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1. Introduction
In 1984, Clunie and Sheil-Small [3] investigate@ ttlass S consisting of complex

valued harmonic sense-preserving univalent funstfonh+§ in a simply connected
domain DO C defined on the open unit digc = {z : |z| < 1} and normalized by

f(0) =f,(0) — 1 = 0 with h and g given by,
h(z)=z+) a,z"; 9(2)=) b,z", |b|<l. (1.2)
n=2 n=1

Clunie and Sheil-Small [3] also considered the getnim subclasses ofSand
obtained some coefficient bounds. Since thengthare been several related papers on
Sy and its subclasses. For a brief history on Haimanivalent functions, see (Duren
[5], Ahuja [1], Jahangiri et al. [8] and Ponnusaamg Rasila [10, 11]).

In 1999, Jahangiri [7] defined the clasgd) consisting of functiong = h+§ such
that h and g are of the form

h(Z):Z—Z|an|z“, g(z):2|bn|zn (12)
n=2 n=1
which satisfy the condition
%(arg fre®) 20, 0sa<l, [4=r<L.

In this paper, motivated by the works of Frasin Bdsihan Ali et al. [2], Dixit and
Porwal [4], Murugusundaramoorthy et al. [9], we sider the subclasS,, (@ v, Ay, k)
of functions of the form (1.1) satisfying the catiat,
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R{ (A+ke Nz 9@ - 2@ W@ ], w3
Z[(1-Wz+M(h* P@)+ (@ V]

for all real a, ¢(z):z+2xnz”, W(Z):Z+Zun2n are analytic with conditions,
n=2 =

A=>0,u>0,0<A <1, z’z%(z:re”’), 0<r<1,0<0<2mand 0<y<1l. The
operator * denotes the Hadamard product or conemlaf two power series.

We further Ieti(ga,w,x,y,k) denote the subclass 8f, (¢y,),y,k) consisting of

functionsf =h+g0$S, such that h and g are of the form (1.2).
Remark 1.1.

1+y
Whena =0, S, [1_2 I 1yl] ( J [7]

In the present paper, we obtain the coefficientiradity, extreme points, distortion
bounds, convolution conditions and convex combamafior the functions of the class

S @V LT.K)

2. Coefficient Bounds
We begin with a sufficient condition for functioims S, (¢, v,1,v,K) .

Theorem 2.1. Let the functionf =h+§ be so that h and g are given by (1.1).
Furthermore, let

i[[”(“k)l"“(k”)”“j|an|+i[[”(“k’*’“(k”)]““j|bn|s1 2.1)
n=2 -Y =1 1-y
where Osy<1,0<A<1,k>0,a real and if

n(1-v) <[n(@+K) -Mk +y)]r, <[n(1+K) + MKk +y)]u,.

Then f is sense preserving, harmonic univalent nmgppn A and fork=%,
Y

Proof. First we note that f is locally univalent and sepseserving ifA. This is because

In'(z) zl—Zw:n|an|r”‘1 >1—in|an|
S1- z[n(1+k) 7»(k+Y)] 2|

s Z[n(1+k> s ) b,
230,/ > Y nlo,|r 2lg(@)
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To show that f is univalent ifi, we show that f(@ # f(z,) whenever z# z,. Supposez
Z, 0 A so that z# 2. Since the unit disf is simply connected and convex, we have
z(t) = (It)z, + tz in D, where 6xt< 1. Then we write

1
f(z,) ~1(2,) = [[(z, - 2.)N2W) + (2, - 2,)g' D)t
0

On dividing throughout by,z z; # 0 and taking only the real parts we obtain

Rel(22) ~1(2) _ IR{hr<z<t))+M—g'<z<o> dt
z g Z; "%

Z, 77

> [[Reh'(z(®) - |g'(z(0)] dt (2.2)
On the other hand i

Reh'(2)-|g'(z) = Reh'(z) - i n|oy,|

<)

1-> nfay[= X nlby|
=2

n n=1

\

o1 2”“*‘0 A3
Z[”(“k)”(k””un|bn|
>0 by(2.1).

Therefore this together with inequality (2.2) ingslithe univalence of f(z).
Next we show thatfl S, (¢ y,A,v,K) .

From (1.3)
(1+ke")[z(h* @)'(2) - 2(g* v) ()]
—ke“[Z[(1- 1)z +M(h* @(2) + (@* v)@T | _ e{ @J S
Z[(1-N)z+M(h* 9@)+ (9* v)(2)]] B(z)
where

A(2) = (1+ke")[z(h* ¢)'(2) - 2(g* v)' (2)] ~ ke“[Z[(1- M)z +A[(h* @)(2) + (3* v)(2)I]

and B(z)=z[(1 -1z + M[(h* ¢)(2) + (9* w)(2)]].

Using the fact that Re wy if and only if |Fy+w| > [1+y-w]| it suffices to show that
|A(2)+(1-y)B(2)| - |(1+)B(2)-A(z)|= O (2.3)

substituting A(z) and B(z) in L.H.S of (2.3) and kitay use of (2.1) we obtain
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IA@) + (1-1)B(2) -|A@) - (1+7)B(2)
=|(1+ ke')z(h* 0)'(2) - 2(g* v) (2)] - ke [Z[(1 -1z + A(h* 9)(2) + (0% w)(2]
+(L-)[Z[L- 1z +A(h* 9)(2) +(@* )|
- |1+ ke")iz(h* 0)'(2) - 2(9* ) (@)] - ke [Z[(1~ 1)z + M(h* 0)(2) + (g* W)@
~(+IZ[A- 12+ M0 * 9) @)+ (0" w)@I]

= (2= 7)z+ D[ +A(L-7) + ke (- 1)Th,3,2" = 3 [0 - (1= ) + ke'* (0 + )], b, 2"
n=2 n=1

rer i[(n (L) ke (- 1)h,a,2" - i[(n +(1+7)0) +ke'* (n+1)]u, b, z"

n=2 n=1

>(@2-y)4- Y |n+r1-7) 2" ===y
n=2 n=1

i io

io n||z|n _Z (1 . Z|"

>2(1-y)4 - 22[n(1+ k) =A(y + K)IA, a2 —22[n(1+ k) + A0y + K)oy |2

n=2

[n(1+ k) k(v +K)] n-

Z Mla[ 4"

P 2(l—y)|z|
1+K) +A(y+k -
_Z[n( i_ (v )]Hn|bn||z|n 1
n=1 Y
1+K) - My +K

Z[n( )~ (v 1, Ja,

> 21-y) >0
[n(1+ k) + k(v +K)]
Z to[D|
The coefficient bound (2. 1) is sharp for the fuoiati
_ o [N(1+K) = A(y +K)] o [N(L+K) +A(y +K)]
f2)=z+) 1=y ApX 2" +Z - HoYaZ" (2.4)
wherei|xn|+i|yn| =1. O
n=2 n=1
Next we show that the above sufficient conditioralso necessary for functions in

SHEOARAVE
Theorem 2.2. Let the functionf =h+g be so that h and g are given by (1.2). Then

fO S_L(qf,\y,k,y,k) if and only if
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N

[N(A1+K) =My +K)] Mlag]+ ) [N(1+K) + My +K)]
n=2 1-v n=1 1-v
where sy<1,0<A<1,k>0,a real and

n(1-y) [n(1+K) =Mk + )]k, <[n(1+K) + Ak +y)]u,
and |Q| > |a|, for every re 2.
Proof. SinceS,, (@ v,A,7,k) O S, (@ v,A,7,k), we need only to prove the only if part of
the theorem. For functions f(z) of the form (1\@& note that the condition
R&{ (L+ke*)z(h* 9)(2)-2(g" v) @) _keia}z
Z[A=-Mz+A[(h* P(2)+(9* v)(2)]]

T[S (2.5)

is equivalent to
(1+ke')[z(h* ) (2) - 2(9* v)' (2)]
—ke" [Z[(1-1)zZ+[(h* ¢)(2) + (@* v)()II] >
Z[(1-Mz+M(h* 9)(2) +(9* w)(2)]]

or

00

1-7)z= > [(n=4y) +ke'“ (N=W)]x, [a,[|4"

n=2

_i[(n +1y) +ke' (n+)]u,[b,[[Z"
Ny 2, >0 (2.6)

2= Mol + 2 a2
n=2 n=1

The above required condition (2.6) must hold foredl values ofi, |z| =r < 1.
Upon choosingt = 0 and the value of z on the positive real axieng 0<z =r < 1, we
must have fotb, | a,|, for every n= 2

(1-7) —i[n(u k)= Ay + K] g

00

=S [n(2+K) + ALy + K] b, | 1
el 20 2.7)

1= Ah,fa,| " +ixun|bn| r
n=2 n=1
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If the condition (2.5) does not hold, then the ntete in (2.7) is negative for r
sufficiently close to 1. Hence there exigtzr, in (0, 1) for which the quotient in (2.7) is

negative. This contradicts the required condifarf O §(¢, v, A,7,K) and so the proof
is complete. O

3. Distortion Bounds
In next theorem, we determine distortion bounddudactions inS_*H((p, W, A, Y,K) .
Theorem 3.1. Let fO g(qa,\y,k,y,k) and
[2(1+K) = Ak +7)]A, <[N(L+K) —A(k +y)]A,
<[n(1+K) + Ak +y)]p,
for n>2. Then we have,

|f(z)|s(1+|b1|)r+( 1-vy [+ kK )y |b1|j 2, [4=r<1
[2(1+K) MK+ 7)]r,  [2(1+K) - Ak +y)]A,

3.1)
and
|f(z)|2(1—|b1|)r—( 1oy _ [kt MK+l |b1|Jr2, Z=r<1
2K - K+ 7%, 2L+ K) =K+ 1],
(3.2)

Proof. We only prove the first inequality. The proof thie second inequality is similar.
Let fO S, (@ v, \v,k) . Taking the absolute value of f we obtain

@] < @+ [oyr+ > (a, |+,

<@+pyr+3 (a,[+fp,)r?
1-v
21 +Kk) - Mk +7)]r,

i ([2(1 + k) ;_X(k + VI, a, |+ [2(1 + k) ;_X(k +)IA bn) r2
Y !

= (1+\b1\)r+

1-y
[2(1 + k) = a(k + DIA,

i[[ﬂ(l et XGRSO LT R YO TP an 3
n=2 1_'Y 1—Y

<@+ b+

2|

< (1+]b)r + 1-y (1_[1+k+7»(k+v)]u1|b Orz
Y [2(2+ k) = MK+ )], -y ")
[by (2.5)]
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< (L+[bfyr+ 1=y _ kMK, by |r?
T 2@k =Mk, 2024 K) Mk,

4. Extreme Points
Now we obtain the extreme points §f (¢, v, A, 7,K) .

Theorem 4.1. Let hy(z) = z,

h,(2)=z- (=) z", n>2and
[N(A+K) - MKk +)Ir,

9,@2)=z+ (=) 7" n>1.
[N(1+K) + Ak + )],

Then §(¢, v, A,7,K) if and only if it can be expressed as

()= (<hy +Y100), @.1)

where x > 0, y» > O, Z(xn+yn)=1. In particular, the extreme points of
n=1

S, (@, %,7.k) are {h} and {g.}.
Proof. Suppose

(@)= %Ny +Yodh)

e s (1-7) R (1-7) z"
=200 B2 g kg i s,

n=1

o (1-v) n LN (1-v) =n
B Z[n(1+k) Mk +§[n(1+k)+k(k+y)]pn Yn?

Then from (2.5) we have

Z [n(1+ k) K(Y +Kl, b

Z [n(1+ k) + x(y +K)] "

n n

:Z[n(l+ k) — Mk + )17, (1—7) X
(1-7) [N(L+K) =Ak+y)r, "

+Z’°:[n(1+ K) + MK +7)]u, (1-v) y
(1-v) [N(L+K) + Ak +7)]u,

=) X, + >y, =1-x,<1
n=2 =1
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and so fJ a(a\y,x,y,k) .

Conversely, if fJ g(q),\y,k,y,k) , then

|a |< (1-7)
"IN+ K) =Mk + I,
and
|b |< (1-vy)
"IN+ K) + Ak )],
Setting
B TR TS 0) PR (¢ l) R GS) T
(1-7v) (1-7v)

Then note that by Theorem 2.2, < 1, (n>2) and <y, < 1, (n>1). We define
X, =1->"x, =Yy, 20, by Theorem 2.2.
n=2

n=1

Consequently, we can see that f(z) can be exprésdbd form (4.1). This completes the
proof of the Theorem 4.1. O

5. Convolution and Convex Combination

In this section, we show that the cléﬁ_ls(qo, v,A,v,K) is invariant under convolution and
convex combination of its members. The convolutbtwo harmonic functions

f(z) = z—ianz” +ibn2”
and n=2 n=1

F(z)=z—iAnz” +iBn2”,
is defined as "~ B

f*F)(2)=f(2)* F(z)= z—ianAnz“ +iann2“.

Theorem 5.1 If f O S, (@ v, A, v,k) and FO S, (@ v,A,7,k) then
f*FO S, (@, A7,K).

Proof. Let f(z):z—i“|an|z”+Zw:|bn|2n and F(z):z—i|An|z” +i|Bn|2” be in
n=2 n=1 n n=1

=2
§(¢W,x,y,k) , then by Theorem 2.2 we have

© [(1+K) = A(K + )], a |+i[n(1+k)+7‘(k+7)]”“|b <1 (5.1)
& @y e "
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and
S IArR My | SIAER U g g (g
(1-7v) " (1-v) "
So for the coefficients of f * F we can write
i[n(1+ K) =AMk +)Ir, la,A |+ i[n(l+ k) + Ak + )], Ib,B,|

(1-vy) (1-v)
SN+ AR+ Py |, SR A Dy
B D T D

Thus f* FO S, (@, v, 7,K) .

Finally, we prove thaa(qo,w,k,y,k) is closed under convex combinations of its
members.

Theorem 5.2. The cIasaS_*(qo,\y L, v,K) where fis given by

fi(2)=2- Z o] 2" +Z . (5.3)
is closed under convex combinatlon.
Proof. Fori =1, 2, ..., supposgZ) 0 S, (¢ v,A,7,k) where fis given by (5.3).
Then by (2.5),
SO Mty | SO M g (g g
n=2 (1_7) (1_7) Y

For Zti =1, 0<t <1, the convex combination gff) may be written as

’ Ztifi (2)= z—g(iqamgz" +i[iti|bm|j2”.

i=1 n=1\ i=1
Then by (5.4), we obtain

1+k xk+y A n(1+k +xk+y TR
zn:i[n( ) — Mk +v)] zt|am| {[ (1+K) + Ak +7y)] zt|bn||]
- n(1+k) — Ak +y)Ix, n(1+k +Xk+y T
_2:1 {z[( )~ Mk +v)] | | Z[( ) + MK +v)] |bn,i|}

<3t =1
i=1

and so by Theorem 2.2, we haEtifi (20 a(aw,x,y,k) .

i=1
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