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Abstract.   In this paper authors proved some result on α -ideals in a 0-distributive 
nearlattice. They have included several characterization of these ideals. They have also 
given a prime Separation Theorem for α -ideals.  
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1. Introduction 
α -ideals have been studied by Cornish [3] is case of distributive lattices. Recently [5] 
have generalized those results for distributive nearlattices. In recent years many authors  
e. g. [1] and [4] have studied the α -ideals  in a general lattice. 
[2] gives a detailed literature on nearlattice. A nearlattice is a meet semilattice together 
with the property that any two elements possessing a common upper bound have a 
supremum. This property is known as the upper bound property.  
 Verlet [7] have given the definition of 0-distributivity in a lattice with 0.  By [8], 
A nearlattice S with 0 is called 0-distributive if for all Szyx ∈,,  with 

zxyx ∧==∧ 0  and  zy ∨  exists imply  ( ) 0=∨∧ zyx . 
 We know from [8, Theorem 5]  that a nearlattice S  with 0 is 0-distributive if and 
only if )S(I is pseudocomplemented  and so is 0-distributive. Let L be a lattice with 0. 
An element *a  is called the pseudocomplement of a if 0* =∧ aa  and if 0=∧ xa  for 
some Lx∈ , then .*ax ≤  A lattice L with 0 and 1 is called pseudocomplemented if its 
every element has a pseudocomplement. For a nearlattice S   if )S(I  is 

pseudocomplemented, then for each  )S(IA∈ , *A  is also known as an annihilator 
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ideal. An ideal I  in a 0-distributive nearlattice S  is called an α -ideal if for each Sx∈ , 
Ix∈  implies ( ] Ix ** ⊆ . 

In this section we would like to study the α -ideals in a 0-distributive nearlattice. 
For any SA ⊆ , we define { }AaallforaxSxA ∈=∧∈=⊥ 0 . ⊥A  is 

clearly a down set. By [8] we know that ⊥A  is an ideal if S  is 0-distributive and if A  is 
an ideal, then *AA =⊥  is the annihilator ideal. 
 
2. Some Properties 
Theorem 1. A nearlattice S  is 0-distributive if and only if  
                  ( ) ( )( ] ( ] ( ]⊥⊥⊥ ∧∩∧=∧∨∧ cabacaba   for all Sc,b,a ∈ . 
 
Proof:  Let S  be 0-distributive and ( ) ( )( ]⊥∧∨∧∈ cabax .  
This implies ( ) ( ){ } 0=∧∨∧∧ cabax .  Thus, ( ) 0=∧∧ bax , ( ) 0=∧∧ cax . 

Hence,  ( ]⊥∧∈ bax  and ( ]⊥∧∈ cax . So ( ] ( ]⊥⊥ ∧∩∧∈ cabax .  

Hence ( ) ( )( ] ( ] ( ]⊥⊥⊥ ∧∩∧⊆∧∨∧ cabacaba . 

Again,  let ( ] ( ]⊥⊥ ∧∩∧∈ cabax  . Then ( ) 0=∧∧ bax   and ( ) 0=∧∧ cax .  
Since S  is 0-distributive. So, ( ) ( ){ } 0=∧∨∧∧ cabax .  

This implies   ( ) ( )( ]⊥∧∨∧∈ cabax .  

Hence,  ( ] ( ] ( ) ( )( ]⊥⊥⊥ ∧∨∧⊆∧∩∧ cabacaba ,  

and so ( ) ( )( ] ( ] ( ]⊥⊥⊥ ∧∩∧=∧∨∧ cabacaba . 

Conversely, suppose ( ) ( )( ] ( ] ( ]⊥⊥⊥ ∧∩∧=∧∨∧ cabacaba  for all Sc,b,a ∈ . 
Let                ( ) ( ) ( ) ( )cbbacaba ∧∧∧==∧∧∧ 0 .   

Then   ( ) ( ]⊥∧∈∧ caba  and ( ) ( ]⊥∧∈∧ cbba  .   

Hence  ( ) ( ] ( ] ( ) ( )( ]⊥⊥⊥ ∧∨∧=∧∩∧∈∧ cbcacbcaba  
Thus, ( ) ( ) ( ){ } 0=∧∨∧∧∧ cbcaba   and so  S  is 0-distributive by [8]. ● 
 
Theorem 2. For any ideal I  in a 0-distributive nearlattice S  the set  

                             ( ] ( ]{ }IasomeforxaSxI **e ∈⊆∈=  

 is the smallest α -ideal containing I  and ideal I in  S  is an α -ideal if and only if 
eII = . 

 
Proof:  Let  eIx∈ . Then  ( ] ( ]** xa ⊆  for some Ia∈   and so ( ] ( ] **** ax ⊆ . 

Suppose ( ] **ay∈ . Thus  ( ] ( ] **ay ⊆  and so ( ] ( ]** ya ⊆ . This implies eIy∈ .   
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Therefore, ( ] e** Ia ⊆  and so ( ] e** Ix ⊆ . It follows that eI  is an α -ideal. 

Now suppose Ix∈ , Then by definition, eIx∈ , and so eII ⊆ . 
Suppose  K  is an α -ideal containing I . 

Let eIx∈ . Then  ( ] ( ]** xa ⊆  for some KIa ⊆∈ . This implies 

( ] ( ] Kax **** ⊆⊆  as K  is an α -ideal. Thus ( ] Kx ⊆   and so Kx∈ . Hence 

KI e ⊆ . That is  eI  is the smallest α -ideal containing I .● 
 

Theorem 3. Every annihilatior ideal in a 0-distributive nearlattice S  is an α -ideal. 
 
Proof : Let *AI =  be the annihilator ideal of S . Suppose  *AIy =∈ .  

Then 0=∧ ay  for all Aa∈ . Then   ( ] ( ] ( ]0=∧ ay   and so ( ] ( ]*ay ⊆ . Thus 

( ] ( ] ( ]****** aay =⊆  for all Aa∈ . Hence, ( ] ( ] IAay **
Aa

** ==∩⊆
∈

 and so I  is 

an α -ideal. ● 
 
Theorem 4. For any ideal I in a 0-distributive nearlattice S  the following  are 
equivalent. 
(i) I  is an α -ideal. 
(ii) (ii) ( ] **

Ix
xI

∈
∪=  

(iii) For any Sy,x ∈ , if  Ix∈  and ( ] ( ]** yx =   then  Iy∈ . 
 

Proof:  )ii()i( ⇒  Let Ix∈ . Then  ( ] Ix ** ⊆  as I   is an α - ideal. So,  

( ] Ix **
Ix

⊆∪
∈

. On the other hand,  for any It ∈ . ( ] **tt ∈  implies  ( ] **
Ix

xt
∈
∪∈  .  

Thus ( ] **
Ix

xI
∈
∪⊆ , and so )ii(  holds. 

 
)iii()ii( ⇒  Let Ix∈  and ( ] ( ]** yx = . Then by  )ii(  ( ] ( ] Ixy **** ⊆= , and so 

( ] Ixy ** ⊆∈ . 
 

)i()iii( ⇒  Let Ix∈  and  ( ] **xt ∈ . Then ( ] ( ] **xt ⊆   implies  ( ] ( ]** tx ⊆ . Now 

choose any Sr ∈ . Then  ( ] ( ] **xtr ⊆∧ . Again ( ] ( ] **ttr ⊆∧ . 

Hence  ( ] ( ] ( ] ( ] ****** txtxtr ∧=∩⊆∧ . This implies  ( ] ( ]** trtx ∧⊆∧ .   

Thus ( ] ( ] ( ]*** trtxtx ∧∩∧=∧  ( ) ( )( ]*trtx ∧∨∧= . Now Itx ∈∧ . So by    )iii( , 
( ) ( ) Itrtx ∈∧∨∧ . Then Itr ∈∧  for all Sr ∈ . 
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In particular, choose tr =  This implies It ∈ . Hence ( ] Ix ** ⊆  and so  I  is an α -
ideal.● 
 
Theorem 5.  Let S  be a 0-distributive nearlattice. A  be a meet subsemilattice of S . 
Then 0A  is an α -ideal, where { }AasomeforaxSxA ∈=∧∈= 00 . 
 
Proof: By [9, Theorem 5] 0A  is an ideal. Now Let 0Ax∈  and ( ] **xy∈  . Clearly 

0Ax∈  implies 0=∧ ax  for some Aa∈ . But then ( ]*xa∈  and hence 0=∧ ay . 

This shows that 0Ay∈  consequently ( ] 0Ax ** ⊆ . Hence 0A  is an α -ideal of S .● 
 
Using the technique of proof of Theorem 1, we have the following result. 
 
Corollary 6.  A nearlattice S  with 0 is 0-distributive if and only if for all Sc,b,a ∈  

( ) ( ){ } ( ) ( )000 cabacaba ∧∩∧=∧∨∧ ● 
 
Theorem 7.  If a prime ideal P  of a 0-distributive nearlattice S  is non-dense then P  is 
an α -ideal. 
 
Proof:  By assumption ( ]0≠*P . Hence there exists *Px∈  such that 0≠x . But then 

( ] *** Px ⊇  gives ( ] Px * ⊇  as **PP ⊆ . Furthermore if ( ]*xt ∈ , then Ptx ∈=∧ 0 . 

But as P  is a prime ideal, Pt ∈ ( since ( ] PxPP * ∉⇒=∩ 0 ). This implies 

( ] Px * ⊆ . Combining both the inclusions, we get  ( ]*xP = . Hence P  is an annihilator 
ideal and so  by Theorem3, P  is anα -ideal.● 
 

Let S  be a 0-distributive nearlattice. For an element Sx∈ , the ideals I of the 
form ( ]*x  are called the annulets of S . 
 
Corollary 8. Every non-dense prime ideal of a 0-distributive nearlattice is an annulet. 
 
Proof: It is trivial from the proof of Theorem 7. ● 
 
Lemma 9. For an α -ideal I  of a 0-distributive nearlattice S ,  

                          ( ] ( ]{ }IxsomeforxySyI ** ∈⊆∈= . 

Proof: Let  Ia∈ . Then ( ] ( ] **aa ⊆  implies that S.H.Ra∈ .  

Conversely, let S.H.Ra∈ . Then ( ] ( ] **xa ⊆  for some Ix∈ . Since I  is an α -ideal, 

so ( ] Ix ** ⊆  and so ( ] Ia ⊆ . Hence Ia∈ .● 
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 We conclude the paper with a prime Separation Theorem for α -ideals in a 0-
distributive nearlattice. This result is also a generalization of the result [1, Theorem 11]. 
 
Theorem 10. Let F  be a filter and I  be an α -ideal in a 0-distributive nearlattice S  
such that φ=∩ FI . Then there exists a prime α -ideal IP ⊇  such that φ=∩ FP . 
Proof :  Let χ  be the collection of all filters containing F  and disjoint from I . χ  is 
non-empty as χ∈F  Then by [6,lemma3], there exists a maximal filter Q  containing F  
and disjoint from I . Suppose Q  is not prime . Then there exist Qg,f ∉  such that 

gf ∨  exists and Qgf ∈∨ . Then by [10, lemma 4], there exist Qa∈ , Qb∈  such 
that Ifa ∈∧  and Igb ∈∧ . Thus we have Ifba ∈∧∧  and Igba ∈∧∧ . Then  

by  lemma 9 , ( ] ( ] **xfba ⊆∧∧  and ( ] ( ] **ygba ⊆∧∧  for some Iy,x ∈ . 

Choose any Qt ∈ . Then ( ] ( ] ( ] ( ] **** xttfba ∧⊆∧∧∧ .  

That is ( ] ( ] **xtftba ∧⊆∧∧∧ . Similarly, ( ] ( ] **ytgtba ∧⊆∧∧∧ . Thus we have 

( ] ( ] ( ] ( ] ( ]** ytgtbaxtftba ∧∧∧∧∧==∧∧∧∧∧ 0 . That is 

( ] ( ] ( ] ( ] ( ] ( ] ( ] ( ] ( ]gytxttbafytxttba **** ∧∧∧∧∧∧∧==∧∧∧∧∧∧∧ 0 .  
Since ( )SI  is 0-distributive, it follows that  

                         ( ] ( ] ( ] ( ] ( ]( ) ( ]0=∨∧∧∧∧∧∧∧ gfytxttba ** .  

That is, ( ] ( ) ( )( ] ( ] ( ]0=∨∧∧∨∧∧∧∧ gfytxttba * ,  ( ) ( )ytxt ∧∨∧  exists by the 
upper bound property of S  and ( ) ( ) Iytxt ∈∧∨∧  as Iy,x ∈ . Therefore, 

( ] ( ] ( ) ( )( ] **ytxtgftba ∧∨∧⊆∨∧∧∧ , which implies by Lemma 9, that is 
( ) Igftba ∈∨∧∧∧ . But Qa∈ , Qb∈ , Qt ∈  , Qgf ∈∨  imply  
( ) Qgftba ∈∨∧∧∧  which is a contradiction to φ=∩ IQ . Therefore, Q  must be 

prime. Thus QSP −=  is a prime ideal containing I  such that φ=∩QP . 

Let Px∈ . If Ix∈ , then ( ] PIx ** ⊆⊆ . Again if IPx −∈ , then by maximality of 

Q , there exists Qa∈  such that Ixa ∈∧ . Thus, ( ] ( ] PIxa **** ⊆⊆∧ . Since 

( ] Pa ** ⊆/ , so ( ] Px ** ⊆  as P  is prime. Therefore P  is an α -ideal. ● 
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