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1. Introduction 
Many important problems of engineering mechanics like elasticity, plasticity, and 
fracture mechanics and aerodynamics can be reduced to the solution of a non-linear 
singular integral equation or non-linear finite-part singular integral equations. Hence, 
since these are connected with a wide range of problems of an applied character. The 
theory of non-linear singular integral equations and non-linear finite-part singular integral 
equations seems to be particularly complicated if closely linked with applied mechanics 
problems. 

Having in mind the implications for different problems of engineering 
mechanics, E.G.Ladopoulos [15-17] and E.G.Ladopoulos and V.A.Zisis [12-14] 
introduced and investigated non-linear singular integral equations and non-linear finite-
part singular integral equations. This type of non-linear equations has been applied to 
many problems of structural analysis, fluid mechanics and aerodynamics.  

The theory of nonlinear singular integral equations with Hilbert and Cauchy 
kernel and its related Riemann-Hilbert problems have been developed in works of 
Pogorozelski W. [19], Guseinov A. I and Mukhtarove Kh. Sh. [7], Wolfersdorf L.V. [22], 
Ladopoulous E.G [15] and others. 

The successful development of the theory of singular integral equations naturally 
stimulated the study of singular integral equations with shift. The Noether theory of 
singular integral operators with shift is developed for a closed and open contour (see [9-
11], 18] and others). 
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The classical and more recent results on the solvability of  non-linear singular 
integral equation and non-linear finite-part singular integral equations should be 
generalized to corresponding equations with shift, (see[21]). The theory of singular 
integral equations with shift is an important part of integral equations because of its 
recent applications in many field of physics and engineering,(see [10,11]). 

Existence results and approximate solutions have been studied for nonlinear 
singular integral equations and nonlinear singular integral equations with shift by many 
authors  among them we mention (1-6, 8, 14).    
     In this study, the existence and uniqueness of the solution of a class of nonlinear 
finite-part singular integral equations with Carleman shift preserving orientation has been 
investigated in the generalized Holder space ( )ΓϕH . 

 
2. Formulation of the problem 
In the present paper we construct an approximate solution of the following nonlinear 
finite-part singular integral equation with Carleman  shift:  
 
                                                   ( ) ( )( ) Γ∈= ttPutu , ,                                              (2.1) 
where 
                                              ( )( ) ( ) Γ∈= ttAGtPu ,λ                                              (2.2) 
and 
                                   ( ) ( ) ( )( )( ) ( )( )( )( )tuktuktutFtG .,,.,,, 2211 ΛΛ=                     (2.3) 
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where Γ is a simple smooth closed Lyapunov contour which divide the plane of the 

complex variable Z into two domains the interior domain +D and the exterior domain 
−D , ( ) 2,1)),(,(,,,, =rtutkwvutF r , are continuous functions on the domains 

                                             ( ) ( ){ }∞∞−∈Γ∈= ,,,,:,,,1 wvutwvutD , 

                                             ( ) ( ){ }∞∞−∈Γ∈= ,,,:,2 ututD  

respectively, where ( )tu  is an unknown function that has continuous derivative belongs 

to the space ( )ΓϕH ,  and the shift operatorA  is defined by 

                                    ( ) ∑
−

=

=
1

0

)()()(
m

i
ii tuWtatAu ,                                                  (2.6)    

where    ( ) 1,...,1,0)),(()( −== mitutuW ii α . 

Under the assumption that ( )tα  homeomorphically maps Γ  into itself with 
preservation orientation and satisfies the Carleman condition: 
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                                        ( ) ( ) 11,, −≤≤≠= mitttt im αα , 

where    ( ) ( )[ ] ( ) ,, 01 tttt ii == − αααα  

and 2≥m . Moreover assume that ( )t'α  satisfies the Holder condition and the 

coefficients ( ) 1,...,1,0, −= mitai  belong to the generalized Holder space ( )ΓϕH  and 

( )∞∞−∈ ,λ , is a numerical parameter.  
 
3. Basic assumptions and auxiliary results  
In this section, we introduce some definitions, assumptions  and results which will be 
used in the sequel. 
 
Definition 3.1. [7] We denote by Φ  the class of all functions ( )δϕ  defined for 

sufficiently small non-negative value δ  and having the following properties: 
i) ( )δϕ  is a continuous monotonic increasing function. 

ii) ( ) ( ) .0;000 >>= δδϕϕ and  

iii) ( ) 1−δδϕ  is almost decreasing function. 
 
Definition 3.2. [9] We denote by  ( )Γc  the space of all continuous functions ( )tu defined 
on Γ  with the norm: 

                                                       )(max
)(

tuu
tc Γ∈Γ

=  .                                                   (3.1) 

Definition 3.3. [4] We denote by  )(ΓϕH  the space of all functions ( ) ( )Γ∈ ctu , 

Φ∈ Hϕ , with the norm: 
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;                                             (3.2) 
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 c~ is a positive constant.  

 
Definition 3.4. We denote by ( )11,1,1, DHϕ  to be the space of all functions ( )wvutF ,,, , 

which satisfy the following condition: 

( ) ( ) ( ) 21421321221122221111 ,,,,,, wwlvvluulttlwvutFwvutF −+−+−+−≤− ϕ ,        (3.3) 

where ( ) 1,,, Dwvut iiii ∈ , Φ∈= ϕ,2,1i  and 4321 ,,, llll  are constants. 

Definition 3.5. We denote by ( )21, DHϕ  to be the space of all functions 

2,1)),(,( =rtutkr , which have partial derivatives up to first order with respect to t , u   
and satisfy the following condition: 
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where ( ) 2, Dut rr ∈ , ,2,1=r 1,0,, ==+Φ∈ lljiϕ and rr mm 21 ,  are positive 

constants; the functions ( )( ) 2,1,, =rtutkr and their first derivative with respect 

to t and u  belong to the space ( )ΓϕH  for any ( )Γ∈ ϕHu  [20]. 

 
Definition 3.6.  Let R  be positive number and the function ϕ  satisfies the assumptions 

of Definition 3.1 we define the convex compact subset ( )ΓRHϕ  as  

                ( ) ( ) ( ) ( ) ( ){ }Γ∈−≤−≤Γ∈=Γ 211212 ,,,: ttttRtutuRuHuH R ϕϕϕ  

Lemma 3.1. [4] The singular operator ( ) ( )Γ→Γ ϕϕ HHS :  denoted by the operator of 

singular integration   

                                                ( )( ) ( ) τ
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i
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                                                (3.5) 

is abounded operator on the space )(ΓϕH and satisfies the inequality  

                                                          
ϕϕ

ρ uSu 0≤ ,                                                (3.6) 

where 0ρ  is a constant defined as follows : 
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where 1c , 2c , c~  are constants. 
 
Lemma 3.2.  The shift operator ( ) ( )Γ→Γ ϕϕ HHA :  is a linear bounded continuously 

invertible operator on the space )(ΓϕH  and satisfies the inequality 

                                                           ϕϕ γ uAu 0≤  ,                                            (3.7) 

where ∑
−

=

=
1

1
0

m

i
ia ϕγ . 

Proof of the Lemma 3.2 is obvious from the definitions of the shift operator A and the 
space )(ΓϕH .  

 
Theorem 3.1. [3] The shift operatorA  is a linear bounded continuous invertible operator 
on the space ( ) ∞<<Γ pLp 1,  and satisfies the inequality 

                                                         pp uAu 1γ≤ ,                                             (3.8) 

where 
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For every ( ) ( ) ( )Γ∈ ϕHtvtu , , the following equality  

                                                      ( )( ) ( ) ( ) Γ∈= ttvtutvu ,                                        (3.9) 
is satisfied.   
 
Lemma 3.3. Let the functions ( )tu  and ( )tv  belong to the generalized Holder space 

( )ΓϕH  and the equality (3.9) is satisfied. Then ( )( )tvu  belongs to the space ( )ΓϕH , 

where 

                                               ( ) ( ) uvvuvu
cc ΓΓ

+≤                                         (3.10) 
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From the Definition 3.3, we have 
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Consequently, we can say ( ) ( ) uvvuvu
cc ΓΓ

+≤ . 

Hence the is proved. 
  
Lemma 3.4. If the functions ( )( ) ( ) 2,1,, 21, =∈ rDHtutk r ϕ and ( ) ( )Γ∈ RHtu ϕ   then 

the following inequality is valid 
 

                                                 ( )( ) 2,1,, =Ω≤ rtutk rr ϕ
                                    (3.11)   

where   2,1,2 210 =++=Ω rRmmm rrr
r ,  ( ) 2,1,0,max0 ==

Γ∈
rtkm r

t

r  

Proof of the Lemma 3.4 is obvious from Definitions 3.3, 3.5 and 3.6.  
 
Lemma 3.5. If the assumptions of the Lemmas 3.1 and 3.3 are satisfied, ( ) ( )Γ∈ RHtu ϕ

'  

then the operators ( ) ( ) 2,1,: =Γ→ΓΛ rHHr ϕϕ  satisfy the following inequalities  

                                  ( )( ) 2,1, =Θ≤Λ rtutk rrr ϕ
                                     (3.12) 
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Proof: 
From inequality (3.6) we get 
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                                               ( )( ) ( )( ) ϕϕ ρ tutktutk ,, 1011 ≤Λ  

Hence from Lemma 3.4 we obtain  

                                       ( )( ) 111 , Θ≤Λ
ϕ

tutk where 101 Ω=Θ ρ  

It is well know that the first derivative of the Cauchy singular integral defined by (3.5)                                  
is valid as  

                                           ( )( ) ( )
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                                             (3.13) 

By integrating the right-hand side of (3.13) once by parts, and assuming that the contour 
Γ is closed, we obtain 
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From the relations (3.13) and (3.14) and inequality (3.6) we can say that  
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From the inequalities (3.4) , (3.10) and the assumption ( ) ( )Γ∈ RHtu ϕ
' , it is seen that  
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Thus the lemma is valid. 
 

Lemma 3.6. If the functions ( ) ( )11,1,1,,,, DHwvutF ϕ∈ and ( ) ( )Γ∈ RHtu ϕ  then the 

function ( )∞∞−→Γ ,:G  satisfies the following inequality  

                                                          ( ) 3Ω≤
ϕ

tG                                               (3.15)   

where ,2 24132103 Θ+Θ+++=Ω llRlll ( ).0,0,0,max0 tFl
t Γ∈

=  

Proof of the Lemma 3.6 is obvious from Definition 3.4, 3.6 and Lemma 3.5. 
 
Corollary 3.1. If the assumptions of the Lemmas 3.2 and 3.6 are satisfied then the 

operator P that is defined by (2.2) transforms the subset ( )ΓRHϕ  to the subset ( )ΓMH λ
ϕ  

where 30Ω= γM .   

Corollary 3.2. If the assumptions of the Lemmas 3.2 and 3.6 are satisfied and if 

RM ≤λ  then the operator P  that is defined with (2.2) transforms the subset ( )ΓRHϕ   

to itself. 
 
Theorem 3.2. If  the assumptions of  Corollary 3.2 are valid then the operator P acts on  

( )ΓRHϕ . 
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4. The main results  
In this section we investigate an approximate method for solving the nonlinear finite-part 
singular integral equation with Carleman  shift (2.1). 

Now, we prove that the operator P defined by (2.2) is a contraction mapping.  
 
Lemma 4.1. Let the functions ( ) 2,1)),(,(,,,, =rtutkwvutF r  satisfy the relations (3.3) 

and (3.4) respectively then the operator P defined by (2.1) satisfies the following 
inequality 
                                             ( ) ( )uuuPPu
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From relation (3.4) we get 
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Thus the Lemma 4.1 is valid. 
 

Theorem 4.1. If the assumptions of the Lemma 4.1 are satisfied and RM ≤λ . Then the 

operator ( ) ( )Γ→Γ RR HHP ϕϕ:  is a continuous operator. 

Proof:   Let ( ) ,...2,1,,0 =Γ∈ nHuu R
n ϕ  and      0lim 0 =−

∞→ ϕuun
n

 

We want to show that  0lim 0 =−
∞→ ϕPuPun

n
. 

From the inequality (3.7) we have  

              ( ) ( )
ϕϕ

γλ 00000 ,,,,,, wvutFwvutFPuPu nnnn −≤−                           (4.2) 

From the inequalities (3.3) and (3.6) we get 
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( ) ( ) ( ) ϕϕ ρρ 0
*

0
2
240

1
232000 ,,,,,, uucmlmllwvutFwvutF nnnn −++≤−            (4.3) 

where *c is appositive constant. 
From the inequalities (4.2) and (4.3) we obtain  

              ( )
ϕϕ

ρργλ 0
*

0
2
240

1
23200 uucmlmllPuPu nn −++≤−                         (4.4) 

From the inequality (4.4) it can easily be seen that if  

                                                     0lim 0 =−
∞→ ϕuun

n
 

  then                                          0lim 0 =−
∞→ ϕPuPun

n
. 

Hence the operatorP is continuous operator. 

From Theorems 3.2, 4.1  and Arzela-Ascoli theorem, the image ( )ΓRHϕ  under 

the operator P  is compact set , therefore we can apply  Schauder’s fixed-point theorem. 
  
Theorem 4.2.  If  the assumptions of  Theorem 4.1 are satisfied and If   

( )( ) ( ) 2,1,, 21, =∈ rDHtutk r ϕ , ( ) ( )11,1,1,,,, DHwvutF ϕ∈ ,   RM ≤λ  

Then the nonlinear finite-part singular integral equation with Carleman  shift (2.1) has a 

fixed point in the subset ( )ΓRHϕ . 

Now, we will investigate the uniqueness of the solution of the equation (2.1) and 
the problem that how can we find the approximate solution. For this, we will use a more 
useful modified version of the Banach fixed-point principle for the uniqueness of the 
solution of operator equations [7]. 
       
Theorem 4.2. Suppose that all assumptions of  Theorem 3.2 and Lemma 4.1 are  

satisfied, 1<η . Then Equation (2.1) has in ( )ΓRHϕ  exactly one solution *u . This 

solution can be obtained by taking limit of the sequence of successive approximations 
....,...,,,, 210 muuuu uniformly convergent on the set Γ , where 

             ( ) ( ) ( )( )( ) ( )( )( )( ) Γ∈ΛΛ=+ ttuktuktutAFtu mmmm ,..,,..,,, 22111 λ . 

For ,....2,1,0=m and ( )Γ∈ RHu ϕ0  any initial point and the following estimate for the 

rate of convergence holds: 

                                      ( ) ( ) ,....2,1,,
1

, 01
* =

−
≤ nuuuu
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nL ρ
η

ηρ  
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