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Abstract. In this paper, a fuzzy based inventory model fopenfiect quality items has
been developed with shortages. The parameters ¢xsigl holding cost and shortage cost
are considered as fuzzy numbers. We consideredtrihrgular fuzzy number to
represents fuzzy parameters. The optimum ordertifas obtained in fuzzy sense with
the help of signed distance method. The proposedehis illustrated with numerical
example.
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1. Introduction
In the classic economic production quantity (EP@eis, the underlying assumption is
that 100% of items in a produced lot are perfecweler, in most real-life situations, the
lot sizes produced may contain some defective mtsddue to imperfect production
process, machine malfunction and so on. The imgegigality has influence on lot sizing
policy. Therefore, the research on the inventopbfams with imperfect quality products
has become a hot issue in enterprises and acad@osanblatt and Lee [16] originally
proposed an EPQ model that deals with imperfeditgua

They assume that the random deterioration frompimrol state is exponentially
distributed. Kim and Hong [12] extensive Rosenbkaitd Lee’s [16] model with the
assumption of the elapsed time until process shiétrbitrarily distributed. Chung and
Hou [9] further comprehensive Kim and Hong [17]cnsider allowable shortages for
the imperfect production processes. Chen, Lo ama [8] combined abovementioned
models by considering the learning effect of th& production system. Chia-Huei Ho
[4] investigates a production/inventory policy in ategrated vendor-buyer inventory
system with defective goods in the buyer's arrimaler lot. He assumes there be a lead
time demand and its distribution is unknown sortieima distribution-free procedure is
applied to solve the problem.
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Ouyang and Chang [15] have studied an EMQ modhlwariable lead time and
imperfect production process; furthermore they atsestigated the impact of setup cost
reduction on the EMQ model. Lee and Wu [13] dedwveEOQ model for items with
Weibull spread deterioration, power demand rate siimdtages. All of these models did
not consider the time required to rework on defecttems to make them good-quality
items. Hayek and Salameh [10] assumed that thectilefeproducts reworked are all
perfect and developed the EPQ model with allowahl@tage and random defective rate
which follows normal distribution. Chiu [3] exterdiehe Hayek and Salameh’s [10]
model by considering a proportion of imperfect iteand scrap items are produced in
regular production process.

Chiu and Chiu [5] investigated EPQ model with rmdimperfect rate. The
basic assumption in his model is that a portiorthef imperfect items are reworked to
make them good quality items. Chiu [6] combinedeafoentioned models by considering
a portion of imperfect items and scrap items amspced in regular production process
and a portion of the imperfect items are reworledhtke them good quality items. All
of the models derived optimal inventory policy ylizing conventional approach. Chiu
[7] reworked on the paper by Chiu [5] and usednapg® algebraic method to derive the
optimal solution. Lin, Chiu and Ting [14] used theme approach and solved Chiu’s [6]
problem. From literature survey, the above modéfs imperfect items are based on the
EPQ inventory systems, where the uncertainty okciefe rate is tackled from the
traditional probability theory is assessed by apkialue.

But in practical situations, precise values of tefective rate are seldom
achieved as they may be vague and imprecise taicerttent. Thus in inventory system,
the decision maker may allow some flexibility iretharameter values in order to tackle
the uncertainties which always fit the real sitoas. As such, these characteristics are
better described by the use of fuzzy sets whiclorpass a specific range of values. In
recent years, several researchers have developiedis/éypes of inventory problems in
fuzzy environments. Vijayan and Kumaran [17] stddiezzy inventory models with a
mixture of backorders and lost sales by introdudiregziness in the cost parameters.

Vijayan and Kumaran [18] considered Economic otdee models in which the
time period of sales is a decision variable in fugmvironments. Bj ork [1] contributes to
the set of models capturing the economic order tifyamith backorders, where both the
demand and the lead times were fuzzified as thegdtilar fuzzy number. Konstantaras,
Skouri, and Jaber [11] studied Inventory models fmperfect quality items with
shortages and learning in inspection. Specificaliihang [2] developed an economic
order quantity (EOQ) model with fuzzy defectiveeraind demand, and signed distance
method is employed to find the optimal order guginti

This paper is organized as follows. In Sectiors@ne basic concepts of fuzzy
sets, fuzzy numbers and signed distance methodnamaluced. Section 3 states the
assumptions of the model. In Section 4, mathematiwadeling for infinite planning
horizon is discussed. Section 5 provides Numeggalmples to illustrate the results of
the proposed models. Finally the conclusion ismiveSection 6.

2. Preliminaries
2.1. Definition: Fuzzy Set
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A fuzzy setA is defined byA = {(x, u; (X)) : xO X, p; (x) O[O, 1]}. In the pair {(x,
u; (X))}, the first element x belong to the classical Aetthe second element; (X),

belong to the interval [0, 1], called membershipction or grade of membership. The
membership function is also a degree of compaijtili a degree of truth of x .

2.2. o-Cut
The set of elements that belong to the fuzzy/sset least to the degreeis called they -
cutA (@) ={x OX: p;(X) =0}

2.3. Generalized Fuzzy Number
Any fuzzy subset of the real line R, whose membpréimction satisfies the following
conditions, is a generalized fuzzy number

(i) M;(X) is a continuous mapping from R to the closed iratEf@, 1].
(i) Ha(X) =0, <xsa,

(i) 1z (X) = L(x) is strictly increasing on [aa],

(iv) Hi(X) =1, as<x<a,

(v) Kz (X) =R(x) is strictly decreasing onafaa,

(vi) M; (X) =0, a< x <o, where @ &, & and g are real numbers.

2.4. Triangular Fuzzy Number
The fuzzy seti = (31, a,, %) where a< & < g and defined on R, is called the triangular

fuzzy number, if the membership function Afis given by (Q, r) inventory model with
fuzzy lead time

X-8
,a < X< g
8 -3
_ a -X
u; (x) = ,a, < X <
A a, -a a a
0 , Otherwise

Definition 1. For 0< a < 1, the fuzzy seéZ defined on R = ¢, +) is called aru-level
a,if x = a

fuzzy point if the membership function ﬁz is given by'ué (x) = {O ity
z ,1f X#a

Remark 1.
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@ Whena=1, the membership function of the 1- level fuzoynp A pecomes the
1,ifx=a
characteristic function that i%él(x)_{o, ifxza in this case the real numbelrR is the

same as the fuzzy poir@1 except for their representations

(a, b, c

(2) If c=b=a, then the triangular fuzzy numbér= *is identical to the 1-

level fuzzy pointa1

Definition 2. For 0< o < 1, the fuzzy set [a ] ézdefined on R is called amlevel

o, ax&xb

fuzzy interval, if the membership function of,[&,] is given byuaB(a)(X)={o otherwise

Definition 3. Let be a fuzzy set on R and<Ou < 1. Theo- cut B @) of Bconsists of

points x such that's (X)2a hatis B @) = {x/1g(0) 2 o} _

Decomposition principle:
Let be a fuzzy set on R andkQx < 1. Suppose the- cut of to be closed interval [Bx),
Bu(e)], thatis Be) = [Bi(a), Bu(a)].

Then we have® =0SLis1aB(a) or"8(*) ZOS%slaCB(“)(X), wherea B(o) is a fuzzy set with

(X)_ o, ax<b
membership function "#B@\™/7|o, otherwise and CBg)(X) is a characteristic function

|1, if x0B(a)
B(a), that is CB(“)(X)‘{O, if x18(a)

Remark 2. From the decomposition principle, we obtain
B= U aB(w= U [BL(G)Q,Bu(G)a}

0<a<l <0<l or
HE(X)20s%slaCB(a) (X)ZOSLisl”[BL (Bu @]

Interval operations:

Forany a, b, c, d, K R, a< b and c<d, the interval operations are kms:
(1).[a, b]O [c,d]=[a+c, b+d]

(2). [a, b]®[c, d] =[a-d, b- ]

~ {[ka,kq , if k>0

(3)- K [a, bl =" |[kb,kd] , if k<C
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Furtherfora>0andc>0

(4). [a, b]O [c, d] = [ac, bd]

ab
(5).[a,bl0 [c,d]=|d'¢c
Next, we introduce the concept of the signed distaf fuzzy set

Definition 4. For any a and Q1 R, define the signed distance from a to 0 g8,d0) = a,
if a > 0, the distance from a to 0 ag{al 0) = -a, if a < 0. Hence (@, 0) = a is called the
signed distance from a to 0.

Let Q be the family of all fuzzy setB defined on R with which the- cut B@) = [B.(«),
Bu(a)] exists for everyn O [0, 1] and both Bla)and By(a) are continuous functions on

o0[0, 1]. Then for any8 0 Q, we havé= U [ (a),Bu(o),]

O<a<1
From the above definition, the signed distancenvaf énd points, Ba) and Bj(a) of the
a- cut B@) = [B(c), Bu(a)] of Bto the origin 0 is g(B.(c), 0) = B.(c)) and d (Bu(o),
0) = By(a) respectively. The avera (U)ZBU(U)

In addition, for every O [0, 1], there is a one — one mapping betweeruttexel fuzzy
interval [B_ (o), By (a)] and the real interval [B(o), By ()], that is [B (o), By (0)] -
[BL(a), Bu(a)]. B
Also the 1-level fuzzy poimOlis mapping to the real number 0. Hence the signed
distance of [B(a),, By (a),] to 0. can be defined as = d([B)., Bu(a)], 01) = d([B.(a),

BL ((1) *+Bu (OL)
Bu(a)], 0) = 2

MoreoverB [0 Q, Since the above function is continuous og @ < 1, we can use the
integration to obtain the mean value of the sigtisthnce as follows;

id([BL(a)avBL (), ] ,él)da:;i[BL ()8 (o) Jde

Definition 5. For,B 0Q, define the signed distance &to () (that is y axis) as

. 1 1
o(Boy)<] d[BL(0), ,eu(a)aJbj)dng(r)[sm),suw)]da
Property 1. For the triangular fuzzy numbeA=(a,b,c) the a-cut ofA is [A (a),
Ay(a)], ad]0,1], where A(a)=a+(b-ay and A,(a)=c-(c-b.. The signed distance & to

~ o~

& is d (A,Ol) :%(a+2b+()
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Furthermore, for two fuzzy setsB’GDQ, where 7Y [BL(“)a’BU(“)a}and

O<a<l
GzOsLaJsl[GL( a)a 'GU(Q)J and KIR

Using the interval operations +, - and ., we have
MB(+)G= U [BL(c),*GL(a)yBu(x),+Cu(e),]
O<o<l

() B(-)6= U |BL(a),- Gula), BU(®),-GL(a),]

O<o<l

u [(kBL(a))a*(kBU(a))a}k>0

O<a<l
(iYk()B =1 U |(kB (kB k<0
JU_[keu(@), (ker (),
0, k=0
Property 2. For two fuzzy setsB’G 0Q and IGR we have

4(Bo,)=

[o[5.0), B(a).] 0)a=3 (ou e} B (s

((65)=[ d6:(c). 5(a).] a)m=g§(a<a)+&(a))da

0 d([B15]a)-
[

d
(i)d([BOG] 5,) = d(NBN)-c(NGbl)
(iii)d( kB ol) kd( B,

An inventory model with shortages is developed witlazy parameters fixed cost,

holding cost and shortage cost are representedazy ftriangular membership function
and the fuzzy total cost is obtained by applyirgned distance method.

3. Assumption and Notations

Assumptions:

. The demand rate is constant.

. Shortages are allowed.

. Lead time is zero.

. 100% inspection of items is performed for eduprsent.
. The screening rate is faster than the demaed rat

. The defective items are sold at a discountezkpri

. The planning horizon is infinite.

~NOoO OO~ WNPRE

Notations Used:
q - Order quantity per shipment
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- Maximum back ordering quantity in units pgcle
- Unit purchasing cost
- Fixed cost per order
- Holding cost per unit of time
- Shortage cost per unit per unit of time
Percentage of defectives per shipments
- Unit selling price per good quality unit
- Unit discounted price per defective uni, o/
- Screening rate in units per unit of tinxby
- Unit screening cost
- The superscript representing optimal value

*O<K < STOTITXO W
1

4. Mathematical Model

Crisp Mathematical M odel

The profit per unit time is given by

TP(q,8) =wD + o (D _KD g (h+bB2  hDpg _h(1-p) 1)
1p 1p q(-p) 29(1-p) (A-p)y 2

The objective is to maximize the profit per unihé. By taking partial derivatives of TP

(9, B) w.r.to g and B and by setting the resultzem, we have

OTP _,_ KD  (h+bp2 hDp h(l-p) (2)
oq a?1-p)  2g%(1-p) (Pl 2
and ITP = oy =P
oB h+b
Substitute B in equation (2), we obtain
OTP _,_ KD _ (I-ph? hDp h(lp)
oq q%(1-p) 2(h+b) (@-py 2
Hence g'= | 2KDy(h+b) (3)

\/ h[(l-p)zby+zDP(h+bj

Fuzzy Mathematical M odel
Equation (1) can be written in terms of fuzzy numbe get

Ve L2 ~
- ~ ~ ~ h+b -
#p(q.B) = wb + vDP (D KD  -pp (htb)g  hDpg _h(1-p)c
1-p 1-p  q(1l-p) 2q(1-p) (1-p)y 2
Suppose the demand rate lies in the intervaA[PPD+A,], we can find a fuzzy triangular
number to represent the vagueness in demand gfe =aD -A;, D, D #\;), 0<A; <D

andA1A2> 0.
Then the signed distance bBf is given byd(f),b) = D+%(A2 -Al) (4)

In practical problems, it is not easy to decidefiked cost for long period due to some
uncountable factors. Therefore it becomes reasenaldbcate a fixed cost in an interval
[K-As, K+A4], where O< As;< K andAsA,> 0 such ad\; andA, are chosen appropriately.
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Once interval is chosen then there is need todimdppropriate value in the interval [K-
Az, K+A4]: If’K” is chosen then there is need to find an apgprate value in the interval.
If K is chosen then it is coincident with the oridgrcost. In crisp case error is considered
as 0. If the value is within interval, then theocens larger when the value deviates from
‘K’ farther. Obviously error will attain its maxinm at KAz and K44, From fuzzy point
of view, error can be changed to confidence leuehsas: if error is zero then confidence
level to be 1. If error is maximum which attaindaf\; and K4A,, then confidence level
is zero. If value is chosen from an interval f§§-K+4,], then confidence level is any real
value between 0 and 1.

Hence, above condition can be suitably represemyefizzy triangular number,
K= (K-As, K, K+A,) and 0< Az < K andAszAs> 0, Where the membership grade ofdk
K is 1. For the points in the interval [K5 K+4,], as value is far from ‘K’ membership
grade is less, and at the points<@Q\; < K and A, > 0 membership grade is zero.
Therefore, it is natural and reasonable to theniatdK-A;, K+4A,] to the fuzzy number
K in equation (4), when we respond membership gradenfidence levelThe signed

distance ofK is given by,
d(R,@):K+%(A4-A3) (5)
d( K,()) >0and d( R,f)) O [K-Ag, K+A: d( K,()) can be taken as the estimate of total

fixed cost in the fuzzy sense based on the singgante.

As a fact, we know that in a perfect competitiverkeg the cost of storing a unit
per may fluctuate a little from its actual valueipBose it lies in the interval [fs, h+Ag].
Similarly, as discussed above in the case of fizest, we can find a fuzzy triangular

number to represent the vagueness in holding sosﬁa(hﬂg,, h, hiAg), where 0< As<

h andAsAs > 0, where the membership grade of h fois 1. For the points in the interval
[h-As, h+Ag] membership grade is less as values within intdiargher from ‘h’. For the

point's hAsand h#As: membership grade is 0. Then the signed distan&aiefgiven by
=~ 1
d(h0) =h+ (A A (6)

d(ﬁ,b) >0 and d(ﬁ,b) 0 [h-As, h+Ag): d(ﬁ,b) can be taken as the estimate of total

holding cost in the fuzzy sense based on the sidgtance.
Suppose the shortage cost lies in the intervdl,[h+Ag], we can find a fuzzy

triangular number to represent the vagueness iriagjecost ab= (b-A7, b, bg), 0 <
A; < b andA;Ag> 0.

Then the signed distance bfis given byd(B,b) = b%(A8 A7) @)
Now, we defuzzify TP (g, B) using signed distancetmd. The signed distance of
TP (g, B to Ois given by
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d(TP( 0.8 j(): wd D)0 +wﬁ~|5,))% (c+d)o( Df@ <(~K,~() ‘ﬁ~D~,9’ +@ h)o E

1-p a(l-p)
[d(n9+d 9|82 d(h9{DJpa (HP (1p)a
2q(1-p) (1-p)y 2

Substitute the equations (4), (5), (6) and (7hmdbove one, we get
10 (08) =o( T a8 9= Dz a0 +y Ddazag|
(o) Dlagn) || Koj(aund | Drfa 2l
1-p a(1-p)
{h’f%(Ae-As)’fb*%(As-M)}BZ

1
h
{ 36 A5)} ® 24(1p)

hed(agag)| D+i(azad[pa | hea n 3] Ao

(1-ply 2
Differentiate partially with respect to q and B aglating them to zero, we have

100 1 1 1 2
BTP*(q,B) o {K+4(A4 A3)}{D+ 4(A2A])} . {h+ 4(A 6A é+b+j(A gA )}B
oq q2(1-p) 29°(1-p)

{h’f%(Ae-As)}{ D+;11(A A ])}p { h+;11(A 6 5)} 1-p)
(1-p)y 2
{h*&(Ae-As)’f b+3(ag 7)} B
4 4
a(1-p)

(8)

=0

1

B'I'P*(0|,I3)=0:{h+4(A6-A5)} -

0B

=0

[h+i(A6-A5)}q(1-p)
3 (AA) B HAA)]

Substitute B in (8), we get

We obtainB =

2[ D+A2-A1j y[ K+A4-A3)( heA6AE,  AgA 7)
4 4 4 4
(h+A6;1A5){ 2[ D+A2‘;Aljp{ h+2 6;1A 5.4pA 84A 7] -6(1-p)2 )E b-lA-—gélA 7]}

5. Numerical Example
To illustrate the result of the proposed model,ceasider an inventory system with the
following data : D=500 units per year; y=17, 52Gtsiper year; K= $300; h=$1 per year;
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b=3$5 per unit per year; P=044=0.0005,A,= 0.01,A3; = 0.0004 A, = 0.02,A5 = 0.0006,
A = 0.03,A; = 0.007 Ag = 0.04 Substitute these values in (9), we obtain 664 units.

6. Conclusion

This paper deals a fuzzy based inventory model ifigperfect quality items with
shortages. For this fuzzy model, a method of défigation, namely the signed distance
method is employed to find the estimate of totaifipiper unit time in the fuzzy sense.
Then the corresponding optimal order is derivedheximize the total profit. Numerical
example is carried out to investigate the behaviaur proposed model and the result is
compared with those obtained from the crisp model.
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