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Abstract. In this paper we introduce the notion of product of two interval valued
intuitionistic fuzzy graphs and investigate some of their properties. We discuss some
propositions on Cartesian product and define some properties on it. We also define some
other products like tensor product, lexicographic product of interval valued intuitionistic
fuzzy graphs.
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1.Introduction

In 1965, Zadeh [13] introduced the notion of fuzzy set as a method of presenting
uncertainty. Since complete information in science and technology is not always
available. Thus we need mathematical models to handle various types of systems
containing elements of uncertainty. Atanassov proposed intuitionistic fuzzy set (IFS) [4]
which looks more accurately to uncertainty quantification and provides the opportunity to
precisely model the problem based on the existing knowledge and observations. After
three years Atanassov and Gargov[5]introduced interval-valued intuitionistic fuzzy set
(IVIFS) which is help full to model the problem precisely. After 10 years of Zadeh’s
classic ‘fuzzy sets’ [13] Rosenfeld [14] introduced fuzzy graphs. Yeh and Bang [15] also
introduced fuzzy graphs independently. Fuzzy graphs are useful to represent relationships
which deal with uncertainty and it differs greatly from classical graphs. It has numerous
applications to problems in computer science, electrical engineering, system analysis,
operations research, economics, networking routing, transportation, etc. Mordeson and
Nair[6-8], Bhutani and Rosenfeld [6], Sunitha and Vijayakumar [9-12] are among the
other main contributors in fuzzy graphs. The operation of union, join, cartesian product
and composition on two fuzzy graphs were defined by Mordeson and Peng [6]. Akram
and Dudec [3] defined interval-valued fuzzy graphs in 2011. Rashmanlou and Pal define
the Product of interval-valued fuzzy graphs and their degree. Methods of interval-valued
intuitionistic fuzzy sets and fuzzy logic is useful to handle the problem containing
uncertainty like the vehicle travel time or vehicle capacity on a road network may not be
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known exactly. In this paper we define Cartesian product of two interval valued
intuitionistic fuzzy graphs and obtain its degree and on the basis of degree we examine
the robustness of the product of these graphs.

2. Preliminaries

Definition 2.1. A fuzzy set V is a mapping ¢ from V to [0, 1]. A fuzzy graph G is a pair
of functions G = (o, pn) where o is a fuzzy subset of a non-empty set V and p is a
symmetric fuzzy relation on o, i.e. p(uv) < o(u) A 6(v). The underlying crisp graph of G =
(0, p) is denoted by G" = (V, E) where EC V x V.

Definition 2.2. Let G = (o, n) be a fuzzy graph, the degree of a vertex u in G is defined
by
dG(u) :Zuiv y(uv) = ZquE :u(uv)'

Definition 2.3. The order of a fuzzy graph G is defined by o(G) =Y,y o(w).

Let X={Xy, Xo,....... Xnt be any set. Let D[O, 1] be the set of all closed subintervals
of the interval [0, 1] and element of this set are denoted by uppercase letters. If Me DJ[O,
1] then it can be represented as M=[M, My], where M_ and My, are the lower and upper

limits of M. For Me D[0, 1], M= 1-m represents the interval [1-M_, 1-My].

Definition 2.4. An IVIFS A in X, is given by A={<x, Ma(X), Na(X)> / xe X} where
Ma: X->DI[0, 1], Na: X->DIO0, 1]. The intervals Ma(x) and Na(X) denote the degree of
membership and the degree of non-membership of the element x to the set, where
Ma(X)=[ Mar(X), Mau(®)] and Na(X)=[Na(X), Nau(x)] with the condition 0<
Mau(X)+Nay(x)< 1 for all xe X.

Definition 2.5. Let G';= (Vi; E;) and G',= (V,; E,) be two simple graphs, we can
construct several new graphs. The first construction called the Cartesian product of G™;
and G*, gives agraph G, G',= (V; E) with V = V; x V, and

E ={(X; x2)(X; Y2)[xe V1; Xa¥2€ Eo} U {(X1; 2)(y1; Z)IXey1 € Ei; ze Vo}.

Throughout this paper, we denote G a crisp graph, and G an intuitionistic fuzzy graph.
Definition 2.6. An interval valued intuitionistic fuzzy graph with underlying set V is
defined to be
a pair G =(A,; B) where

(i) the functions M, : V—>DIJ0; 1] and N4 : V —» D[0; 1] denote the degree of
membership and nonmembership of the element xe V , respectively such that 0 < Ma(x)
+ Na(x) <1 for all xe V,

(i) the functions Mg : ES VxV -DJ[0; 1]and Ng : E € V x V - D[0; 1] are
defined by

Me ({X; ¥}) < min(Mac(x); Mac(y)) and Ng({x; y}) Zmax(Nac(x); NaL(y))

and Mgy({X; y}) < min(Mau(x); Mau(y)) and Neu({X; y}) Zmax(Nau(x); Nau(y))
such that 0<Mgy({X; y}) + Nsu({x; y})< 1 for all {x; y}e E.
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Example 2.1. Consider a graph G= (V, E) such that V = {x, y, z}, E = {xy, yz, zx}. Let
A be an interval value intiutionistic fuzzy set of V and let B be an interval-valued fuzzy

set of EC V x V defined by
A ={(x, [0.4, 0.6],[0.2, 0.4]), (y,[0.5, 0.7], [0.1, 0.3]), (z, [0.6, 0.7], [0.1, 0.3])},

B ={(xy, [0.3, 0.5], [0.2, 0.4]), (yz, [0.4, 0.6], [0.1, 0.4]), (zx, [0.3, 0.6], [0.2, 0.4])}

{y, [0.5, 0.7], [0.1, 0.3]) (z,[0.6,0.7], [0.1, 0.3])

([0.4,0.6], [0.1, 0.4])

([0.3, 0.5], [0.2, 0.4]) 3,0.6], [0.2, 0.

(%, [0.4,0.6], [~ 0.4])
Figure 1. Interval-valued intuitionistic fuzzy graph

Definition 2.8. The cartesian product G = G; xG, of two interval-valued intuitionistic
fuzzy graphs G; = (A, B,) and G, = (A,,B,) of the graphs G+, = (V4, E;) and G*, =
(V2,E,) is defined as pair (A;xA,, By XB,) such that:

(Ma1X Maz1)(uy, Uz) = min (Mag (Us), Mazi (U2))
(1) (Maw> Mazu)(Uy, Up) = min (Mau(us1), Mazu(uz))

(Na1X Nz ) (U1, Uz) = max (Naz(U1), Naz(U2))

(Na1u> Nazu) (U1, Uz) = max (Nawu(u1), Nazu(u2)) for all (uy, up) € V

(ll) (MB]_LX MBQL)((U, Uz)(u, Vg)) =min (MA1|_(U), MBZL(UZVZ))
(Mg1uX Mgau)(U, U2)(U, Vo)) = min(Maiu(u), Meau(U2Vs2))
(Ne1x Ne2i)((u, uz)(u, v2)) = max (Nar(u), Nea(UzV2))
(NB1u> Neau ((U, U2)(u, v2)) = max (Naiu(u), Neau(UzV2)) forall ueVi and uv, € E,,

(i) (M1 Mg, )((U1, Z)(V1, 2)) = min (Mg (UwV1), Ma21(2))
(Mg1u* Meau)((U1, 2)(v1, 2)) = min(Mgyu(UiVi), Maau(2))
(N1 Near)((Us, 2)(V1, 2)) = max (Ngy (Usv1), Nazi(2))
(NB1u* Neau)((Us, 2)(V1, 2)) = max (New(Uivi), Nazu(z)) forall z € V, and u;v;€ Ey,

Definition 2.9. The tensor product G; @ G, of two interval-valued intuitionistic fuzzy
graphs G; = (A1,B1) and G, =(A,,B,) of Gx; = (V1,E;) and Gx, = (V,,E,) respectively is
defined as a pair (A,B), where A = (M, Na) and B = (Mg, Ng) are interval-valued
intuitionistic fuzzy sets on V =V x V, and E = {(uy, Uy), (V1, V2) | (Ug, V1) € Ey, (UpV,) €
E,}, respectively which satisfies the followings:

(1) (Ma1L. 8 Mz )(Us, Up) = Min(May (U1), Magi (U2))
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(Ma1u M a20) (U, Uz) = Min(Magu(U1),Mazu(Uz))

(Na1L 69 Naz)(Us, Uz) = max(Naz (Us), Nazi(U2))

(Na1u @Np2u)(Us, Uz) = max(Naiu(Uz),Nazu(Uz)) forall (ug, uz) €V x Vs,
(i1)(Mg1L 6 Mea1) (U1, U2)(Va, V2)) = Min(Mga (U1V1), Mg2 (UaV2))

(Ma1u & Mg2u) (U1, U2)(V1, V2)) = min(Mg1u(U1Va), Meau(UaVz))

(NB1L 69 NB2) (U1, U2)(V1, Vo)) = max(Na1(UVi), Nea(UaV2))

(Ne1u € Neau)((Uz, U2)(V1, V2)) = max(Neiu(Uiva), Neau(Uavz)) for all uvy € E; and u,v,
€E..

Definition 2.10. The lexicographic product G; * G, of two interval-valued intuitionistic
fuzzy graphs G; = (A;,By) and G, = (A,B,) of G+ = (V,E1) and G* = (V,,E))
respectively is defined as a pair (A,B), where A = (M, Np) and B = (Mg, Ng) are
interval-valued intuitionistic fuzzy sets on V = V; x V, and E = {(u, u)(u, vu) | u € V4,
(uav2) € ExJu{((ug, Up)(vy, Vo)) | (ugvy) € Eyg, UV, € E,} respectively which satisfies the
followings:

(1) (Ma1L* Maa)(Us, Up) = min(Maz(U1), Maz (Uz))
(Mazu* Mazu)(Uy, Uz) = min(Mazy(Uz), Mazu(U2))
(Nawe# Naz) (U, U) = max(Naz (1), Naz(Uz))
(Nazu* Nazu)(Us, Uz) = max (Nawu(us), Nazu(uz)) for all (uy, uz) €Vy % Vs,

(ll) (MBlL* MBZL)((ua Ug)(u, Vz)) = min(MAlL(U), MBZL(UQVQ))
(Mg1u* Ms2u)((U, U)(u, V2)) = min(Maiy(u), Meau(Uavz2))
(N1 * Na2)((U, Uz)(u, V2)) = max (Naz(U), Nea (UzV2))
(NB1u* Neau)((u, U2)(u, v2)) = max (Naiu(u), Neau(Uzvz)) forall u € Vi and upv; € Ey,

(iii) (Mg1L* Mga)((Uz, U2)(V1, V2)) = Min(Mas (U1V1), Me2i(U2V2))

(Mg1u# Maau) ((Us, U2)(V1, V2)) = min(Meyu(UsVi), Meau(UzVz))

(N # N2 )((Uz, Uz)(Va, Vo)) = max (Nei (UsVa), Neai (UzV2))

(NB1u* Na2u) ((Us, U2)(V1, V2)) = max (Neiu(Uiva), Neau(UaVz)) for all uyvy € E; and usv,
EEZ.

3. Degree of a vertex in cartesian product
By the definition, for any vertex (uz, u2) € Vi1 x V2,

d” ¢, xg, (U1, Uz) =

(MBlL X MBZL)((uli u)(vy; 172))

(u1;uz) (v1;v2)EE

- z (NBlL X NBZL)((uliuz)(Uli v2))

(u1;ux)(wy;v2)EE

= Zulzvl; ULV, €E, MAlL (ug) A MBZL (upvy) + Zuzzvz; U V1 EE; MAZL (uz) A
MBlL (ulvl) - {Zu1=v1; ULV, EE, NAlL (ul) \% NBZL (uzvz) + Zuz=vz;ulvleE1 NAZL (uz) v
NEBLLul vl
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Similarly,
d+Glez (uq,uz)

- Z (Mg, X Mg,y)((us; up) (v;v2))

(u1uz)(wyv)EE

_ Z (N,u X Np,u)((; 1) (033 v2))

(upsuz)(vy;v2)EE

= Z My, (u) A Mg, (uv;) + Z My,, (uz) A Mg, (uqvy)

UL =Vq; UV EE, Uy=Vq; U1V EE,

- Z Ny,, (uy) V Ng,, (uyv;) + Z Ny, (uz)

U =Vq; UV EE, Uy =Vy; U1V, EE;

V Ng,,(uyvy)

Example 3.1. Consider the interval-valued intuitionistic fuzzy graphs G;, G, and G; x G,
in Figure 2.

O O (% )

O O O O

\1 Va (Vi,up) (V1,V2)
G; G, G1xG,

Figure 2: Cartesian product of G; and G, (G; x Gy).
The membership and non membership of the vertices are given as:
u1=([0.2, 0.4], [0.4, 0.6]); v1=([0.3, 0.5], [0.3, 0.5]); u,=([0.1, 0.4], [0.3, 0.6]); v»,=([0.2,
0.6], [0.1, 0.4]) and edges u; v,1=([0.2, 0.4], [0.4, 0.6]); and u, v,=([0.1, 0.3], [0.3, 0.7]).
Then the membership value of the vertices in cartesian product is calculated as follows:
(ug, uy) <([0.1, 0.4], [0.4, 0.6]); (uy, Vo) =([0.2, 0.4], [0.4, 0.6]); (v, up) ([0.1, 0.4], [0.3,
0.6]); (v, v2) <([0.2, 0.5], [0.3, 0.5]).
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and edges of G;xG; is calculated as:
(uguy, viUp)=([0.1, 0.4], [0.4, 0.6]); (uyuy, uv2)=([0.1, 0.3], [0.3, 0.7]);

(V1Uy, V1V2)=([0.1, 0.3], [0.3, 0.7]); (uyvs, V1V5)=(][0.2, 0.4], [0.4, 0.6]);

Here d™ ¢, x¢, (U1, uz) = (0.2A 0.1) + (0.3A 0.1)+ (0.2A 0.2)+ (0.2A 0.2) {(0.4 v
0.3)+(0.3v 0.3)
+(0.3v0.4)+(0.1v04)}
=0.6-15=-09
Similarly, d* ¢, xg, (uq,uz) = {(0.4A 0.3) + (0.3A 0.5)+ (0.4A 0.4)+ (0.6A 0.4)}-{(0.6 V
0.7)+(0.5v 0.7) +(0.6 v 0.6)+(0.4 v 0.6)}
=14-26=-12

4. Some properties of Cartesian product

We say Cartesian product of graph is Super strong, if d”g x, > 0 and d*¢ «¢, > 0,
product of graph is Strong, if d7¢ xg, 20 and d*¢ xg, > 0. Similarly, we define
Cartesian product of graph is very week if d™¢ g, <0 and d*¢ »q, < 0 and week if
d™ g, %6, <0andd*; «¢, < 0.

So, from example2 we say that it is a very week Cartesian product.

Theorem 4.1. Let G; xG,=(A, B) be the Cartesian product of two interval valued
intuitionistic ~ fuzzy  graphs then G, xG, is  super strong if
min{My;;, (u;)} = max{Ny;; (u;)} and min{M;,y (u;)} = max{Ny;y (u)}-

Proof: We know that G; x G is super strong iff d~¢ vz, > 0and d*; «z, > 0.
Ford=¢ xg, > 0

(MBlL X MBZL)((ul; uy) (vy; 172))
(u15uz)(y;v)EE
- Z (NBlL X NBZL)((ul;uZ)(vl; 172)) >0

(uguz)(vy;vR)EE

(MBlL X MBZL)((u1Ju2)(V1; 172))
(uq;uz)(v1;v,)€EE
> Z (NBlL X NBZL)((uliuz)(vlivz))

(u1;uz)(v1;v2)EE

(D)
Now
Z(ul;uz)(vl;vz)eE(MBlL X MBZL)((U1; u,) (v Uz)):
Zu1=171; UV, EE, MAlL (ul) A MBZL (uzvz) + 2u2=v2; U V1 €EE, MAZL (uz) A
Mg, , (uyvy)
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= Zulzvl;uzvzeEz MAlL (ug) A MAZL (uz) A MAZL (v2) + Zuzzvz; U V1 EE, MAZL (uz) A
My, () A My, (v1)
= min{My,, (U1), My, (Uz), My,, (v2)}+ min{MAzL(uz), My, (u1), My, (U1)}
= n(min{Ma,, (u)})
where n= number of edges and i=1,2,3,...,n.
Similarly, we get

(NBlL X NBZL)((ul;uZ)(vl; 172)) = n(max{N;, (u;)})
(u1;uz)(wy;v2)EE
Hence from eq.(1) we get min{M,, (u;)} = max{Ny; (u;)}
Similarly, we prove min{M,;; (u;)} = max{N,;; (u;)}. Hence the theorem.

Theorem 4.2. Cartesian product of two super strong Cartesian product graph is always
super strong.
Proof: Suppose G; and G, be two super strong Cartesian product graph then d;; >
0,df, > 0and dg, > 0,d}, > 0.

We know that, d ™ xg,= dgi+ dg, and d* g xg, = dg; + d§, for the Cartesian
product of interval valued fuzzy graph. Thus by using theorem1 we can prove that
d”,xg, > 0and d*; ., > 0. Hence the theorem.

Corollary 4.3. Cartesian product of two very week Cartesian product graph is always
very week.

Example 4.4. Consider the two super strong Cartesian product graph G; G, and G; x G,
in Figure 3.

U S0 e 0sz

Vi

O . b V20 Ow,

Gl G2
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0 A
(Wi, U, (Wi, S
(1, Vv (S1, Wo)
Vi, Up)

(Wl’ VZ)

(u1, Up)
(vi, v
(Us, Vo)t
Gix G,

Figure 3: Cartesian product of two strong Cartesian product graph

Here suppose u;=u,= ([0.3, 0.7], [0.1, 0.3]), vi= v»,=([0.3, 0.6], [02, 0.4]), w;=w,=([0.4,
06], [02, 04]) and 51=52=<[0.5, 07], [01, 03]) where Uq, Vi, Wy, S$1€ Gl and Uo, Vo, W>, So
€ Gg.

Hence the vertex set of G1xG; is given as

(ug, up) =([0.3, 0.7], [0.1, 0.3]), (uy, v2) =(]0.3, 0.6], [0.2, 0.4]), (us, wy) =([0.3, 0.6], [0.2,
0.4]), (ug, sp) =([0.3, 0.7], [0.1, 0.3]), (v1, Up) =([0.3, 0.6], [0.2, 0.4]), (v1, V2) =([0.3, 0.6],
[0.2, 0.4]), (vi, Wp) =([0.3, 0.6], [0.2, 0.4]), (v1, S2) =([0.3, 0.6], [0.2, 0.4]), (wy, Up)
=([0.3, 0.6], [0.2, 0.4]), (w4, Vo) =([0.3, 0.6], [0.2, 0.4]), (wy, wy) =([0.4, 0.6], [0.2,
0.4]), (wy, s,) =([0.4, 0.6], [0.2, 0.4]), (51, u2) =([0.3, 0.7], [0.1, 0.3]), (51, Vo) =([0.3, 0.6],
[0.2, 0.4]), (s1, W) =([0.4, 0.6], [0.2, 0.4]), (s1, up) =([0.5, 0.7], [0.1, 0.3]).

Similarly edges of G;xG, are:

(uguz, uv,) =([0.3, 0.6], [0.2, 0.4]); (uuy, usSy) =([0.3, 0.7], [0.1, 0.3]); (uyVa, UWy)
=([0.3, 0.6], [0.2, 0.4]); (usws>, u;Sy) =([0.3, 0.6], [0.2, 0.4]); (viuy, V1V2) =([0.3, 0.6], [0.2,
0.4]); (vyva, ViW,) =([0.3, 0.6], [0.2, 0.4]); (viUa, V1S,) =([0.3, 0.6], [0.2, 0.4]); (viwsy,
viSy) =([0.3, 0.6], [0.2, 0.4]); (w1U,, WiV,) =([0.3, 0.6], [0.2, 0.4]); (wWqVa, Wiw,) =([0.3,
0.6], [0.2, 0.4]); (wWyw,, w;S;) =([0.4, 0.6], [0.2, 0.4]); (wiSz, Wiup) =([0.3, 0.6], [0.2,
O4]>, (S]_U2, S]_Vz) =<[03, 06], [02, 04]), (51V2, 51W2) :<[03, 06], [02, 04]), (51W2, 5132)
=([0.4, 0.6], [0.2, 0.4]); (s1S2, S1U2) =([0.3, 0.7], [0.1, 0.3]); (u1Uz, V1Up) =([0.3, 0.6], [0.2,
0.4]); (ugva, v1v2) =([0.3, 0.6], [0.2, 0.4]); (usw>, viw,) =([0.3, 0.6], [0.2, 0.4]); (u1Sz, V1S2)
=([0.3, 0.6], [0.2, 0.4]); (viuz, W;S;) =([0.3, 0.6], [0.2, 0.4]); (V1V2, W1V,) =([0.3, 0.6], [0.2,
O4]>, (V1W2, W1W2) =([03, 06],[02, 04]), (V152, Wlsz) :<[03, 06],[02, 04]), (W1U2, 31U2)
=([0.3, 0.6], [0.2, 0.4]); (w1V5, S1V2) =([0.3, 0.6], [0.2, 0.4]); (Wiw,, S;W,) =([0.4, 0.6],
[0.2, 0.4]); (wWiSy, $152) =([0.4, 0.6], [0.2, 0.4]); (S1U2, Usu,) =([0.3, 0.7], [0.1, 0.3]); (S1V2,
usvo) =([0.3, 0.6], [0.2, 0.4]); (5152, U1S2) =([0.3, 0.7], [0.1, 0.3]); (s1ws, Usw,) =([0.3, 0.6],
[0.2, 0.4]).
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Now the degree of G;xG; is calculated as

d™ G, xc, (W, uz)= 32[ min{0.3, 0.4, 0.5}- max{0.1, 0.2}]= 32

and d* ;, xg, = 32[min{0.6, 0.7} — max{0.3,0.4}] =64.

Hence, the degree of the product of two strong Cartesian product graph is always strong.

5.Degree of a vertex in tensor product
By the definition, for any vertex (ul, u2) € V; ® V,,

d” ¢, 06, UL U) =

(MBlL ® MBZL)((uli uy)(vy; Uz))

(u1;uz)(vy;v2)EE

- Z (NBlL ® NBZL)((ul;uZ)(vl; Uz))

(ug;uz)(vy;v2)EE

= Z Mg, (uyv) A Mg, (uyv;)

U1VieE,; U2V2€E;

- Z Ng,, (uyv1) V Ng,, (upv;)
U,V EEq; UpV,EE,

6. Degree of a vertex in lexicographic product
By the definition, for any vertex (ul, u2) € V1 = V2,
d” w6, (U, Up) =

(MBlL X MBZL)((ul; uy) (vy; 172))

(ug;uz)(vy;v2)EE

- z (NBIL X NBZL)((uliuz)(vli v2))

(u1;uz)(w1;v2)EE

= max z My, (u) A Mg, (upvy), z My, (uz)

Uq=V1; UV2€E, Up=Vp; U1 V1 EE,

A Mg, (u1171)}

— max Z NAlL (ul) Vv NBzL(uz‘Uz), Z NAZL (uZ)

U =Vq; UV EE, Uy =V,; U1V, EE,

V Ng,, (u1171)}
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7. Conclusion

In this paper we find the degree and classify it for Cartesian product of two interval
valued intuitionistic fuzzy graphs. We can also extend it to other product like Strong
product, tensor product, lexicographic product, etc. We may implement this concept to
find the strength of the product of two algorithms which is also useful to solve the
problem containing combinatorics. It is useful to the areas including geometry, algebra,
number theory, topology, operations research, and computer science.
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