintains good for every topological space  VS  , . As a 

result, such characteristic functions are l.s.c.  

 

Definition 2.20. [34] Consider S  is a not an empty set, 10   and }i:{ei J  is a 

ingathering of fuzzy sets in S . Next to that, }i:{ei J  is handled as a slightly  -
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shelter, abbreviated as s -shelter of a fuzzy set   in S  iff  
i

i(g)e   for all of 

0g  )( 0 S . A sub collection of s -shelter of  ,  it is likewise a s -shelter 

of   is addressed as a s -sub shelter of  . 

 

3. Principal outcomes 

In this portion, we addressed the conception of  -compact spaces and provided some 

characterization techniques of  -compact spaces. 

 

Definition 3.1. Consider S is not an empty set, 10  , and }i:{ei J  is a 

ingathering of fuzzy sets in S . Next to that, }i:{ei J  is viewed as a  -shelter of 

S  iff  
i

i(g)e   for the whole g S . A subcollection of  -shelter of S  which 

is also a  -shelter of S  is treated as a  -subshelter of S . 

For the instance, assume c} b {a ,, S  , 1][0I  ,  and 10  . Consider 1e , 2e 

SI  is defined with (a)e1 0.02 , (b)e1 0.04 , (c)e1  0.03  and (a)e2 0.04

, (b)e2 0.03 , (c)e2 0.02 . Choose 0.05 . It is clear that  (a)e(a)e 21 ,

 (b)e(b)e 21 ,  (c)e(c)e 21 , where a ,b , c S . Therefore }e {e 21 ,  is a 

 -shelter of S . 

 

Definition 3.2. Presume   ,S  is an fts and 10  . Then   ,S  is treated as 

-compact iff each open  -shelter of S  has a finite  -subshelter i.e. there exist 
1i

e , 

2i
e , ….., 

ni
e  }{ei  so as to  

i
i (g)e
k

  for all of g S  and with ) (k nJ .  

 

Theorem 3.3. Presume   ,S  is an fts and A S . After that, A1  is  -compact 

in   ,S  iff A1  is  -compact in  AA  , . 

 

Proof: Regard A1  is  -compact in   ,S . Presume  E   }i:{ei J  is an open 

 -shelter of A1  in  AA  , . So there exists  zi   such that ie  A|zi  iz . 

Thus }i:{zi J  is an open  -shelter of A1  in   ,S . But A1  is  -compact in 

  ,S , so }i:{zi J  has a finite  -sub shelter, namely }r:{z nir
J  such that 

 
i

i (g)z
r

  for all g S  and nr J . For if, g S , afterward there exist 
0r

iz

such that  
i

i (g)z
0r

  )(r nJ which implies that  
i

i )(g)|(z
0r

A  

)(r nJ  and consequently  
i

i (g)e
0r

  )(r nJ , as A S . Hence 
0i

e E  
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and thus }r{e nir
J:  is a finite  -subshelter of E . Thus A1  is  -compact in 

 AA  , .  

Conversely, presume A1  is  -compact in  AA  , . Assume W  }i:{zi J  is 

an open  -shelter of A1  in   ,S . Set ie  A|zi . To show this, presume Sg

. When Ag , after that, there exists 
0i

z W  such that 
0i

e  A|z
0i

. On the other 

hand, 
0i

e  A , so  
i

i (g)e
0

  for whole g S . Thus }i:{ei J  is an open 

-shelter of A1  in  AA  , . But A1  is  -compact in  AA  , , so }i:{ei J  

has a finite  -subshelter, namely }r{e nir
J:  such that  

i
i (g)e
r

  for all g

S . For if g S , then here exists 
0r

ie  such that  
i

i (g)e
0r

  implies that 

 
i

i )(g)|(z
0r

A  implies that  
i

i (g)z
0r

 , as A S . So }r{z nir
J:  is 

a finite  -subshelter of W . Therefore A1  is  -compact in   ,S . 

 

Theorem 3.4. Consider   ,S  is an fts and 10  . If each collection of closed fuzzy 

sets in   ,S  which has vacant intersection has a finite subcollection with vacant 

intersection, after that   ,S  is  -compact. On the contrary, it is not always true 

everywhere. 

Proof: Presume }i:{ei J  is an open  -shelter of   ,S  i.e.  
i

i(g)e   for 

whole g S . For the first context of the theorem, we get 
Ji

c
ie = S0 , so we write 

Ji
ie

= S1  and hence clearly  
i

i(g)e   for whole g S . Again, for the second adherence 

of the theorem, we have 
n

k
k

c
ie

J

= S0 , so we are able to write 
n

k
k

ie
J

= S1  and therefore it 

is clearly shows that  
i

i (g)e
k

  for all g S )(k nJ  and hence it is clearly 

shows that }k:{e nk J  is a finite  -subshelter of }i:{ei J . As a result,   ,S  

is  -compact.   

On the contrary, we can take into account the following instance: 

Presume c} b {a ,, S  , 1][0I  ,  and 10  . Presume 1e , 2e , 3e , 4e  SI  is 

described by (a)e1 0.03 , (b)e1 0.04 , (c)e1 0.02 ; (a)e2 0.04 , (b)e2

0.08 , (c)e2 0.01 ; (a)e3 0.04 , (b)e3 0.08 , (c)e3  0.02  and (a)e4

0.03 , (b)e4 0.04 , (c)e4  0.01 . Choose 1} e e e e {0 4321 ,,,,, , then 

  ,S  is an fts. Take 0.06 . After that, clearly   ,S  is  -compact. Now, 
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closed fuzzy sets are (a)ec
1 0.97 , (b)ec

1 0.96 , (c)ec
1 0.98 ; (a)ec

2 0.96 , 

(b)ec
2 0.92 , (c)ec

2 0.99 ; (a)ec
3 0.96 , (b)ec

3 0.92 , (c)ec
3 0.98  and 

(a)ec
4 0.97 , (b)ec

4 0.96 , (c)ec
4 0.99 . Hence we see that 

 c
4

c
3

c
2

c
1 eeee S0 . Therefore, the opposite of the theorem does not always hold. 

 

Theorem 3.5. Presume p :    ,S    l ,B  is a fuzzy continuous and onto mapping, 

where   ,S  and  l ,B  are fuzzy topological spaces with   ,S  is  -compact. 

After that,  l ,B  is  -compact. 

Proof: Guess }le:{e ii   is an open  -shelter of  l ,B  for Ji  i.e. 

 
i

i(d)e   for all of d B . As p  is fuzzy continuous, so )(ep i
-1

 and as a 

result }le:)(e{p ii
-1   which is an open  -shelter of   ,S  i.e. 

 
i

i
-1 )(g)(ep   for all of g S . Since   ,S  is  -compact, so 

}le:)(e{p ii
-1   has a finite  -subshlter, say }k:)(e{p ni

-1

k
J . Presently, if 

d B , after that p(g)d   for some g S . So, there exist }{ee iik
  such that 

 
i

i
-1 )(g)(ep

k
  

i
i )(p(g))(e
k

 )(k nJ  or  
i

i )(d)(e
k

  i.e. }{e
ki

)(k nJ  is a finite  -subshelter of }le:{e ii  . Thus  l ,B  is  -compact.  

 

Theorem 3.6.  Presume p :    ,S    l ,B  is a fuzzy open and bijective mapping, 

where   ,S  and  l ,B  are fuzzy topological spaces with  l ,B  is  -compact. 

After that,    ,S  is  -compact. 

Proof: Suppose }e:{e ii  , which is an open  -shelter of   ,S  for Ji  i.e. 

 
i

i(g)e   when whole g S . But p  is a fuzzy open, thus l)p(ei   and hence 

}e:){p(e ii  , which is an open  -shelter of  l ,B .  For, when Bd , then 

)(p (d)p -1-1 B  and therefore, there exists }{ee ii0
  so as to   

i

-1
i (d)pe
0



 
i

i )(d)p(e
0

 . Since  l ,B  is  -compact, so }e:){p(e ii   has a finite 

 -subshlter, say }k:){p(e nik
J  so as to  

i
i )(d)p(e
k

  nk J  for each 

Bd . At the moment, if )(p g -1 B , then (d)pg -1  for some of Bd . 

Thus there exist }{ee iik
  so as to  

i
i )(d)p(e
k

     
i

-1
i (d)pe
k

 
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 
i

i (g)e
k

  )(k nJ  i.e. }{e
ki

)(k nJ  is a finite  -subshelter of }{ei . Thus 

  ,S  is s -compact.  

 

Theorem 3.7. Presume   ,S  is a fuzzy 1T -space and A S . If A1  is  -

compact subset in   ,S  and Ag , after that there exist z ,e  such that 

0e(g)   and 1] (0z-1 ,A . But the converse is not true in everywhere.  

Proof: Consider Ad . Since Ag , so it is clear that dg  . But   ,S  is 

fuzzy 1T -space, so there exist dd ze  ,  such that 0(g)ed  , 0(d)ed   and  

0(g)zd  , 0(d)zd  . Since A1  is  -compact in fuzzy 1T -space   ,S , so it is 

clearly shows that  
y

y(y)v   for all Ad  i.e. }d:{zd A  is an open  -

shelter of A1  and hence }d:{zd A  has a finite  -subshelter, namely 

}d:{z
kd A )(k nJ  such that  

d
d (d)z

k
  for all Ad . Presently, 

consider 
1dz z 

2dz …….
ndz  and  

1de e 
2de …….

nde . Hence we 

observe that   ,ez . Moreover, 1] (0z-1 ,A  and 0e(g)  , as 0(g)e
kd   for all 

k . 

To illustrate, consider the following instance: 

Presume b} {a, S  , 1][0I  ,  and 10  . Presume 1e , 2e , 3e  SI  is defined 

with (a)e1 0.01 , (b)e1 0 ; (a)e2 0 , (b)e2 0.02  and (a)e3 0.01 , 

(b)e3 0.02 . Put 1} e e e {0 321 ,,,, , then   ,S  is a fuzzy 1T -space. Once 

more, presume A1  SI  is described by (a)A1 1 , (b)A1 0 ,  after that {a}A  

and Ab . Now, 1e , 2e   , where (b)e2 0  and {a}1] (0e-1
1 , . Therefore, 

1] (0e-1
1 ,A .  Choose 0.06 . Then we see that A1  is not  -compact in 

  ,S , as  
k

k(a)e  , where Aa  and 3 2 1 k ,, . Thus the theoretical 

discussion is not generally true everywhere. 

 

Theorem 3.8. Presume   ,S  is a fuzzy 1T -space and A , C S . If A1 , C1 are 

disjoint  -compact subsets in   ,S , after that there exist z ,e  such that 

1] (0e-1 ,A  and 1] (0z-1 ,C . Contrarily is not true everywhere. 

Proof: Suppoe Ad . So Cd , as  A1  and C1  are disjoint. As C1  is  -

compact in   ,S , so by theorem (3.7), there exist dd ze  ,  such that 0(d)ed   

and 1] (0z-1
d ,C . But A1  is  -compact in   ,S , so it is evident that 
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 
d

d (d)e   for all of Ad  and as a result }d:{ed A  is an open  -shelter 

of A1  and so }d:{ed A  has a finite  -subshelter, say }d:{e
kd A

)(k nJ  so as to  
d

d (d)e
k

 )(k nJ  for all Ad . Again, since C1  is  -

compact in   ,S , so }g:{zd C  has a finite  -subshelter, say C}g:{z
kd

)(k nJ  such that  
d

d (g)z
k

  for all Cg , as 1] (0z-1
d k

,C  for each k . 

Now, put 
1de e 

2de …….
nde  and 

1dz z 
2dz …….

ndz .  Hence we 

see that 1] (0e-1 ,A  and 1] (0z-1 ,C . Thus   ,ze , as e  and  z  are the union 

and finite intersection of open fuzzy sets respectively. 

For the contrary, take into consideration the fuzzy 1T -space in the illustration of the 

theorem (3.7). Afresh, presume A1 , C1  SI  defined with (a)A1 0 , (b)A1

0.09  and (a)C1 0.06 , (b)C1 0 , so {b}A , {a}C . Now, 1e , 2e   , 

where {a}1] (0e-1
1 , , {b}1] (0e-1

2 , . As a result, we can see that 1] (0e-1
2 ,A  and 

1] (0e-1
1 ,C , where A1 and C1  are disjoint. Choose 0.07 . Consequently, we 

observe that A1  and C1  are not  -compacts in   ,S , because of  
k

k(b)e  , 

whence Ab  and  
k

k(a)e  , whence Ca  for 3 2 1 k ,, . As a result, the 

theoretical discussion does not hold true in all context. 

 

Theorem 3.9. Presume   ,S  is a fuzzy 2T -space (Hausdorff) and A S . If A1  

is  -compact subset in   ,S  and Ag , after that there exist ze  ,  such that 

0e(g)   and 1] (0z-1 ,A  and 0ze  . But the converse is not true everywhere.  

Proof: Suppose Ad . Since Ag , then it is clear that dg  . But   ,S  is 

fuzzy Hausdorff, then there exist dd ze  ,  such that 0(g)ed  , 0(d)zd   and 

0ze dd  . Since A1  is  -compact in fuzzy Hausdorff space   ,S , then it 

amply demonstrates that  
d

d (d)z   for all Ad  i.e. }d:{zd A , which is 

an open  -shelter of A1  in   ,S  and consequently }d:{zd A  has a finite 

 -subshelter, declare }d:{z
kd A )(k nJ  in a way that  

d
d (d)z

k
  for all 

Ad . Now, let 
1de e 

2de …….
nde  and 

1dz z 
2dz …….

ndz  . 

Hence we observe that ze , , as e  and  z  are the finite intersection and union of open 
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fuzzy sets as well as. Moreover, 0e(g)  , as 0(g)e
kd   for each k  and 

1] (0z-1 ,A . 

 

Lastly, we must demonstrate that 0ze  . Since 0ze
kk dd    0ze

kd  , 

distributive law allows us to ze e 
1d(z 

2dz ……. )z
nd 0 . 

Regarding the converse, take into consideration the fuzzy topology   in the instance of 

the theorem (3.7), after that,   ,S  is also fuzzy Hausdorff space. Presume A1  SI  is 

described by (a)A1 0.06 , (b)A1 0 ,  then {a}A  and Ab . Here 1e , 2e

  , where (b)e2
0  and {a}1] (0e-1

1 , . Therefore, 1] (0e-1
1 ,A . Take 

0.04 . Thus A1  is not  -compact in   ,S , as  
k

k(a)e  , whence 

Aa , for 3 2 1 k ,, . As a result, the theoretical discussion is not always applicable. 

 

Theorem 3.10. Consider   ,S  is a fuzzy Hausdorff space and  A , C S . If A1 , 

C1  are disjoint  -compact subsets in   ,S , after that there exist ze  ,  so as to 

1] (0e-1 ,A  and 1] (0z-1 ,C  and 0ze  . On the other hand, it is not always 

the case. 

Proof: Suppose Ad . Thus, it is evident that Cd , as  A1  and C1  are disjoint. 

Since C1  is  -compact in fuzzy Hausdorff space   ,S , then by theorem (3.9), there 

exist dd ze  ,  such that 0(d)ed   and 1] (0z-1
d ,C  and 0ze dd  . Since 

0(d)ed   and A1  is  -compact in   ,S , therefore it is evident that 

 
d

d (d)e   for all Ad  and consequently }d:{ed A , which is an open 

-shelter of A1  and thus }d:{ed A  has a finite  -subshelter, say 

}d:{e
kd A )(k nJ  so as to  

d
d (d)e

k
 )(k nJ  for all Ad . Afresh, 

given that C1  is  -compact in   ,S , so }g:{zd C , which has a finite  -

subshelter, like as }g:{z
kd C )(k nJ  so as to  

d
d (g)z

k
  )(k nJ  for all 

Cg , as 1] (0z-1
d k

,C  for each k . Presently, consider 
1de e 

2de …….

nde  and 
1dz z 

2dz …….
ndz .  Hence we observe that 1] (0e-1 ,A  and 

1] (0z-1 ,C . Thus   ,ze , as e  and  z  are the union and finite intersection of open 

fuzzy sets respectively. 
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Lastly, we demonstrate that 0ze  . For starts, we note that 0ze
kk dd   for each 

k    0ze
kd  , distributive law allows us to ze 

1d(e 
2de ……. )e

nd

  z 0 . 

Regarding the converse, take into consideration the fuzzy topology   in the instance of 

the theorem (3.7); after that,   ,S  is also a fuzzy Hausdorff space. Presume A1 , C1 

SI  described with (a)A1 0 , (b)A1 0.09  and (a)C1 0.08 , (b)C1 0 , 

then {b}A , {a}C . Now, 1e , 2e   , where {a}1] (0e-1
1 ,  and 

{b}1] (0e-1
2 , . So, it is evident that 1] (0e-1

2 ,A , 1] (0e-1
1 ,C  and 0ee 21  , 

where A1  and C1  are disjoint. Make a choice 0.07 . Thus we can see that A1  and 

C1 are not  -compacts in   ,S , whereas  
k

k(b)e  , whence Ab  and 

 
k

k(a)e  , whence Ca  for 3 2 1 k ,, . Consequently, not all places have the 

converse of theorem; it is not true everywhere. 

 

Theorem 3.11. Consider  VS  ,  is a topological space and  )( VS ,  is an fts, then  

 VS  ,  is compact iff  )( VS ,  is  -compact.  

Proof: Pretend  VS  ,  is compact. Presume }i:{ei J , which is an open  -

shelter of  )( VS ,  i.e.  
i

i(g)e   for whole g S . Then V1](a,e-1
i  

and hence }{ V1](a,e :1](a,e -1
i

-1
i  is an open cover of  VS  , . Whereas 

 VS  ,  is compact, so }{ V1](a,e :1](a,e -1
i

-1
i , which has a finite subcover, i.e. 

there exists V1](a,e-1
ik

 )(k nJ  so as to S  1](a,e-1
i1

   1](a,e-1
i2

   .....  

1](a,e-1
in

. Presently, as we can see, there exist }{ee iik
 )(k nJ  so as to  

 
i

i (g)e
k

  for whole g S  and it demonstrates that }{e
ki

)(k nJ  form a finite 

 -subshelter of }i:{ei J . In this way,  )( VS ,  is  -compact. 

On the contrary, let us assume that  )( VS ,  is  -compact. Suppose 

}j:{ j JU   is an open cover of  VS  ,  i.e. V}U{US j
Jj

j 


 : . Since 
jU1 is 

l.s.c. then )(1 V
jU   and )}(1:{1 V

jj UU   is an open  -shelter of 

 )( VS , . But  )( VS ,  is  -compact, so )}(1:{1 V
jj UU   has a finite 

 -subshelter, say )}(1:{1 V
kjkj

UU  )(k nJ  such that  
i

(g)1 
jU  for 

whole g S . Therefore, we can write  S  
1j

U 
2j

U  .....
nj

U , and it is evident 
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that, }{
kj

U )(k nJ  is a finite subcover of  VS  , . As a result,  VS  ,  is 

compact. 

 

Acknowledgements. The authors would like to express their sincere gratitude to the referee 

for his/her valuable suggestions and constructive comments, which helped improve the 

quality and presentation of the original manuscript. 

 

Conflict of Interest. The authors declare that there is no conflict of interest regarding the 

publication of this manuscript. 

 

Authors' Contribution. All authors contributed to the conception and design of the study. 

The authors participated in conducting the research, analysis and interpretation of the 

results, and preparation and revision of the manuscript. All authors have read and approved 

the final version of the manuscript. 

REFERENCES 

1. L.A. Zadeh, Fuzzy sets, Information and Control, 8(3) (1965) 338–353. 

https://doi.org/10.1016/S0019-9958(65)90241-X. 

2. C. L. Chang, Fuzzy topological spaces, Journal of Mathematical Analysis and 

Applications, 24(1) (1968) 182–190. https://doi.org/10.1016/0022-

247X(68)90057-7. 

3. C.K. Wong, Fuzzy topology: Product and quotient theorems, Journal of 

Mathematical Analysis and Applications, 45(2) (1974) 512–521. 

https://doi.org/10.1016/0022-247X(74)90090-0. 

4. R. Lowen, Fuzzy topological spaces and fuzzy compactness, Journal of 

Mathematical Analysis and Applications, 56(3) (1976) 621–633. 

https://doi.org/10.1016/0022-247X(76)90029-9. 

5. R. Lowen, A comparison of different compactness notions in fuzzy topological 

spaces, Journal of Mathematical Analysis and Applications, 64(2) (1978) 446–

454. https://doi.org/10.1016/0022-247X(78)90052-5. 

6. J. J. Chadwick, A generalised form of compactness in fuzzy topological spaces, 

Journal of Mathematical Analysis and Applications, 162(1) (1991) 92–110. 

https://doi.org/10.1016/0022-247X(91)90180-8. 

7. R. Lowen, Initial and final fuzzy topologies and the fuzzy Tychonoff theorem, 

Journal of Mathematical Analysis and Applications, 58(1) (1977) 11–21. 

https://doi.org/10.1016/0022-247X(77)90223-2. 

8. R. Lowen, Compactness properties in the fuzzy real line, Fuzzy Sets and 

Systems, 13(2) (1984) 193–200. https://doi.org/10.1016/0165-0114(84)90019-

8. 

9. M. Ying, A new approach for fuzzy topology (I), Fuzzy Sets and Systems, 39(3) 

(1991) 303–321. https://doi.org/10.1016/0165-0114(91)90100-5. 

10. M. Ying, Compactness in fuzzifying topology, Fuzzy Sets and Systems, 55(1) 

(1993) 79–92. https://doi.org/10.1016/0165-0114(93)90303-Y. 

https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/0022-247X(68)90057-7
https://doi.org/10.1016/0022-247X(68)90057-7
https://doi.org/10.1016/0022-247X(74)90090-0
https://doi.org/10.1016/0022-247X(76)90029-9
https://doi.org/10.1016/0022-247X(78)90052-5
https://doi.org/10.1016/0022-247X(91)90180-8
https://doi.org/10.1016/0022-247X(77)90223-2
https://doi.org/10.1016/0165-0114(84)90019-8
https://doi.org/10.1016/0165-0114(84)90019-8
https://doi.org/10.1016/0165-0114(91)90100-5
https://doi.org/10.1016/0165-0114(93)90303-Y


Md. Yusuf Ali and Md. Abdul Mottalib Talukder 

110 

 

 

11. G. Wang, A new fuzzy compactness defined by fuzzy nets, Journal of 

Mathematical Analysis and Applications, 94(1) (1983) 1–23. 

https://doi.org/10.1016/0022-247X(83)90002-1. 

12. D. Zhao, The N-compactness in L-fuzzy topological spaces, Journal of 

Mathematical Analysis and Applications, 128(1) (1987) 64–79. 

https://doi.org/10.1016/0022-247X(87)90214-9. 

13. F.-G. Shi, A new definition of fuzzy compactness, Fuzzy Sets and Systems, 

158(13) (2007) 1486–1495. https://doi.org/10.1016/j.fss.2007.02.006. 

14. H.-Y. Li and F.-G. Shi, Degrees of fuzzy compactness in L-fuzzy topological 

spaces, Fuzzy Sets and Systems, 161(7) (2010) 988–1001. 

https://doi.org/10.1016/j.fss.2009.10.012. 

15. W. C. Hong, RS-compact spaces, Journal of the Korean Mathematical Society, 

17(1) (1980) 39–43. 

16. T. Noiri, On RS-compact spaces, Journal of the Korean Mathematical Society, 

22(1) (1985) 19–34. 

17. S. R. T. Kudri and M. W. Warner, RS-compactness in L-fuzzy topological 

spaces, Fuzzy Sets and Systems, 86(3) (1997) 369–376. 

https://doi.org/10.1016/S0165-0114(95)00405-X. 

18. M. E. El-Shafei, I. M. Hanafy and A. I. Aggour, RS-compactness in L-fuzzy 

topological spaces, Kyungpook Mathematical Journal, 42(2) (2002) 417–428. 

19. D. N. Georgiou and B. K. Papadopoulos, On fuzzy compactness, Journal of 

Mathematical Analysis and Applications, 233(1) (1999) 86–101. 

https://doi.org/10.1006/jmaa.1999.6268. 

20. M. W. Warner, On fuzzy compactness, Fuzzy Sets and Systems, 80(1) (1996) 

15–22. https://doi.org/10.1016/0165-0114(95)00132-8. 

21. M. W. Warner and R. G. McLean, On compact Hausdorff L-fuzzy spaces, 

Fuzzy Sets and Systems, 56(1) (1993) 103–110. https://doi.org/10.1016/0165-

0114(93)90190-S. 

22. S. R. T. Kudri, Compactness in L-fuzzy topological spaces, Fuzzy Sets and 

Systems, 67(3) (1994) 329–336. https://doi.org/10.1016/0165-0114(94)90260-

7. 

23. Y. Chen, On compactness of induced I(L)-fuzzy topological spaces, Fuzzy Sets 

and Systems, 88(3) (1997) 373–378. https://doi.org/10.1016/S0165-

0114(96)00074-7. 

24. A. Mahbub, S. Hossain and M. A. Hossain, Some properties of compactness in 

intuitionistic fuzzy topological spaces, International Journal of Fuzzy 

Mathematical Archive, 16(2) (2018) 39–48. 

https://doi.org/10.22457/ijfma.v16n1a6. 

25. S. E. Abbas, On intuitionistic fuzzy compactness, Information Sciences, 173(1–

3) (2005) 75–91. https://doi.org/10.1016/j.ins.2004.07.004. 

26. R. Navalakhe and P. Rajwade, Nano fuzzy b-open sets in nanofuzzy topological 

spaces, Annals of Pure and Applied Mathematics, 25(1) (2022) 55–61. 

https://doi.org/10.1016/0022-247X(83)90002-1
https://doi.org/10.1016/0022-247X(87)90214-9
https://doi.org/10.1016/j.fss.2007.02.006
https://doi.org/10.1016/j.fss.2009.10.012
https://doi.org/10.1016/S0165-0114(95)00405-X
https://doi.org/10.1006/jmaa.1999.6268
https://doi.org/10.1016/0165-0114(95)00132-8
https://doi.org/10.1016/0165-0114(93)90190-S
https://doi.org/10.1016/0165-0114(93)90190-S
https://doi.org/10.1016/0165-0114(94)90260-7
https://doi.org/10.1016/0165-0114(94)90260-7
https://doi.org/10.1016/S0165-0114(96)00074-7
https://doi.org/10.1016/S0165-0114(96)00074-7
https://doi.org/10.22457/ijfma.v16n1a6
https://doi.org/10.1016/j.ins.2004.07.004


Certain Characteristics of Σα -Compact Spaces 

111 

 

 

27. T. E. Gantner, R. C. Steinlage and R. H. Warren, Compactness in fuzzy 

topological spaces, Journal of Mathematical Analysis and Applications, 62(3) 

(1978) 547–562. https://doi.org/10.1016/0022-247X(78)90148-8. 

28. A. S. Mashhour, M. H. Ghanim and M. A. Fath Alla, α-separation axioms and 

α-compactness in fuzzy topological spaces, The Rocky Mountain Journal of 

Mathematics, 16(3) (1986) 591–600. 

29. J. K. Kim, α-compact fuzzy topological spaces, Korean Journal of 

Computational and Applied Mathematics, 1(1) (1994) 79–84. 

https://doi.org/10.1007/BF02943052. 

30. S. S. Benchalli and G. P. Siddapur, On the level spaces of fuzzy topological 

spaces, Bulletin of Mathematical Analysis and Applications, 1(2) (2009) 57–65. 

http://eudml.org/doc/229234. 

31. F.-G. Shi, A new form of fuzzy α-compactness, Mathematica Bohemica, 131(1) 

(2006) 15–28. http://eudml.org/doc/249904. 

32. H. Aygün, α-compactness in L-fuzzy topological spaces, Fuzzy Sets and 

Systems, 116(3) (2000) 317–324. https://doi.org/10.1016/S0165-

0114(98)00345-5. 

33. M. A. M. Talukder and D. M. Ali, Certain features of partially compact fuzzy 

sets, Journal of Mechanics of Continua and Mathematical Sciences, 9(1) (2014) 

1322–1340. https://doi.org/10.26782/jmcms.2014.07.00005. 

34. M. A. M. Talukder and B. M. K. Hossain, Some characterizations of slightly 

compact fuzzy sets, Journal of Mechanics of Continua and Mathematical 

Sciences, 20(3) (2025) 208–220. 

https://doi.org/10.26782/jmcms.2025.03.00014. 

35. P.-M. Pu and L.-Y. Ying-Ming, Fuzzy topology. I. Neighborhood structure of 

a fuzzy point and Moore-Smith convergence, Journal of Mathematical Analysis 

and Applications, 76(2) (1980) 571–599. https://doi.org/10.1016/0022-

247X(80)90048-7. 

36. S. Lipschutz, General Topology, Schaum’s Outline Series, McGraw-Hill, 1965. 

37. A. K. Katsaras, Ordered fuzzy topological spaces, Journal of Mathematical 

Analysis and Applications, 84(1) (1981) 44–58. https://doi.org/10.1016/0022-

247X(81)90150-5. 

38. R. Lowen, Fuzzy topological spaces and fuzzy compactness, Journal of 

Mathematical Analysis and Applications, 56(3) (1976) 621–633. 

https://doi.org/10.1016/0022-247X(76)90029-9. 

39. M. A. Mahbub, S. Hossain and M. A. Hossain, On Q-compactness in 

intuitionistic fuzzy topological spaces, International Journal of Fuzzy 

Mathematical Archive, 18(1) (2020) 45–52. 

40. D. A. Abdulsada, Connectedness concept in intuitionistic fuzzy topological 

spaces, International Journal of Fuzzy Mathematical Archive, 17(2) (2019) 

109–114. 

https://doi.org/10.1016/0022-247X(78)90148-8
https://doi.org/10.1007/BF02943052
http://eudml.org/doc/229234
http://eudml.org/doc/249904
https://doi.org/10.1016/S0165-0114(98)00345-5
https://doi.org/10.1016/S0165-0114(98)00345-5
https://doi.org/10.26782/jmcms.2014.07.00005
https://doi.org/10.26782/jmcms.2025.03.00014
https://doi.org/10.1016/0022-247X(80)90048-7
https://doi.org/10.1016/0022-247X(80)90048-7
https://doi.org/10.1016/0022-247X(81)90150-5
https://doi.org/10.1016/0022-247X(81)90150-5
https://doi.org/10.1016/0022-247X(76)90029-9


Md. Yusuf Ali and Md. Abdul Mottalib Talukder 

112 

 

 

41. M. A. Mahbub, S. Hossain and M. A. Hossain, On intuitionistic fuzzy rr-regular 

spaces, International Journal of Fuzzy Mathematical Archive, 19(1) (2021) 

145–152. 

42. N. Rajesh and S. Saranya, On generalized closed sets via fuzzy ideals, 

International Journal of Fuzzy Mathematical Archive, 16(1) (2018) 77–84. 


