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1. Introduction

In 1970, Levine [6] introduced the concepts of galieed closed sets as a generalization
of closed sets in topological spaces. Using gdimerh closed sets, Dunham [5]
introduced the concept of the closure operatoracld a new topologyt* and studied
some of their properties. P. Bhattacharya and Bafiri[3] introduced the concept of
semi generalized closed sets in topological spacek. Dontchev [4] introduced
generalized semi-open sets, H. Maki, R. Devi andBKlachandran [9] introduced
generalizeda-closed sets in topological spaces.

In this paper, we obtain a new generdbpabf a-closed sets in the topological
space (X*). Throughout this paper X and Y are topologicglaces in which no
separation axioms areassumed unless otherwisecitlyptitated. For a subset A of a
topological space X, int(A), cl(A), cl*(A) and “Alenote the interior, closure, closure*
and complement of A respectively.

2. Preliminaries
Definition 2.1. A subset A of a topological space tX,is called

() Generalized closed(briefly g-closed)[6] if clA whenever A= G and G is
open in X.

(i) Semi-generalized closed(briefly sg-closed)[3] ifAr= G whenever A= G and
G issemi-open in X.
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(iii) Generalized semi-closed(briefly gs-closed)[2] i{Ar= G whenever A=G and
G is openin X.

(iv) o —closed[8] if cl(int(cl(A))= A.

(V) a - generalized closed(briefly g-closed)[9il(A) =G whenever A& G and G
inX.

(vi) Generalized. — closed(briefly g —closed)[12]ifacl(A) = G whenever A& G and
G isn-open in X.

(vii) Generalized semi-pre closed(briefly gsp-closedj[@pcl(A)= G whenever A=
G and Gis open in X.

(viii) Pre closed[11] if cl(int(A)Xx A.

(ix) Semi-closed[7] if int(cl(A)= A.

(x) Semi-pre closed(briefly sp-closed)[1] if int(cl{A))) =A.

The complements of the above mentioned setscalted their respective open
sets.

Definition 2.2. For the subset A of a topological space X, theegalizeda-closure
operatorocl*(A) is defined by the intersection of allgclosed sets containing A.

Definition 2.3. For a topological space X, the topolagy is defined by
¥ = {G:acl*(G®) =G }.

Example 2.1. Let X={a,b,clandt={X, ®,{a}}. Thenthe collection of subsets {3,
{a},{b}{c},{a,b}.{b,c}{a,c}}isa 1,*-topology on X.

Definition 2.4. For the subset A of a topological X, tiielosure of A (¢J(A)) is defined
as the intersection of all-closed sets containing A.

3. 1,*- ga closed setsin topological spaces
In this section, we introduce the conceptigf-ga closed sets in topological spaces.

Definition 3.1. A subset A of a topological space X is caligtt Generalizedu-closed
set(brieflyt,*-goaclosed) if cl*(A) =G (or)acl*(A) =G whenever AG and G ist,*-
open.
The complement af*-generalizedu-closed set is called the,*- generalized -
open set( brieflyt,*-ga open).

Theorem 3.2. Every closed set in X ig*-ga closed.
Proof:Let A be a closed set.

Let A= G, since A is closed,
CI(A) = A = G, where G ist,*- open.
But acl*(A) Scl(A) E G
acl*(A) =G , whenever & G and G ist,*- open.
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Hence A ist,*- ga closed.

Theorem 3.3. Every 1,* - closed set in X ig,* -ga closed.
Proof :Let A be a 1, * - closed set.
Let A= G, where G is,* - open.

Since A ist,* - closed, acl*(A) = A =G
acl*(A) = G
Hence A ist,* - ga closed.

Theorem 3.4. Every o - closed set in X is &*- ga closed but not conversely.
Proof :Let A be ao - closed set.

Assume that &G, G ist,* - openin X,
Since A isa-closed= A is gu-closed.
acl*(A) = A

Since A=G, thenacl*(A) = G.

Hence A ist,* - ag closed.

The converse of the above theorem need not ke dsuseen from the following
example.

Example 3.5. Consider the topological space X = {a,b,c} witipdlogyt

={Y, ®{a},{a,b},{a,b,c},{a,b,d}}.Thenthe collection of sts
{{a},{b},{c},{d}.{a,b},{b,c},{c,d},{a,c}{a,dKb,d}  ,{a,b,c},{a,b,d{b,c,d}{a,c,d}}are
1.* -ga closed but noti- closed.

Example 3.6. Let X = {a,b,c} and Y = {a,b,c,d} be the two nomapty sets.

(i) Consider the topology= {X,®,{a}}. Then the set {a} is not both gs- closed and
1.* -ga closed.

(i) Consider the topology= {X,®,{a}}. Then the set {a}is not both g-closedand
1.* -ga closed.

(iiif) Consider the topology= {X,®,{a}}. Then the set {a} is not both gsp-closed
and,* -ga closed.

(iv) Consider the topology = {X, ®,{b},{a,b}}. Then the sets {{c},{b,c}.{a,c}}are
not both pre- closed and - ga closed.

(v) Consider the topology= {X,®,{a}}. Then the set {a} is not both og- closed
and,* -go closed.

(vi) Consider the topology = {X, ®,{a},{b},{a,b}}. Then the set {a,b} is bothgsp-
closed and,* -ga closed.

(vii) Consider the topology= {X, ®{a},{b},{a,b}}.Then the set {a} is sg-closed
but not,* - ga closed.

(viii) Consider the topology = {Y, ®{a},{a,b}{a,b,c},{a,b,d}}. Then the sets
{{c},{d},{b,c},{a,b,c},{a,b,d}} are 1,* -ga closed but notg - closed.

(ix) Consider the topology= {X,®}. Then the set {{a},{b}.{c}.{a,b},{b,c}.{a,c}}
aret,* -ga closed but not-closed.
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(x) Consider the topology= {X,®}. Then the
sets{{a},{b},{c}.{a,b}.{b,c},{a,c}}are t,*-ga closed but not closed.

(xi) Consider the topology= {X,®,{a}}. Then the sets {{a},{b}} are not both sp-
closed and,* -ga closed.

Remark 3.7. From the above discussion, we obtain the followinplications.
a closed

closed ga-c

-3 L7

Tu—guf,f()sed> ———|—' = st

. o

g-closed

gs<l

gsp -closed ESp ~closed

Figure 1.

Theorem 3.8. For any two sets A and &GI*(A UB) = acl*(A) U acl*(B).
Proof : Since A=AUB and B= AUB therucl*(A) & acl*(AUB) and
acl*(B) = acl*(A UB)

Hence acl*(A) U acl*(B) & acl*(AUB) @

acl*(A) and acl*(B) are gu- closed sets.
=acl*(A) Uacl*(B) is alsogi-closed set.

Again, A Sacl*(A) and B=acl*(B)

=A U B Sacl*(A) Vacl*(B).

Thusacl*(A) Uacl*(B) is a g - closed set containing 4B.
Sinceacl*(A U B) is the smallestog- closed set containing & B
We haveucl*(A U B) Sacl*(A) Uacl*(B)— (2)

From (1) and (2)qacl*(A U B) =acl*(A) Uacl*(B).

Theorem 3.9. Union of two 1,*- ga closed sets in X is a,*-ga closed set in X.
Proof : Let A and B be twor,*-ga closed sets.
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Let AU B=G , where G ist, *- open.
Since A and B aret,*-ga closed sets,thexcl*(A) = G andacl*(B) = G.
acl*(A) U acl*(B) = G.
But by the above theoreat|*(A) Uacl*(B) = acl*(A UB)
acl*(AUB) £ G, where G ist, *- open.
Hence AUB is at,*-ga closed set.

Theorem 3.10. A subset A of X ist,*-gaclosed if and only ifucl*(A)-A contains no
non-emptyr,* - closed set in X.

Proof ;. Let A be ar,* - ga closed set.

Suppose that F is a non-emp}y - closed subset afcl*(A) — A.

Now, F= acl*(A) — A.
Then FS acl*(A) N A°
Sinceucl*(A) — A = acl*(A) N A°
F Sacl*(A) and FEAS
AC F
Since Eis at,* - open set and A ig*-ga closed.
acl*(A) £ Fi.e. F= [acl*(A)]°.
Hence, = ocl*(A) N [ocl*(A)] ‘=d, i.e. F = @,
which is a contradiction.
acl*(A)-A contains no non-empty,* - closed set in X.

Conversely, assume thatl*(A) — A contains no non-empty,* - closed set.

Let AS G, G ist,* - open.

Suppose thatcl*(A) is not contained in G theacl*(A) NG° is a non-empty,* - closed
set ofacl*(A) — A, which is a contradiction.

acl*(A) = G, G ist,* - open.

Hence A ist,* - ag closed.

Corollary 3.11. A subset A of X ig,* - ga closed if and only iticl*(A) — A contain no
non-empty closed set in X.

Proof :The proof follows from the theorem 3.10 and the fhat every closed setis* -
go closed set in X.

Theorem 3.12. If a subset A of X ig,* - ga closed and A= B% acl*(A) then B ist,* -

go closed set in X.
Proof : Let A be ar,* - ga closed set such that SABE acl*(A). Let U be ar,* - open

set of X such that & U.
Since A ig,* - go closed,
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We havencl*(A) = U.

Now, acl*(A) = acl*(B) = acl*[ acl*(A)] = acl*(A) = U.
acl*(B) = U, U ist,* - open set.

B is1,* - ga closed set in X.

Theorem 3.13. Let A be ar,* - go closed set in (). Then A is @ - closed if and only
if acl*(A) ist,* - open.

Proof : Suppose A is@— closed in X.

Thenacl*(A) = A and soacl*(A) — A = ® which is t,* - open in X.

Conversely, supposgl*(A) — A is t,* - open in X.

Since A ist,*-ga closed, by theorem: 3.1@¢l*(A) — A contains no non-empty,* -
closed set in X.

Thenocl*(A) — A = .

Hence A is g - closed.

Theorem 3.14.For x€ X, the set X-{x} ist, * - ga closed or,* - open.
Proof : Suppose X — {x} is not,* - open. Then X is the only* - open set containing

X —{x}. Thisimpliesoacl*(X —{x}) = X.
Hence X — {x} is a,* - ga closed in X.
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