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1. Introduction 
As a generalization of  ring theories, the concept of Γ-rings was first introduced by N. 
Nobusawa [6]. After wards Barnes [1] generalized the notion of Nobusawa’s Γ-rings and 
gave a new definition of a Γ-ring. Now a days, Γ-rings means the Γ-rings due to Barnes 
and other Γ-rings are known as NΓ -rings i.e., gamma rings in the sense of Nobusawa. 
Many Mathematicians worked on Γ-rings and obtained some fruitful results which are the 
generalizations of that of the classical ring theories.  
 W.E. Barnes [1] introduced the notation of Γ-homomorphisms, Prime and Primary 
ideals, m-systems and the radical of an ideal for Γ-rings. 
 In classical ring theories N.H. McCoy [5] studied rings of endomorphisms.  
 In this paper we generalized the results of N.H. McCoy [5] into Γ-rings of Γ-
endomorphisms. We also developed some characterizations of Γ -rings by the help of  
Γ-endomorphisms.    
 
 

2. Preliminaries 
Gamma Ring.  Let M and Γ be two additive abelian groups. Suppose that there is a 
mapping from M × Γ × M → M (sending (x, α, y) into xαy) such that 
         (i)       (x + y)αz = xαz + yαz 
                    x(α + β)z = xαz + xβz 
                    xα(y + z) = xαy + xαz 
         (ii)       (xαy)βz = xα(yβz), 
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 where x, y, z∈M and  α, β∈Γ.  Then M is called a Γ-ring in the sense of Barnes [1]. 
 
Sub-Γ-ring. Let M be a Γ-ring. A non-empty subset S of a Γ-ring M is a sub-Γ-ring of M 
if a, b∈S, then  a – b∈S and aγb∈S for all  γ∈Γ. 

Ideal of Γ-rings. A subset A of the Γ-ring M is a left (right) ideal of M if A is an additive 
subgroup of M and MΓA = {cαa | c∈M, α∈Γ, a∈A}(AΓM) is contained in A. If A is 
both a left and a right ideal of M, then we say that A is an ideal or two-sided ideal of M.  

        If A and B are both left (respectively right or two-sided) ideals of M, then    A + B =    
{a + b | a∈A, b∈B} is clearly a left (respectively right or two-sided) ideal, called the sum 
of A and B. We can say every finite sum of left (respectively right or two-sided) ideal of 
a Γ-ring is also a left (respectively right or two-sided) ideal. 

 It is clear that the intersection of any number of left (respectively right or   two-sided) 
ideal of M is also a left (respectively right or two-sided) ideal of M.  

       If A is a left ideal of M, B is a right ideal of M and S is any non-empty subset of M, 

then the set, AΓS = {∑
=

n

i 1
aiγsi | ai∈A, γ∈Γ, si∈S, n is a positive integer} is a left ideal of M 

and SΓB is a right ideal of M. AΓB is a two-sided ideal of M.  

 If a∈M, then the principal ideal generated by a denoted by 〈a〉 is the intersection of 
all ideals containing a and is the set of all finite sum of elements of the form na + xαa + 
aβy + uγaµv, where n is an integer, x, y, u, v are elements of M and α, β, γ, µ are 
elements of Γ. This is the smallest ideal generated by a. Let a∈M. The smallest left 
(right) ideal generated by a is called the principal left (right) ideal 〈a| (| a〉).  

Unity element of a Γ-ring.  Let M be a Γ-ring. M is called a Γ-ring with unity if there 
exists an element e∈M such that aγe = eγa = a for all a∈M and some γ∈Γ. 

We shall frequently denote e by 1 and when M is a Γ-ring with unity, we shall 
often write 1∈M. Note that not all Γ-rings have an unity. When a Γ-ring has an unity, 
then the unity is unique. 

 
Γ -homomorphism. Let M and S be two Γ-rings. A mapping θ  of a Γ-ring M into a Γ-
ring S is said to be a Γ-homomorphism of M into S if addition and multiplication are 
preserved under this mapping, that is, if ,a b∈Μ , α ∈Γ   
(i) ( )a b a bθ θ θ+ = +  
(ii) ( ) ( ) ( )a b a bα θ θ α θ= . 
If  θ  is one-one and onto then θ  is called a Γ-isomorphism from M into S.  
 
Kernel of Γ-homomorphism. If θ  is a homomorphism of a Γ-ring M into a Γ-ring S, 
then 1(0) ,θ −  that is, the set of all elements a of M such that 0aθ =  (the zero of S), is 
called the kernel of the Γ-homomorphism θ .    
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3. Gamma Rings of Gamma Endomorphisms 
Definition 3.1. Mapping :a Μ→M of the Γ -ring M into itself is called a Γ -
endomorphism of  M if for , , ,x y α∈Μ ∈Γ  then  
( )x y a xa ya+ = +                                                                                                 (1) 
( ) .x y a xa yaα α=                                                                                                  (2) 
 If a is a Γ -endomorphism of M, then 0 0,0 , ( ) ( )a x a xa= ∈Μ − = −  and 
( )0 0x yα = , , ,x y∈Μ  α ∈Γ . It is to be understood that equality of mappings is the 
usual equality of mappings, in other words a b=  for Γ -endomorphisms a and b of M 
means that xa xb=  for every x∈Μ . 
 Let us denote by ∆ , the set of all Γ -endomorphism of the Γ -ring M. We now 
define multiplication and addition on the set ∆  as follows: where it is understood that a 
and b are elements of ∆ : 

( ) ( ) , ,x a b xa b xα α α= ∈Μ ∈Γ                (3) 
( ) , .x a b xa xb x+ = + ∈Μ                                                                                      (4) 

 Ofcourse (3) is just the usual definition of multiplication of mappings of any set into 
itself, whereas (4) has meaning only because we already have an operation of addition 
defined on M. The fact that a bα and a+b are indeed Γ -endomorphism of M and 
therefore elements of ∆  follows from the following simple calculations in which x  and 
y are arbitrary elements in M:  
( )( ) (( ) ) (3)x y a b x y a b byα α+ = +  
                     ( ) (1)xa ya b byα= +  
           ( ) ( ) (1)xa b ya b byα α= +  
           ( ) ( ) (3);x a b y a b byα α= +  
and ( )( ) ( ) ( ) (1)x y a b x y a x y b by+ + = + + +  
        (1)xa ya xb yb by= + + +  
        xa xb ya yb= + + +  
        ( ) ( ) (4)x a b y a b by= + + + . 
Now that we have addition and multiplication defined on the set ∆ , we may state the 
following theorem.  
 
Theorem 3.2. With respect to the operations (4) and (3) of addition and multiplications 
the set ∆  of all Γ -endomorphisms of the Γ -ring M is a Γ -ring with unity.  
Proof. (i) Let , , ,a b c α∈∆ ∈Γ  and ,x∈Μ  
then (( ) ) ( )x a b c x a b cα α+ = +  
       ( )xa xb cα= +  
       ( ) ( )xa c xb cα α= +  
       ( ) ( )x a c x b cα α= +  
       ( ).x a c b cα α= +  
Hence ( ) .a b c a c b cα α α+ = +  
Now ( ( ) ) ( )( ) , , , , ,x a c xa c a c xα β α β α β+ = + ∈∆ ∈Γ ∈Μ  
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         ( ) ( )xa c xa cα β= +  
         ( ) ( )x a c x a cα β= +  
         ( ) ).x a c a cα β= +  
 Thus ( ) .a c a c a cα β α β+ = +  
Again ( ( )) ( ) ( ), , , , ,x a b c xa b c a b c xα α α+ = + ∈∆ ∈Γ ∈Μ  
          ( ) ( )xa b xa cα α= +  
          ( ) ( )x a b x a cα α= +  
          ( ).x a b a cα α= +  
Hence ( ) .a b c a b a cα α α+ = +  
(ii) (( ) ) ( ( )) , , , ,x a b c x a b c a b cα β α β α β= ∈∆ ∈Γ  
    (( ) )xa b cα β=  
    ( ) ( )xa b cα β=  
    ( ( )).x a b cα β=  
Hence ( ) ( ).a b c a b cα β α β=  
(iii) For all a∈∆ , then exists unity element 1∈∆  such that  

(1 ) (( 1) ) , ,x a x a xa xα α α= = ∈Γ ∈Μ and ( 1) (( ) )1 .x a xa xaα α= =  Thus  
( 1) (1 ) .x a x a xaα α= =  

Hence 1 1a a aα α= = . Thus ∆  satisfies all the conditions of a Γ -ring. Hence ∆  is a Γ -
ring with unity.  
 
Theorem 3.3. Let ∆  be the Γ -ring of all Γ -endomorphisms of the Γ -ring M. If  
a∈∆ , then a has an inverse in ∆  if and only if a is a one-one mapping of M onto M.  
Proof. Suppose first that a has an inverse b in ∆ , so that 1, .a b b aα α α= = ∈Γ  Then 
for each x∈Μ , we have ( ) ( ) 1xb a x b a x xα α= = =  and a is clearly a mapping onto M. 
Moreover, if 1 2,x x ∈Μ  such that 1 2 ,xa xa=  then  
                       1 1 1 11 ( ) ( )x x x a b x a bα α= = = 2 2( ) ( )x a b x a bα α= = 2 21 .x x= =  
This shows that the mapping is a one-one mapping.  
 Conversely, let us assume that the Γ -endomorphism a is a one-one mapping of  M 
onto M, so that every element of M is uniquely expressible in the form ,xa x∈Μ . We 
may therefore define a mapping b of M into M as follows: (( ) ) , , .xa b x xα α= ∈Μ ∈Γ  
Since, if , ,x y∈Μ  then  
              (( ) ) ((( ) ) ) (( ) ) (( ) )xa ya b x y a b x y xa b ya bα α α α+ = + = + = +  and  
(( ) ) (( ) ) ( ) (( ) ) (( ) ) .xa ya b x y a b x y xa b ya bα α α α α α α α= = =  We see that b is a Γ -
endomorphism of M.  Moreover ( ) ( ) 1xa b x a b x xα α= = =  for every x  in M and 
hence 1.a bα =  Finally if ,x∈Μ  then 
 (( ) )( ) ( ( )) ( 1) (1 ) .xa b a x a b a x a x a xaα α α α α α= = = =  Thus is equivalent to the 
statement that ( )y b a yα =  for every y∈Μ . Hence 1b aα =  and b is the inverse of a in 
∆ .  
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 Suppose now that we start with a given Γ -ring M and let ∆  be the Γ -ring of all Γ -
endomorphisms of M. If a is a fixed element of M, then the mapping 

, ,x x a xα α→ ∈Γ ∈Μ  of  M  into  M is called the right multiplication by a. It will be 
convenient to denote this right multiplication by a, that is, the mapping ma  is defined by 

, , .mx a x a xα α α= ∈Μ ∈Γ  
 It is clear that ma  is a Γ -endomorphism of M and therefore ma ∈∆  for each .a∈Μ  
If , ,a b∈Μ  then m ma b+  and ,m ma bα α ∈Γ are defined in ∆ . Moreover we observe 
that for each x  in M,  
     ( ) ( )mx a b x a b x a x bα α α α+ = + = + m mx a x bα α= + ( )m mx a bα= +  
and ( ) ( ) ( )mx a b x a b x a bα α α α α α= = ( ) mx a bα α= ( )m mx a bα α= ( ).m mx a bα α=  
Thus we  

                                      
( )
( )

m m m

m m m

a b a b
a b a bα α
+ = + ⎫

⎬= ⎭
                                                          (5) 

Hence m ma b+  and ,m ma bα α ∈Γ  we themselves right multiplications and the set S of 
all right multiplications is a sub-Γ -ring of ∆ . Moreover, the relations (5) shows that the 
mapping , ,ma a a→ ∈Μ  is a Γ -homomorphims of  M onto S. If a is in the kernel of 
this Γ -homomorphism, then 0x aα =  for every element x∈Μ  and α ∈Γ . If  M 
happens to have a unity, this implies that 0a =  and in this case the kernel is certainly 
zero and the Γ -homomorphism is a Γ -isomorphism. We have therefore established the 
following result.  
 
Lemma 3.4. If the Γ -ring has a unity, then M is Γ -isomorphic to the Γ -ring of all its 
right mutiplications. For our purposes, the importance of this Lemma is that it leads 
atmost immediately to the following result.  
 
Theorem 3.5. Every Γ -ring M is Γ -isomorphic to a Γ -ring of Γ -endomorphisms of  
M.  
 If ∆  is a Γ -ring of Γ -endomorphisms of a Γ -ring M and U is a sub-Γ -ring of M. 
We naturally define U∆ as follows: { },U xa x U a∆ = ∈ ∈∆ . If U consists of a single 

element y of M, we write y∆  instead of { }y ∆ , that is { }.y ya a∆= ∈∆  

Definition 3.6. If ∆  is a Γ -ring of Γ -endomorphisms of a Γ -ring M and W is a sub-Γ -
ring of M such that W W∆ ⊆ ,  then W may be called a ∆ -sub-Γ -ring of  M.  
 Clearly, the zero sub-Γ ring denote simply by ‘0’ and the entire Γ -ring  M are 
always ∆ -sub-Γ -rings. We shall be particularly interested in the case in which there are 
no ∆ -sub-Γ -rings except these two trivial ones.  
 
Definition 3.7. Let ∆  be a nonzero Γ -ring of Γ -endomorphisms of the Γ -ring  M. If 
the only ∆ -sub-Γ -rings W of M are W = 0 and W = M. We say that ∆  is an irreducible 
Γ -ring of Γ -endomorphisms of  M.  
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 We may remark that if M is the zero Γ -ring (having only the zero element) the only 
Γ -endomorphism of M is the zero Γ -endomorphism. Since in the proceeding definition 
∆  is required to be a non-zero Γ -ring of Γ -endomorphisms of M, when we speak of an 
irreducible Γ -ring of Γ -endomorphisms of M it is implicit that M must have nonzero 
elements.  
 We shall next prove the following useful result.  
 
Lemma 3.8. If  ∆  is a nonzero Γ -ring of Γ -endomorphisms of the Γ -ring M, then ∆  
is an irreducible Γ -ring of Γ -endomorphisms of M if and only if  x∆ =Μ  for every 
nonzero element x  of  M.  
Proof. One part is essentially trivial. For if  x∆ =Μ  for every nonzero element x  of M, 
it is clear that M is the only nonzero ∆ -sub-Γ -ring of M and ∆  is therefore irreducible. 
 Conversely , let us assume that ∆  is an irreducible Γ -ring of Γ -endomorphisms of  
M and that x  in an arbitrary nonzero element of  M. It is easily verified that x∆  is a sub-
Γ -ring of M and since ( )x x∆ Γ∆ ⊂ ∆ , it is a ∆ -sub-Γ -ring  of  M. It follows that 

0x∆ =  or x∆ =Μ .  Suppose that 0x∆ =  and let x< >  be the sub-Γ -ring of  M 
generated by x . Then 0x< > ∆ =  and therefore x< >  is an ∆ -sub-Γ -ring of  M. 
Since x x∈< >  and 0x ≠ , we must have x< >=Μ  and therefore 0Μ∆ = . However, 
this is impossible since M has nonzero elements and the assumption that 0x∆ =  has led 
to a contradiction. Hence x∆ =Μ  and the proof is completed.    
 
Theorem 3.9. Let ∆  be an irreducible Γ -ring of Γ -endomorphisms of the Γ -ring M. If 
A is a nonzero ideal in ∆ , then A also is an irreducible Γ -ring of Γ -endomorphisms of 
M.   
Proof. Let x  be an arbitrary nonzero element of M. Since ΑΓ∆ ⊆ Α . We have that 
( ) ( )x x xΑ Γ∆ = ΑΓ∆ ⊆ Α , so that xΑ  is a ∆ -sub-Γ -ring of  M. Since ∆  is 
irreducible, it follows that 0xΑ =  or xΑ =Μ . Suppose that 0xΑ = . Then using 
Lemma 3.8, we have ( ) 0x xΜΑ = ∆ Γ∆ ⊆ Α = , which is impossible since A is assumed 
to have nonzero elements. Accordingly we must have .xΑ =Μ  The same lemma, now 
applied to the Γ -ring A, shows that A is indeed an irreducible Γ -ring of Γ -
endomorphism of  M and the proof is completed.  
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