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Abstract. The extended (G'/G)-expansion method can be usedottstruct exact
traveling wave solutions of non-linear evolutioruations. In this paper, we explore new
application of this method to non-linear Klein-Gondequation, the balance numbers of
which are both positive and negative. By using thiethod, we found some new
traveling wave solutions of the above-mentionedaéiqu.
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1. Introduction

Nonlinear phenomena play a crucial role in appfiethematics and physics. Calculating
exact and numerical solutions, in particular, tfizge wave solutions, of nonlinear

equations in mathematical physics plays an impobrtafe in nonlinear phenomena.
Recently, it has become hot tropics and intergstivat obtaining exact solutions of
nonlinear partial differential equations througlngssymbolical computer programs such
as Maple, Matlab, Mathematica that facilitate compland tedious algebraical

computations. It is important to find exact tramgliwave solutions of nonlinear partial
differential equations.

Looking for exact solutions of nonlinear partiaffeliential equations has long
been a major concern for both mathematicians agsdigibts.Various effective methods
have been developeduch as Backlund transformation method [1,BJarboux
Transformations [3],Riccati equation method [4], tanh-function methd6], Exp-
function method [7], sine-cosine method [8], othemne method[9-11] and so on.
Wang et al. firstly proposed &' / G — expansion method [12], then many diverse group
of researchers extended this method by differemtesalike extended, further extended ,
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improved, Generalized and impro¥®' /G — expansion method [12-24] with different
auxiliary equations. A. Sousaraie [25] investigateaveling wave solutions for non-
linear Klein-Gordon equation by usif@'/ G — expansion method with help of Auxiliary
equationG"+AG"+ 4G =0. L. D. Chen [26] searched traveling wave solutifors
generalized Klein-Gordon equation by using Modifi&d/ G —expansion method with
help of Auxiliary equationG" + AG' + G = 0. In this article, following these method
we obtain a new idea of searching traveling wanlat®ns of non-linear Klein-Gordon
equation by extende@'/G —expansion method in whiclG = G(§) satisfying the
differential equationG" + G =0, where 1 # 0 and the balance numbers contain both

positive and negative. Using this method we inclfele new results of traveling wave
solutions for nonlinear evolution equations.

2. TheMethod
For given nonlinear evolution equations in two ipeledent variablesand t, we consider
the following form

F(u1ut1ux’utt’uxx’uxt """ ) =0 (l)
By using traveling wave transformation

u(x,t) =u(é), &=x-Vt 2
where U is an unknown function depending ohandt, and is a polynomiaF in
u=u(xt) and its partial derivatives and is a constant to be determined later. The
existing steps of method are as follows:

Sep 1. Using the Eq. (2) in Eg.(1), we can convert Eq. t(l)an ordinary differential
equation

Q(u,~Vu,u,vVa'u',-w'"-----)=0 ()
Sep 2. Assume the solutions of Eq.(3) can be express#ukiform

u(é) = i_zn“n{ag (G'IG) +b (G'/G)"l\/a{1+%(G’IG)2H, (4)
with G = G(&) satisfying the differential equation

G"+uG=0, (5)

in which the value ofo must be+1, ##0, a,Q(i=-n,---,n)andA are constants to

be determined later. We can evaludteby balancing the highest-order derivative term
with the nonlinear term in the reduced Eq. (3).

Sep 3. Inserting Eq.(4) into Eg.(3) and making use of Bpgdnd then extracting all
terms of like powers o{G'/G)’ and (G'/G)j\/a[1+ (G/ G)Z/,u] together, then set

each coefficient of them to zero yield a over-deiaed system of algebraic equations
and then solving this system of algebraic equatfonsa,Q (i =-n,---,n) and A,V
we obtain several sets of solutions.
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Sep 4. For the general solutions of (Eq (5), )We havek( )
G _ - Asinhl,/- u& |+ Bcoshy/- ué
HeO 5= 'L{Acosk(\/ 1€ )+ Bsinhy/- ,UE)J L) ©)
1>0 G \/; Acos(\/_f) Bsm(\/_f) (&)
’ Asinlyué)+Bcodué) |

I

where A ,B are arbitrary constants. At last, inserting the luea of
a,h(i=-n---,n),AV and (6) into Eq. (4) and obtain required travelwgve
solutions of Eq. (1).

3. Application of our Method
Let us consider the nonlinear Klein-Gordon equation

u, — U, +aut fu’ =0 (7)
with auxiliary equation

G +puG=0
wherea, 3, i are constants and # 0.
Under the traveling wave transformation with Eq, &3. (7) reduce to

(V:Z—1u +au+ fu’® =0 (8)

By balancing the highest-order derivative tewfrand nonlinear termu® in Eq. (8) gives
n=1, thus, we have the solutions of Eq. (8), accordingq. (4) is

ué)=a+a(G/0) +a,(G/Q " +[(G/Q ™ +h +b,(G/G)), l+j{ G/ G)Z} ©)

where G = G(¢) satisfies Eq.(5). Substituting Eq. (9) and Eq.i%) Eq.(8), collecting
all terms with the like powers o{G'/G)’ and (G’/G)j\/a[1+ (G/ G)z/,uj, and

setting them to zero, we obtain a over-determingdesn that consists of twenty-five
algebraic equations (we omitted these for convemienSolving this over-determined
system with the assist of Maple, we have the fdalhgwesults.

Case-1:
V=tV e =2V a =a =hy=by=b =0

Now wheng == 0 then using Egs. (6) and (9), we have
_ e Asin (Vuf)+Bcosuf) — _ [riu—a
u TV ( g )-,",u,u:Acos':-,'ﬁf}—Bsin(-;'EE}} ! Wheref X=Vt, V=1V ( Zu j
and whenu < 0 then using Egs. (6) and (9)
_ ap Acosh(—pf)#Beinh(~—p&)
u= v ( 8 )ﬁ,--—#.:_thu:ﬁ,--—,,af}+a.msh.:ﬁ,--—m}’

whereé = x-Vt,

12



Traveling Wave Solutions of Nonlinear Klein-Gordguation

V=4V

Case-2:
V= i‘*‘r(‘f:} a; = v (;_#j ay=a_, =hby=b_;=b=0
Now wheng = 0 then using Egs. (6) and (9), we have

— o . o
_ | & Vuldcos(+mE)-Bein(-+ &N whereé = x -Vt _ frip—a
“ i‘ﬂlﬁ‘# Asin (\uf)+Beoe(Vut) ¢ V=V 2u )
and wheru <2 0 then using Egs. (6) and (9), we have
u=+ [a V=@E(4sinh (V=gf)+Beosh(v=mi))
_d\ll Fu Acosh(—pf)#Beinh(~—pf)
V=2V
Case-3.

[eBu—a |'ﬂ:_,l_1 _ oo
V=+/EDa, = _1;*2(1:"?), a; = £V (55,

, Whereé = x—Vt,

T -
a,=b,=b,=b_; =10
Now wheng = 0 then using Egs. (6) and (9), we have
y = M{r( @ ) Vu(deos(Vuf)-Bein(Vuf)) 1 (‘H“FE] . Asin(vpE)+Boos(vEd)
Asin (WpE)+Beos(2E) 2 g < W uldeosiuf)-Beini(-uf))

where§ = x-Vt, vV = i»’r(s‘;_“‘j
N

and

_ Ew"ulislcMl:«,'ﬁﬂ—lenl:«,"Eﬂ]
*'Jl 48u  Asin (uF)+Boos(WpE)

whereé = x-Vt, V = i»’r(s‘;;'xj

wheng = 0 then using Egs. (6) and (9), we have

Asin (Ve +Beos(E)
Vuldcos(\uE)-Bsin(vui))

i r
w= ;0%

w= | o Wmpldsink (W=pf)+Boosh (v=pf ) 1 |'I'I__§-'. V= idsink (=puf)+Beosh(/—uf))
‘\Jl 4fu Acosh (\—pf)+Beinh(y—pd) z *\Jl g Acosh (v=pd)+Beinh(v—p)

whereé = x-Vt,V = i‘e’r[sﬁ_'x]

Bu

and

u = — E V= (Asink (3= pf ) +Beoshi~—u i) +

‘\Il 4f Acosh(—EF)+Beinhi—mf)
L |'ﬂf__# V=i dsinh (V=p£)+Brosh(v=uf))
2 1‘| g Acosh (= pEi+Beinh(~—pgf)
whereé = x-Vt, V = iw’r(s‘;:xj
Case-4:
_ [riuta - _ o a =_|_.'r —a
v i‘v( a j! _q 1f2(i('g"‘_a_:':,__’gﬁ}j, 1= IV (E,E',uj’
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Now wheng = 0 then using Egs. (6) and (9), we have
j V(W) dcos(Vud)~Beinb/ug)) _ 1 ( ) Asin(uf) +Boos(vuf)
2P Asin (W pE)+Boos( ) 2 ,E'v"(%} Vuldcos(EE ) -Bsin(vrE))

where& = x-Vt,V = + f(“‘”""j
and

u—\-(

_ |—a '\."':p}IiAcas(v’EE}—len(-\.’Eﬂ)
u=—- | = =
y 28u Asin (3 uf)+Boosiyuf)

whereé = x-Vt,V =+ “(4“+E]
wheng = 0 then using Egs. (6) and (9), we have

( o j Asin (+/[uf) #Boos-/uf)
BV Viulacos (VuF)~Bsin(vii))

B3|

W= [mE JTEasinn R +BeoshV=E)) _ 3( ; )v_—#l:fhm':“'_—“E'Jfﬁﬂﬂsh(v——#‘}};.

"ql 2Pu Acosh (W=p&)+Beinhi(~—pf) B m} Acoshi~—pf+Bsinhiv—uf)
whereé = x-Vt, v =+ a(4#+rrj
and
y= _ |m=  TEsinh GgE)+Beosh (/=) N

"l,ll 2Bu Acosh(—pE)+Beinh(—@F)

1 & J—uidsink (V= @i} +Boosh(v—ui))

2 E'\-Im} Acosh (V=) +Beinh(~—pf)
whereé = x-Vt,V =+ “[4“”‘)
Case-5:

ta
(i’i

=a_ a,=b,=b_; =0
Now whenu = 0 then using Egs. (6) and (9), we have
| -
— o 2y | 1 Vi (Acosp)-Beinlyull),
u=xv ( )‘\l g [1 + ( ) ]

Bo Azin(VpE i+ BeoslVpE)
where & = x=Vt, V =+ (

and wheru < 0 then using Eqs (6) and (9), we have

,'.L+E:

u=1V(3) Jo [t + LT ey
where§ = x-Vt, V =+v [“J”I
Case-6:
V=tV e = V(@ b = V(D @ =ay =k =b =0

Now wheng = 0 then using Egs. (6) and (9), we have

+ [ '\.ng}l_‘lcosl-\,gé"} Bsm'-\.#é"}}_l_ ||E lICI' [1+i(-\.'r(,-_;}(Acosli-\;';é’}—]}sin'ix'zé"}})2]
'.G‘# Aszin (\uf)+Beos(ui) N'.E‘E*ql Asin(+pE)+Bcos(VpE)
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and
wheng <2 0 then using Egs. (6) and (9), we have
—+ [a v=g(4sinh (/=p§)+Beosh(v=p{)]
u= _-\‘l Fp  Acosh(~/—pE)+Beinhi—pf)

+ |'? |I 1
i 1 -
_Qﬂﬂﬁa[ +M[

VH(Asinn (/=4 )+ Beosh(V=HD)), 2]
Acosh (=g +Eesinh(v=ul)

where & = x-Vt, whereé = x-Vt,V = i{(#_;rxj

Remark: If A =0, all the solutions of [25fnatch with our solutions in the case 2.

4. Conclusion

The extendedG'/ G —expansion method has been applied to search exact travelling
wave solutions for the non-linear Klien-Gordon dtpra As a result, we obtained new
plentiful exact solutions. The solutions are in thiem of trigonometric and hyperbolic. It

is shown that the performance of this method idpective, effective and well-built
mathematical tool for solving nonlinear evolutiajuations.
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