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Abstract. In this paper authors proved some result on o -ideals in a 0-distributive
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1. Introduction
a -ideals have been studied by Cornish [3] is case of distributive lattices. Recently [5]
have generalized those results for distributive nearlattices. In recent years many authors
e. g. [1] and [4] have studied the o -ideals in a general lattice.
[2] gives a detailed literature on nearlattice. A nearlattice is a meet semilattice together
with the property that any two elements possessing a common upper bound have a
supremum. This property is known as the upper bound property.

Verlet [7] have given the definition of 0-distributivity in a lattice with 0. By [8],
A nearlattice S with 0 is called O-distributive if for all X,y,Ze€S with

XAY=0=XAZand yvz existsimply XA (yvz)=0.
We know from [8, Theorem 5] that a nearlattice S with 0 is 0-distributive if and
only if 1(S)is pseudocomplemented and so is O-distributive. Let L be a lattice with 0.

An element @’ is called the pseudocomplement of a if aAa” =0 and if aAX=0 for

some X €L, then Xx<a . A lattice L with 0 and 1 is called pseudocomplemented if its
every element has a pseudocomplement. For a nearlattice S it 1(S) is

pseudocomplemented, then for each Ae I(S), A" is also known as an annihilator
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ideal. An ideal | in a O-distributive nearlattice S is called an o -ideal if for each X € S,
X € | implies (X]** cl.
In this section we would like to study the o -ideals in a 0-distributive nearlattice.
For any AcC S, we define At = {Xe S| xAana=0 forall ae A}. At s

clearly a down set. By [8] we know that Al is anideal if S is O-distributive and if A is

an ideal, then Al = A" is the annihilator ideal.

2. Some Properties
Theorem 1. A nearlattice S is O-distributive if and only if

(@aab)v(anc)l- =(aabl-~n(anrcl forallab,ces.

Proof: Let S be O-distributive and X € (@ Ab)v (a A C)]J‘ :

This implies XA {(aab)v(anc)j=0. Thus, xA(aab)=0, xa(anrc)=0.
Hence, X € (a/\b]l and X € (a/\C]L. So X e(a/\b]l m(a/\C]L.

Hence ((a A b)v (a A C)]L c (a A b]l N (a A C]L .

Again, let xe(@anb]" n(@aacl" . Then xA(aab)=0 and xA(anc)=0.
Since S is O-distributive. So, X A{(@aab)v(aac)}=0.

This implies X € ((a A b)\/ (a A C)]J‘ )

Hence, (@A b]L N(an C]L c((@anb)v(an C)]L,

andso (arb)v(@anc)t =(arb]* n(ancl.

Conversely, suppose ((a A b)v (a A C)]J‘ = (a A b]J‘ N (a A C]L forall a,b,ceS.
Let (anb)a(anc)=0=(anb)a(bac).

Then (a/\b)e(a/\c]l and (a/\b)e(b/\c]l .

Hence (anb)e(ancl n(bacl =((arc)vibac)

Thus, (@ Ab)A{(@ac)v(bac)l=0 andso S is O-distributive by [8]. ®

Theorem 2. For any ideal | in a O-distributive nearlattice S the set
€ ={XES‘(aT < (x] for some a e I}
is the smallest o -ideal containing | and ideal | in S is an a-ideal if and only if
I =1°.
Proof: Let X e €. Then (a]* - (X]k forsome ae | andso (X]‘Ok - (a]“
Suppose Y € (a]” . Thus (y] c (a]** and so (aT c (y]* This implies y € 1°.
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Therefore, (a]” c 1° and so (Xr c 1. 1t follows that 1€ is an a -ideal.

Now suppose X € | , Then by definition, X € | € andso | c |€.
Suppose K is an a -ideal containing | .

Let Xel®. Then (a]* g(X]* for some ael c K. This implies
(X]*k g(a]hk c K as K is an a-ideal. Thus (X]g K and so Xe K. Hence

I® < K. Thatis |° isthe smallest o -ideal containing | .e

Theorem 3. Every annihilatior ideal in a O-distributive nearlattice S is an o -ideal.

Proof : Let | = A~ be the annihilator ideal of S . Suppose yel=A".

Then yAna=0 for all ae A. Then (y]/\(a]z(O] and so (y]g (a]* Thus

(y]mk c (a]*k* = (a]* for all a e A. Hence, (y]M N (a]* =A =1 andso | is
acA

an o -ideal. ®

Theorem 4. For any ideal | in a O-distributive nearlattice S the following are

equivalent.
(i) | isan o-ideal.

G @ 1=y (x]”
(i) Forany x,yeS,if xel and (x] =(y] then yel.

Proof: (i)= (ii) Let Xe | . Then (X]k* c | as | isan a-ideal. So,
U (X]*k c | . On the other hand, forany tel.te (t]M implies te U (X]M .

xel xel

Thus | ¢ U (X]** ,and so (ii) holds.
xel

(ii)= (iii) Let xel and (x] =(y[. Then by (ii) (y] =(x]" <1, and so

ye(x]**gl.

(iii)= (1) Let xe | and te(Xr.Then (t]g(x]*k implies (XT g(t]*.Now
choose any I € S . Then (I’ /\t] c (Xr . Again (I’ /\t] c (tr

Hence (I’ /\t]g(xr ﬁ(’[r =(X/\tr.This implies (X/\tr g(l’ Atr.

Thus (X/\t]k :(X/\t]* m(r /\t]k :((X/\t)v(r At)T.Now XAtel.Soby (iii),
(X/\t)v(r/\t)e | . Then ratel forallreS.
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In particular, choose I =t This implies t € | . Hence (X]M cl andso | isan a-
ideal.®

Theorem 5. Let S be a O-distributive nearlattice. A be a meet subsemilattice of S.
Then A is an o -ideal, where Al = {X IS S| xana=0 for some ae A}.

Proof: By [9, Theorem 5] A is an ideal. Now Let X € A® and ye (Xr . Clearly
x e A” implies XAa=0 for some a€ A. But then a e (X]k and hence yAa=0.
This shows that y € A? consequently (X]W < A% Hence A” isan o -ideal of S .e

Using the technique of proof of Theorem 1, we have the following result.

Corollary 6. A nearlattice S with 0 is O-distributive if and only if for all a,b,c €S
{(a/\b)v(a/\c)}o = (a/\b)o m(a/\c)o o

Theorem 7. If a prime ideal P of a O-distributive nearlattice S is non-dense then P is
an o -ideal.

Proof: By assumption P » (0] Hence there exists X € P~ such that X # 0 . But then
(X]k - p™ gives (X]k S P as Pc P”. Furthermore if t € (Xr ,then XAt=0eP.
But as P is a prime ideal, te P ( since P =N :(O]:> X ¢ P). This implies
(X]k c P . Combining both the inclusions, we get P = (X]k Hence P is an annihilator

ideal and so by Theorem3, P is ana -ideal.®

Let S be a O-distributive nearlattice. For an element X € S, the ideals | of the

form (X]k are called the annulets of S .
Corollary 8. Every non-dense prime ideal of a O-distributive nearlattice is an annulet.
Proof: It is trivial from the proof of Theorem 7. @

Lemma 9. For an o -ideal | of a O-distributive nearlattice S,
I :{yes‘(y]g(xr for some x e I}.
Proof: Let a € | . Then (a] c (a]“ implies that a€ RH.S .
Conversely, let @ € R.H.S . Then (a]g (X]*k for some X e l. Since | is an o -ideal,
SO (X]ﬂ 1 andso (a]c | .Hence ac | .o
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We conclude the paper with a prime Separation Theorem for o -ideals in a 0-
distributive nearlattice. This result is also a generalization of the result [1, Theorem 11].

Theorem 10. Let F be a filter and | be an o -ideal in a O-distributive nearlattice S
such that | M F = ¢ . Then there exists a prime o.-ideal P o | suchthat PnF =¢.

Proof : Let  be the collection of all filters containing F and disjoint from | . x is
non-empty as F €  Then by [6,lemma3], there exists a maximal filter Q containing F
and disjoint from | . Suppose Q is not prime . Then there exist f,g ¢ Q such that
f v Q existsand f vgeQ. Then by [10, lemma 4], there exist a€ Q, b e Q such
that an f €l and bAgel.Thuswehave aAbA f el and aanbAagel. Then

by lemma9,(a/\b/\f]g(xr* and (a/\b/\g]g(yT* for some X,y el .
Choose any t € Q. Then (anb A f]A(t]c T ]H
Thatis (@abAata f]lc(tAx]" . Similarly, (a/\b/\t/\g] (tAy]". Thus we have
(arbataf]altax] =(0]=(@arbatag]a(tay] . Thatis
@abat]altax] Altay] a(f]l=(0]=(@rbat]atax] Altay] A(g].
Since | (S) is O—dlstrlbutlve it follows that

(@nbatlatax] Altay] A(f]v(g)=(0].
That is, (@ AbAt]a(tAx)v (tAy)] A(f vg]=( ], (tAxX)v(tAy) exists by the
upper bound property of S and (t/\X)v(t/\y)el as X,y el. Therefore,
(a/\b/\t]/\(fvg]g((tAX)v(tAy)T*, which implies by Lemma 9, that is
arbata(fvg)el . ButaecQ,beQ.teQ, fvgeQ imply

arbata (f Y% g)e Q which is a contradiction to Q N | = ¢. Therefore, Q must be
prime. Thus P =S —Q is a prime ideal containing | suchthat PNQ=¢.

Let xe P.If xel, then (X]M c | < P. Again if Xxe P -1, then by maximality of
Q. there exists a€Q such that aAXel. Thus, (a]“ /\(X]k* c |l cP. Since

(a]” z P,so (XT* c P as P is prime. Therefore P is an a-ideal. ®
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