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Abstract. Recently Yehuda Rav has given the concept of Semi prime ideals in a
general lattice by generalizing the notion of 0-distributive lattices. In this paper we
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1. Introduction

The concept of O-distributive lattices was given by J.C.Varlet [6] in generalizing the
concept of pseudocomplementation . In a bounded lattices L, for an element a € L,
a" is called the pseudocomplement of a if aA a" =0 and forxel,
anx=0implies x < a’ . In other words , the set of all elements disjoint to the
element a forms a principal ideal (a*] . A lattice with 0 and 1 whose every element

has a pseudocomplement, is called a pseudocomplemented lattice. By Varlet, a
lattices L with O is called O-distributive if the set of all elements disjoint to element a
form an ideal (not necessarily principal ideal). Equivalently, L with 0 is called 0-

distributive if for all a,b,ceL, anb=0=ancimply an(bvc)=0. Of
course , every distributive lattice is 0-distributive. Also every pseudocomplemented

1



Md Zaidur Rahman, Md Bazlar Rahman and A.S.A.Noor

lattice is O-distributive. Dually, we can study 1-distributive lattices if the lattices
have 1.

It is easy to see that Pentagonal lattice (Figurel) is O-distributive but the
Diamond lattice (Figure2) is not.

1 1

0 0
Figure 1 Figure 2

For detailed literature on this topic, see [1] and [4].

Recently, Y. Rav [5] has generalized this concept and gave the definition of
semi prime ideals in a lattice. ~An ideal I of a lattice L is called a semi prime ideal
if forall x,y,zeL, xAyel and xAzel imply xA(yvz)el. Thus, for

lattice L with 0, L is called 0-distributive if and only if (0] is a semi prime ideal.

In a distributive lattice L, every ideal is a semi prime ideal. Moreover, every prime
ideal is semi prime. In a pentagonal lattice(Figure 1) (0] is semi prime but not
prime. Here (b] and (c] are prime, but (a] is not even semi prime. Again in Figure 2,
(0], (a], (b],(c] are not semi prime.

In this paper we extend this concept for nearlattices and include a number of
separation properties in a general nearlattice with respect to the annihilator ideals.
Moreover, by studying a congruence related to Glivenko congruence we give a
separation theorem related to separation properties in distributive nearlattices given

by [4].

2. Semi Prime Ideals in a Nearlattice

A nearlattice S is a meet semilattice with the property that any two elements
possessing a common upper bound, have a supremum. This property is known as the
upper bound property. S is called a distributive nearlattice if for all
xX,y,ze€S, xA(yvz)=(xAy)v(xAz), providled yVvz exists. Here right

hand expression exists by the upper bound property. For detailed literature on
nearlattices we refer the reader to consult [2] and [3]. By [7], a nearlattice S with 0
is called a 0-distributive nearlattice, if for all x,y,z€ S, x Ay =0=x Az imply

xA(yvz)=0, provided yV z exists. Of course, every distributive nearlattice is

0-distributive. Since a nearlattice with 1 is a lattice (by the upper bound property), so
we can not bring the idea of pseudocomplementation in a nearlattice. But [7] have
proved that a nearlattices with 0 is O-distributive if and only if the lattice of ideals
I(S) is pseudocomplemented, which is also equivalent to I(S) is 0-distributive.
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For a non-empty subset / of S, [/ is called a down set if for ael andx<a
imply x € I . Moreover [ is anidealif av b el forall a,b e S, provided av b
exists. Similarly, F is called a filter of S if for a,b€ F', anb e F and for a e F
and x>aimply xeF. Fis called a maximal filter if for any filter
M o F implies either M = For M = L. A proper ideal(down set) [ is called a
prime ideal(down set) if for a,be S,anbelimply either aelorbel. A
prime ideal P is called a minimal prime ideal if it does not contain any other prime
ideal. Similarly, a proper filter Q is called a prime filter if avbeQ (a,be )
when a v b exists, implies either a € Qor b € Q. It is very easy to check that F is

a filter of S if and only if S-F is a prime down set. Moreover, F is a prime filter if
and only if S-F is a prime ideal.

An ideal 1 of a nearlattice S is called a semi prime ideal if for all
x,v,zel, xAnyel and xAnzel imply xA(yvz)el provided yvz

exists. Thus, for nearlattice S with 0, S is called 0-distributive if and only if (0] is

a semi prime ideal. In a distributive nearlattice S, every ideal is a semi prime ideal.
Moreover. everv prime ideal is semi prime. In the nearlattice of figure 3,

e d
d e
b c
a c
a
0 0
Figure 3 Figure 4

(b] and (d] are prime, (c] is not prime but semi prime and (a] is not even semi
prime. Again in figure 4, (0], (a], (b],(c]and (d] are not semi prime.

Lemma 1. Non empty intersection of all prime (semi prime) ideals of a nearlattice is
a semi-prime ideal.
Proof. Let a,b,c € Sand [ = ﬂ{P : P is a prime ideal } and I is nonempty. Let

anbel and ancel. Then anbe P and ance P for all P. Since each
P is prime (semi prime), so a A(bv ¢) e P forall P.Hence an(bvc)el,and

so [ is semi-prime. ®
Corollary 2. Intersection of two prime(semi prime) ideals is a semi-prime ideal. ®

Lemma 3. Every filter disjoint from an ideal I is contained in a maximal filter
disjoint from I .
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Proof. Let I be a filter in L disjoint from /. Let F be the set of all filters
containing F' and disjoint from /. Then Fis nonempty as '€ F. Let C be a
chain in Fand let M =U(X : X € C). We claim that M is a filter. Let x € M
and y=>x. Then xe X for some X eC. Hence ye X as X is a filter.
Therefore, ye M . Let x,ye M . Then x€ X and y€Y for some X,Y eC.
Since C is a chain, either X < Yor ¥ < X . Suppose X <Y .So x,y €Y. Then
xAnyeY andso x Ay e M. Moreover, M D F . So M is a maximum element
of C. Then by Zorn’s Lemma, ¥ has a maximal element, say Q D F . @

Lemma 4. Let [ be an ideal of a nearlattice S. A filter M disjoint from I is a
maximal filter disjoint from I if and only if for all a ¢ M , there exists b € M such
that anbel.
Proof. Let M be maximal and disjoint from / and a¢ M . Let anb ¢ [ for
beM . Consider M,={yeL:y>anb, beM }. Clearly M, is a filter.
Forany be M ,b>anb implies be M,.So M, DM .Also M, "I =¢.For
if not, let x € M, M. This implies x € / and x >a A b for some b € M . Hence
a Abel, which is a contradiction. Hence M, NI # ¢. Now M < M, because
a¢M but aeM,. This contradicts the maximality of M . Hence there exists
beM suchthat anbel.

Conversely, if M is not maximal disjoint from 7, then there exists a filter
N D M and disjoint with /. For any a € N — M , there exists b € M such that
anbel. Hence, a,be N implies anbel NN, which is a contradiction.
Hence M must be a maximal filter disjoint with /. e

Let S be a nearlattice with 0. For 4 < .S, We define
At = {x eL:xAna=0forallae A}. A" is always down set of S. Moreover,
it is convex but it is not necessarily an ideal.

Theorem 5. Let S be a O-distributive nearlattice. Then for AcCS,

At = {x elL:xAna=0 forall ae A} is asemi-prime ideal.

Proof. We have already mentioned that A" is a down set of S. Let x,y € 4" and

xV y exists. Then xAa=0=yAa forall ae L. Since S is 0-distributive, so

an(xvy)=0 forall a € A. This implies x\ y € A~ and so A" is an ideal.
Now let xAyed' and xAzed" and yvz exists. Then

xAyAna=0=xAzAa forall a e A. This implies

(xAa)Ay=0=(xAa)A z and so by O-distributivity again,

xAan(yvz)=0 forall aeL.Hence xA(yvz)e A" andso A" is a semi

prime ideal. e
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Let A< S and J be an ideal of S. We define
AT = {xeL:xnaeJ forall ae A}. This is clearly a down set containing J .
In presence of distributivity, this is an ideal. A™ is called an annihilator of A
relative to J . We denote /,(S), by the set of all ideals containing J . Of course,
1,(S) is a bounded lattice with J and S as the smallest and the largest elements. If
Ael,(S),and A" is an ideal, then 4" is called an annihilator ideal and it is the

pseudo complement of A4 in 7, ().

Theorem 6. Let A be a non-empty subset of a nearlattice S and J be an ideal of S.
Then

AV = ﬂ(P : Pis minimal prime down set containing J but not containing A) :
Proof. Suppose X =(\(P: A & P,Pisaminimal primedownset). Letx € A" .

Then xAaeJ for all ae A. Choose any P of right hand expression. Since
Ac P, there exists z€ A but z¢ P. Then xAzeJcCP. So xe P, as P is
prime. Hence x € X .

Conversely, let x € X. If x ¢ A" then x Abg J forsome be A. Let D
=[xAb).

Hence D is a filter disjoint from J. Then by Lemma 3, there is a maximal
filler M o D but disjoint from J. Then S —M is a minimal prime down set

containing J. Now x ¢ S —M as x € D implies x € M . Moreover, A¢ S - M
as be A, but b e M implies b¢ S — M, which is a contradiction to x € X .

€
Hence xe A7/ . @
Following Theorem gives some nice characterizations semi prime ideals.

Theorem 7. Let S be a nearlattice and J be an ideal of S. The following
conditions are equivalent.

(i) J is semi prime.

(i) {a}™ ={xeL:xAaeJ} isasemiprime ideal containing J .

(iii) A = {xeL:xnaelJ forall ae A} is a semi prime ideal containing J .
(iv) 1,(S) is pseudo complemented

v) 1,(S) is a 0- distributive lattice.

(vi) Every maximal filter disjoint from J is prime.

Proof. (i)=>(ii). {a}" is clearly a down set containing .J . Now let x,y € {a}™’
and xvy exists. Then xAaeJ,yrnaeJ. Since J is semi prime, so

an(xvy)edJ. This implies xVv y € {a}L" , and so it is an ideal containing J .

Now let xAy e {a}L" and x Az e {a}L" with yv z exists. Then xAyAraeJ
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and xAnzaAaaed. Thus, (xAa)AyeJ and (xAa)azeJ. Then
(xAna)A(yvz)eJ,asTissemi prime. This implies x A (yV z) € {a}” , and so

1, . ..
{a} 1S semi prime.
(ii)=> (iii). This is trivial by Lemma 1,as 4™ =({a}";a € A).

(iii)=> (iv). Since for any A4 € I,(S), A" is an ideal, it is the pseudo complement

of 4 in 1,(S),so I,(S) is pseudo complemented.
(iv)= (v). This is trivial as every pseudo complemented lattice is O-distributive.

(v) = (vi). Let /,(S) is O-distributive. Suppose F' is a maximal filter disjoint
from J . Suppose f,g ¢ F and f v g exists. By Lemma 5, there exista,b € F
such that an feJ,bargeJ. Then franbel,granbeJ. Hence
(f1n(anblc J and (g]A(anb]l< J. Then

(fvgln(anbl=((f]v(g])An(anb]cJ, by the 0-distributive property of
1,(S). Hence, (fvg)ranbeJ. Thisimplies fvgeF as FNJ =g,

and so F' is prime.
(vi)= (i) Let (vi) holds. Suppose a,b,c €S with anbeJ,anceJ with

bvec exists. If an(bve)eJ,then [an(bvc))NJ =¢@. Then by Lemma 3,
there exists a maximal filter F D[aA(bvc)) and disjoint from J. Then
aeF,bvceF.By(vi) F is prime. Hence either a Abe For ance F .In
any case J N F # ¢, which gives a contradiction. Hence a A (b Ac) € J, and so

J is semi prime. ®

Corollary 8. In a nearlattice S, every filter disjoint to a semi-prime ideal J is
contained in a prime filter.
Proof. This immediately follows from Lemma 3 and Theorem 7. o

Theorem 9. If J is a semi-prime ideal of a nearlattice Sand J# A=({J,:J,
is an ideal containing J}, Then A~ ={xeL:{x}"™ #J }.

Proof. Let xe A™ . Then xAnaeJ forall aec A.So ae{x}™ forall ac A.
Then A {x}™ andso {x}™ #.J .Conversely, let x € S such that {x}™ #J .
Since J is semi-prime, so {x}L’ is an ideal containing J . Then A < {x}", and so

A™ S {x}""  This implies x € A, which completes the proof. ®
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In [1], the authors have provided a series of characterizations of O-
distributive lattices. Here we give some results on semi prime ideals related to their
results for nearlattices.

Theorem 10. Let S be a nearlattice and J be an ideal. Then the following conditions

are equivalent.

(i) Jis semi-prime.

(i) Every maximal filter of S disjoint with J is prime

(iii) Every minimal prime down set containing J is a minimal prime ideal containing
J

(iv) Every filter disjoint with J is disjoint from a minimal prime ideal containing J.

(v) For each element a & J , there is a minimal prime ideal containing J but not
containing a.

(vi) Each a ¢ J is contained in a prime filter disjoint to J.

Proof. (i) < (ii) follows from Theorem 7.

(ii) = (iii) . Let A be a minimal prime down set containing J. Then S-A is a

maximal filter disjoint with J . Then by (ii) S-A is prime and so A is a minimal
prime ideal.
(iii) = (i) . Let F be a maximal filter disjoint with J. Then S-F is a minimal prime

down set containing J. Thus by (iii), S-F is a minimal prime ideal and so F is a prime
filter.

(i) = (iv) . Let F a filter of S disjoint from J. Then by Corollary 8, there is a prime
filter Q D F and disjoint from F.

(iv):> (v) Let aeS, a¢J. Then [a)ﬁJ =@ . Then by (iv) there exists a
minimal prime ideal A disjoint from [a). Thus a ¢ 4.

(v) = (vi). Let ac L, a¢J. Then by (v) there exists a minimal prime ideal P
such that a ¢ P.Implies a € S — P and S-P is a prime filter.

(vi):> (1) Suppose J is not semi-prime . Then there exists a,b,c € L such that
anbeJ, anceJand bvc exists, but a/\(bvc)¢ J . Then by (vi) there
exists a prime filter Q disjoint from J and a A (b % c) eQ.Let F= [a A (b v c))
Then JNF =¢ and FF < Q0. Now a/\(bvc)eQ implies aeQ, bvce(.
Since Q is prime so either a Ab e Q or aAnc e Q . This gives a contradiction to

the fact that Q NJ =@ . Therefore, a A(bv ¢)e J and so J is semi-prime.

Now we give another characterization of semi-prime ideals with the help of
Prime Separation Theorem using annihilator ideals.

Theorem 11. Let J be an ideal in a nearlattice S. J is semi- prime if and only if
for all filter F disjoint to {x}™ , there is a prime filter containing F disjoint to

.
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Proof. Using Zorn’s Lemma we can easily find a maximal filter Q containing F'
and disjoint to {x}™’. We claim that x € Q. If not, then Qv[x)> Q. By
maximality of O, (Ov[x)N{x“}l#e. If te(Qv[x)N{x}"™, then
t>2qgAx for some geQ and tAxeJ. This implies gAaxeJ and so
g € {x}™ gives a contradiction. Hence x € Q..

Now, let z & Q. Then (Q Vv [2))N{x}"™ # ¢.Suppose y € (QV[z))N{x}™
then y 2 g, Az & yAnzeJ forsome g, € Q. This implies g, AxAzeJ and
g, A x € Q. Hence by Lemma 4, Q is a maximal filter disjoint to {x}* . Then
by Theorem 7, Q is prime.

Conversely, let xAyeJ,xAnzel and yvz exists. If
xA(yvz)eJ, then yvze{x}™ Thus [yvz)N{x}" =¢@.So there exists
a prime filter Q containing [yvz) and disjoint from {x}". As
y,ze{x},s0y,ze¢Q. Thus yvzeQ, as Q is prime. This implies
[yvz)z Q, a contradiction. Hence x A(yVv z)eJ, and so J is semi-prime.

[ ]
Here is another characterization of semi- prime ideals.

Theorem 12. Let J be a semi-prime ideal of a nearlattice S and x € S. Then a
prime ideal P containing {x}" is a minimal prime ideal containing {x}" if
and only if for p € P, there exists g € S — P such that p A q € {x}" .

Proof. Let P be a prime ideal containing {x} */ such that the given condition
holds. Let K be a prime ideal containing {x}"’ such that K < P. Let pe P.
Then there is ¢ € S — P such that p A g € {x}" . Hence p Aq € K . Since K is
primeand g € K ,so pe K. Thus, P K and so K = P. Therefore, P must
be a minimal prime ideal containing {x}™ .

Conversely, let P be a minimal prime ideal containing {x}” . Let
peP. Suppose forall ge S—P, parge{x}™.Let D=(S—P)v[p).We
claim that {x}™ "D =@ .Ifnot,let ye{x}'” "D .Then pAg<ye{x},
which is a contradiction to the assumption. Then by Theorem 11, there exists a
maximal (prime) filter Q © D and disjoint to {x}* . By the proof of Theorem 11,
xeQ. Let M=S-Q. Then M is a prime ideal. Since xeQ, so

tAxeJ Cc Mimplies teM as M is prime. Thus {x}"/ <M. Now
M N D = ¢ . This implies M N (S —P)=¢ andhence M < P. Also M # P,
because pe D implies pgM but pe P. Hence M is a prime ideal
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containing {x} ' which is properly contained in P . This gives a contradiction to

the minimal property of P . Therefore the given condition holds. e
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