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Abstract. In this paper, we study the properties of Semirisafssfyingthe identity + ab
= a It is proved that; Let (S, +, .) be a semiring which contains tiplitative
identity 1, then a + ab = a for all a, b in S iflamly if (S, + ) is absorbing.
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1. Introduction

The theory of rings and the theory of semigroupseheonsiderable impact on the
developments of theory of semirings. Recently #misng theory has developments in
ordered semirings which are akin to ordered rings ardered semigroups. During the
last three decades, there is considerable impasrofgroup theory and semiring theory.
The theory of semirings is attracting the attentmiseveral algebraists due to its
applications to Computer Science, The developmamemirings and ordered semirings
require semigroup techniques.S.Gosh studied orldss of idempotent Semirings. He
proved that an idempotent commutative semiring @ssibutive lattice. If and only if it
satisfies the absorption equaldy+ ab = a for all a, b in S. In this paper, we will have
two sections. Section one deals with multiplicatared additive identitity of semirings
and section two ordered semirings with (S, +).i®p

2. Preliminaries

A triple (S, +, .) is called a semiring if (S, €)a semigroup; (S, .) is semigroup; a (b + c)
= ab+acand (b+c)a=ba+caforeveryaibsS. (S, +)issaidto be bandifa+a
=aforallain S. A (S, +) semigroup is said erbctangular band ifa+ b +a =a for all
a, bin S. A semigroup (S, .) is said to be adtifa = & for all a in S. A semigroup(S, .)
is said to be rectangular band if aba = a. A seqi(s, +, .) is said to be Mono semiring
ifatb=abforalla, binS.
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Definition 2.1. A semiring (S, +) is said to be Absorbing if evefgment in S satisfies
the conditon1+a=a+1=1forallainS.

Theorem 2.2. Let (S, +, .) be a semiring which contains iplittative identity 1, then
a+ab=aforalla, bin Sifand only if (S, is)absorbing.

Proof: Assume that S is absorbing, then we have 1 + b =1
Ifa,bdS,thena=al=a(l+hb)=a+ab

Therefore, a+ab=aforalla,bin$S

Conversely, assume a+ab=aforalla,bin$S Q)
Consider 1+b=1+1b=1 -(from (1))

i.e (S, +)is absorbing

Example2.3.S ={ 1, a} the following is the example for tabove Theorem 2.2.

+11]a .11]a
111 1|{1]|a
allla alala

Definition 2.4. A semigroup (S, .) is said to be left (rightygular if ab = a (ab = b) for
alla,binS.

Definition 2.5. An element ‘X’ is said to be left (right) additizero, if x +a=x (a+x =
x) for every ‘a’ in S.

Theorem 2.6. If (S, +, .) is a Semiring satisfying the idéyt + ab =aforalla, bin S,
(S, +) is left cancellative and (S, +) is left zetwen
® (S, .is left singular and

(i) (S, .) is commutative.
Proof: (i) If (S, +)is left zero, then we have b + &= Q)
Consider a+ab=a foralla,binS
=>b+a+ab=b+ab+ab=b (2)

from (1) and (2) we have

b+a=b+ab>a=ab (S, +)is left cancellative )
Similarly, we can prove that ba = b

Therefore, (S, .) is left singular

(iDAnd also we have b+ba=bforallb,ain S 3)
From (2) and (3) we have

b+ab=b+ba>ab=ba (S, +)is left cancellative )

Hence (S, .) is commutative

Definition 2.7. A semigroup (S, .) is called quasi separative i xy = yx = = X =
y, forall x, yin S.
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Definition 2.8. A semigroup (S, .) is said to be weakly sepaeaifivx + X =x+y =y +
y =>x=y,forallx,yinS.

Theorem 2.9. If (S, +, Jis a semiring satisfying the identity a + ab foa,alla, bin S
and S contains a multiplicative identity 1 whiclalso an additive identity, then

() (S, .)is quasi separative

(i) (S, +) is weakly separative.

Proof: (i) Let "e’ be the multiplicative identity which &so an additive identity
ie.ae-ea=-a & a+te=-e+a=a.

Assume that S satisfies the condition a + abferalla, bin S Q)
To prove that, (S, .)is quasi separative

ie,d=ab=ba=b= a=b,foralla binS

let & —ab=a(e+b)=a+ab =a

—d&d=a (2)
Similarly ¥=ba=b(e+a)=b+ba=b ~p+ba=h)
=>b=b (3)

Therefore, a=a and b=b

If ®=ab=baz=bh

= a=-ab=ba=b>a=b
Hence, (S, .) is quasi separative.

(ii) To prove that (S, +) is weakly separative.
e, ata=a+b=b+b>a=h, foralla,bin$S
Consider a+a=a+b

= (a+a)b=(a+b)b>ab+ab=ab+b
—a+ab=ab+bfab=a and b=Db)
—a=(a+te)b=>a=ab=>a=b (rab=b)
Similarly, b+b=a+b

= (b+b)a=(a+b)a>ba+ba= % ba
—b+ba=a+ab fba=band @a=a)
=b=a(e+b) +{b+ba=hb)

=b =ab=>b=a (rab=a)
Therefore,a+a=a+b=b+b>a=>b
Hence, (S, +) is weakly separative.

Definition 2.10.A semiring (S, +, .) with additive identity zerodaid to be zerosumfree
semiring if x + x =0 forall x in S.

Theorem 2.11. If (S, +, .) is a Semiring satisfying the identity+ ab = a foralla, b in S
and S contains a multiplicative identity which iscan additive identity.If (S, +, .)is a
zerosumfree semiring,. then (S, .) is rightgslar.

Proof: Consider a+ab=a foralla,bin$S D
—> a+ab+b=a+b>a+(a+te)b=a+brat+tab=a+b (ate=a)
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—a+atab=za+a+b0+ab=0+bhb

ab=b { zerosumfree semiring) (2)
Again from (1)

b+ba=b=b+ba+ta=b+a

—>b+(b+e)a=b+= b+ba=b+a

=b+b+ba=b+b+a&0+ba=0+a

= ba=a 3)
From (2) and (3)

(S, .)isright singular

3. Ordered Semirings

Definition 3.1. A totally ordered semigroup (%) is said to be non-negatively (non-
positively) ordered if every one of its elementqi@-negative (non-positive). (I) is
positively (negatively) ordered in strict sens&yif> x and xy> y (xy < x and xy<'y) for
everyxandyin S.

Theorem 3.2. Let (S, +, .) be at.o semiring satisfying ithentity a + ab =aforall a, b
in S and PRD. If (S, +) is p.t.o (n.t.0), then the maximum(minimum) element.

Proof . Considera+ab=aforalla,bin$S (1)
Taking b = ain (1) we get

atd=a=a(l+a)zab>1+a=1

=>l=1+a>a

= 1>abalsS

Therefore, 1 is the maximum element

Similarly, we can prove that 1 is the minimum eletié(S, +) is n.t.o

Theorem 3.3.Let (S, +, .) be a t.o.zerosumfreesemiring satigfyhe identity a + ab = a
for all a, b in S.If (S, +) is p.t.o, then (S,s)r.t.o.

Proof: Since (S, +) is p.t.0, 0 is the minimum element
=ab=0%a,b

—=ab< a,b

Hence, (S, .)isn.t.o

Theorem 3.4. If (S, +, .) is a t.0 mono semiring satisfying thlentity a + ab = a for all a,
binSand (S, +)isp.t.o. Thena=a+bh.

Proof: Considera+ab=aforalla,binS Q)
—a=a+alrab( (S, +)isp.to)

—a>a+b (by (1)) +Sismonosemiring)

(S, +)ispto>a+b>a 2
From (1) and (2) we geta + b = a.

148



Some Special Classes of Semirings and Ordered Bgmir

REFERENCES

A. Kaya and M. Satyanarayana, Semirings satisfpiraperties of distributive type,
Proceeding of the American Mathematical Society, 82(3) 1981.

J.S. Golan, Senrings and their Applications, Kluwer Academic Publishers,
Dordrecht, 1999.

J.S.Golan,Semirings and Affine Equations over Them: Theory and Applications,
Kluwer Academic Publishers.

M.Satyanarayana, On the additive semigroup of exlesemirings,Semigroup
Forum, 31 (1985),193-199.

T.Vasanthi and M.Amala, Structure of Certain Classé Semirings)nternational
Journal of Mathematical Archive, 4 (9) (2013), 92 - 96.

M.Amala and T.Vasanthi, Some Studies On Semiringd @rdered Semirings,

International Journal of Engineering Inventions, 3(3) (2013), 12-14.

149



