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1. Introduction

The concept of fuzzy set and fuzzy set operatioeeiirst introduced by L. A. Zadeh
[11] in1965. Several other mathematicians studiedzy sets in various areas in
mathematics. Firstly, C. L. Chang [2] in 1968 depeld the theory of fuzzy topological
spaces. The purpose of this paper is to study ablyntompact fuzzy sets in the sense of
C. K. Wong [10] and to obtain its several othergamies.

2. Preliminaries
In this section, we recall some fundamental deéing which are needed in the sequel..
The following are essential in our study and cafooed in the paper referred to.

Definition 2.1. [11] Let X be a non-empty set and | is the closed imétrval [0, 1]. A
fuzzy set in X is a function u : X-» | which assigns to every elementk X. u(x)
denotes a degree or the grade of membership ohe. skt of all fuzzy sets in X is

denoted byl * . A member ofl * may also be called a fuzzy subset of X.

Definition 2.2. [8] A fuzzy set is empty iff its grade of membershipdentically zero .
It is denoted by 0 og .

Definition 2.3. [8] A fuzzy set is whole iff its grade of memberskpdentically one in
X .Itis denoted by 1 or X .

Definition 2.4. [2] Let u and v be two fuzzy sets in X. Then we define
() u = viff u(x) =v(x) forall x[J X

@iy u O viff u(x) < v(x) forall xd X

@iy A =ulviff AX)=(UDOv)(X)=max[u(x), v(x)]forall xJ X
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Certain Properties of Countably Compact Fuzzy Sets
(iv) g =unviff g(x)=(unv)(x)=min[u(x), v(x) ] forall xtJ X
(v) y =uiff y(x)=1-u(x) forall xO X.

Definition 2.5.[2] In general , if {u, : i O J}is family of fuzzy sets in X , then union
U u and intersectiom U, are defined by

Ou()=sup{u (x):i 0J andx] X}

Nnu®=inf{u((x):i 0J andx] X}, where Jis an index set.

Definition 2.6. [2] Let f: X — Y be a mapping and u be a fuzzy set in X. Then the
image of u , writtenf (u), is a fuzzy set in Y whose membership functiogiven by

) = suf u(x):x0Ofiy} if FHy) 2@
0 if f7(y)=¢

Definition 2.7. [2] Let f: X — Y be a mapping and v be a fuzzy set in Y. Then the
inverse of v, writtenf ™ (v) , is a fuzzy set in X whose membership funci®given by

FW) 0 =v (f()).

Distributive laws 2.8. [11] Distributive laws remain valid for fuzzy sets ini¥. if u, v
and w are fuzzy sets in X, then

OQuld(vn w)=(uldv)n (ull w)

iun(vOw)=(un v)d (un w).

Definition 2.9.[1] Let A be a fuzzy setin X, then the set {kX : A (x) >0 }is called
the support ofd and is denoted by, or supp/ .

Definition 2.10. [2] Let X be a non-empty set and.t | * i.e. tis a collection of fuzzy

setin X. Then tis called a fuzzy topology on X if
Ho,10t

(ii) u U tfor eachi 13, then| Ju; LIt

(ii)u,vt,thenun v Lt
The pair(X ,t) is called a fuzzy topological space and in shitst, Every

member of t is called a t-open fuzzy set. A fuzeyis t-closed iff its complements is t-
open. In the sequel, when no confusion is likelgrise, we shall call a t-open ( t-closed )
fuzzy set simply an open ( closed ) fuzzy set.

Definition 2.11. [2] Let (X ,t) and (Y , s) be two fuzzy topological spaces. A

mapping f :( X, t) - (Y : s) is called an fuzzy continuous iff the inverse atle s-
open fuzzy set is t-open.
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Definition 2.12. [8] Let (X , t) be an fts and Al X. Then the collectiort,= { ulA :u
Ot}y={un A :ullt} isfuzzy topology on A, called the subspauezy topology
on A and the pai( A, tA) is referred to as a fuzzy subspace( of t )

Definition 2.13. [3] Let (A ,tA) and(B ' Sy ) be fuzzy subspaces of fuzzy topological
spaces( X ,t) and (Y , s) respectively and f is a mapping fro(ﬁ( ,t) to (Y , s),
then we say that f is a mapping frc(m\ ,tA) to (B ' Sy ) if f(A) O B.

Definition 2.14. [3] Let (A ,tA) and (B ,SB) be fuzzy subspaces of fts(sX ,t)
and (Y , S) respectively. Then a mapping (A ,tA) - (B , SB) is relatively fuzzy
continuous iff for each ¥ s; , the intersectionf *(v) n A [ t,.

Definition 2.15. [1] Let (X ,T) be a topological space. A function f: X R (with
usual topology ) is called lower semi-continuous & . c. ) if for each &l R, the set
f™(a ,o )L T. Foratopology T on asetX, let(T)bethesetofalll.s.c.

functions from (X ,T) to | ( with usual topology ); thuec (T)={ull I * :u™(a,
110 T,al I, }. It can be shown thatw ( T) is a fuzzy topology on X.

Definition 2.16. [9] An fts (X , t) is said to be fuzzy —T, space iff for every x , ¥ X
, X £y, there exist u, U t such that u(x) = 1, u(y) = 0 and v(x) = 0, vé&y}.

Definition 2.17. [5] An fts (X , t) is said to be fuzzy Hausdorff iff for all x ,[y} X , X
Z v, there exist u, {d t such that u(x) =1, v(y) =1 andruv=0.

Definition 2.18. [7] An fts (X , t) is said to be fuzzy Hausdorff iff for all x , ¥ X, x
#Z y,there existu, J tsuchthatu(x) =1, v(y) =1 andh 1 —v.

Definition 2.19. [7] An fts (X , t) is said to be fuzzy regular iff for each k X and u
[Jt® with u(x) =0, there exist v, Wl t such thatv(x) =1, 0 wand v 1 -w.

Definition 2.20. [2] A family F of fuzzy sets is a cover of a fuzzy sktiff A U { u, :

u, U F }. Itis an open cover iff each member of Risopen fuzzy set. A subcover of F
is a subfamily of F which is also a cover.

Definition 2.21. [9] A fuzzy setA in X is said to be countably fuzzy compact iff gve
countable open cover of has a finite subcover.

3. Characterizations of countably compact fuzzy sets
In this section, we investigate some tangible prisg® of countably compact fuzzy sets.
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Theorem 3.1. Let A be a fuzzy set in an ftéX ,t) and Al X . Then the following
are equivalent:

(i) A is countably compact fuzzy set with respecttot.

(i) A is countably compact fuzzy set with respect toghbspace fuzzy topolody on
A.

Proof : Supposed is countably compact fuzzy set with respect thétM = { u, : k
0 N} be a countable open cover ol with respect tot,. Then by definition of

subspace fuzzy topology, there exigd] t such thatu, = A n v, LV, and hence we

see thatd U Uuk u ka and therefore {, : k [ N } is a countable open cover of
kON kON

A with respect to t. Sincd is countably compact fuzzy set with respect smtd has a

finite subcover, saw, O{ v} (r =1,2, ...... , N) such thad U kar . ButA [

r=1
n n n
An( v ) O JAn v, ) O (Ju, . Therefore {u, : k[ N} contains a finite
r=1 r=1 r=1
subcover {Jkr} (r =1, 2, ... , ). Hencel is countably compact fuzzy set with
respect tat , .
Conversely, supposg is countably compact fuzzy set with respect to Let {
Vv, : kU N } be a countable open cover df with respect to t. Puti, = A n Vv, , then

A0y impliesA OAn([Jv) O UCA nv ) O Juy,. Sinceu, Ot, ,

kON kON kON kON
so {u, : kO N }is a countable open cover df with respect tdt,. As A is countably

compact fuzzy set with respect tg , then {u, : k[ N } has a finite subcover , say

{u }(r=12 ... , ). Accordinglyd U u, O u, O ... Ou =(Anyv)U
(Anv,)DO ... (Anv)UOAn(v Oy, DO... Ov) U v Oy, 0.
U v, - Therefore {v, : k I N } contains a finite subcovery, }(r =1,2, ...... ,n)

and hencel is countably compact fuzzy set with respectto t.

Theorem 3.2. Let (X ,t) and(Y , s) be two fuzzy topological spaces and(fX ,t)
- (Y , S) be continuous and onto. # is countably compact fuzzy set (nX ,t),
then f(A) is also countably compact fuzzy set(nrf , s).

Proof: Let { u, : kK [ N} be a countable open cover of/ff in (Y : s). Since fis
fuzzy continuous , therf ™ ( u, ) O t and hence {f *( u,) : k 0 N } is a countable
open cover ofd . As A is countably compact fuzzy set (rD( T ) then A has a finite
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subcover, say {f ( U ):r =12 ...,n}suchthand O U f( U, ). Again ,
r=1
let u be any fuzzy setin Y. Since f is onto , tfemany y1Y, we have

fCF(u) ) =sup{f (u)@:z0 f(y), F7(y) # ¢ }=sup{u(f(2)) : f(2) =
y } = sup {u(y) }= u(y) i.e. f(f *(u)) = u. This is true for any fuzzy set in Yemte

(A Of(Jf Cu))=UJf(f*(u,))=Ju, . Therefore fd) is countably
r=1 r=1 r=1

compact fuzzy set il(Y , s).

Theorem 3.3. Let (X ,t) and(Y , s) be two fuzzy topological spaces and(fX ,t)
- (Y : s) be bijective. If A is countably compact fuzzy set(nff , S), then f (1)
is countably compact fuzzy set (rX , t )

Proof : Let { u, : k [ N} be a countable open cover ¢f*( A ) in (X ,t). Then
{f(u,): kK U N }is a countable open cover of in (Y , s). Since A is countably
compact fuzzy set ir(Y , s), then A has a finite subcover i.e. there existif() U
n
{f(u)}(r =12, ... , ) such thad [ Uf (U )- Again, let u be any fuzzy set
r=1
in X. Since f is bijective, then for anyX X, we have
fHfu) ) () = f(u) (f(x) ) =u (f *(f(x) ) = u(x). Thus f *( f(u) ) = u and this is

true for any fuzzy setin X. Hencé™ (A ) O f*((Jf(u.)) O [JF(f(u))

r=1 r=1

n
U Uukr . Thereforef ™ ( A ) is countably compact fuzzy set(r)( 1 )

r=1

Theorem 3.4. Let (X ,t) be an fts anc( A, tA) be subspace <(fX ,t) and f :
(X ,t) - (A : tA) be continuous and onto. /f is countably compact fuzzy set in
(X t ) then f () is countably compact fuzzy set (rA A )

Proof : Let{ u, : K LI N} be a countable open cover of4 ] in (A ,tA) ie.f(A)O

Uuk . Since f is continuous, theﬁ'l(uk) 0 t and consequently '1(uk) Kk ON}
kON

is a countable open cover of in (X ,t). As A is countably compact fuzzy set in
(X ,t),thenA has a finite subcover i.e. there exist' (u, ) O{ f(u)}(r =1,
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2, ......,n) such that O U f'l(ukr ). Again , let u be any fuzzy set in A. Since f is

onto , then for any YIA, we have f (f (u)) (y) =sup {f *(u) (2): zO f *(y),
f2(y)# ¢}=sup{u(f2)):fz)=y}=sup{u(y)}=u@y)ie f(f*(u))=u.
This is true for any fuzzy set in A. Hencelf] [ f(LnJ f( U, )) = Lan (f™( U ))

r=1 r=1

= Uukr . Therefore f(l ) is countably compact fuzzy set (nA " )
r=1

Theorem 3.5. Let (A ,tA) and (B ,SB) be fuzzy subspaces of fuzzy topological
spaces( X ,t) and (Y , s) respectively. Letd be a countably compact fuzzy set in
(A , tA) and f: (A ,tA) - (B, s;) be relatively fuzzy continuous and onto. Then
f (A) is also countably compact fuzzy set(iB ' Sy )

Proof : Let { v, : K O N } be a countable open cover of A in (B ,SB) ie. f

(A)d ka. Sincev, U s;, then there exists, L s such thav, = u, n B. Hence
kON

f(A) O U( u. N B). Asfis relatively fuzzy continuous, theh™(v,) n AO t,

kON
and hence {f *(v,) n A: k N }is a countable open cover df in (A ,tA) ie.
{f*uy nB)n A:kON}={ f(u)n f*B)n A:kON}={ f
u.) n A: k U N}is acountable open cover of in (A ,tA). As A is countably
compact fuzzy set ir(A Lo ) then A has a finite subcover i.e. there exikt'( U )
nAO{ f*(u)}(r=12....,n)suchthad O [J( f*(uy ) n A).
r=1
Again, let u be any fuzzy set in B. Since f is ontben for any y1B, we have f (f ™ (u)
) =sup{fH() @:z0f™(y), FH(y)# ¢}=sup{u(f@)): f@)=y}=
sup { u(y) } = u(y) i.e. f (f *(u) = u and this is true for any fuzzy set in Beride f
MO Y u) n AN=UFCF (u)nAa)=J(u nf@)=
r=1

r=1 r=1

n n
UCu, n B)={]Jv, . Therefore f @) is countably compact fuzzy set (B.s,).
r=1

r=1
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Theorem 3.6. Let A be a countably compact fuzzy set in a fuzle—space( X, t)
with A, O X ( proper subset ). Letkl A, (A (x) =0), then there exist u [\ t such

thatu(x)=1,A,0 v*(0,1].

Proof : Let y [l A,. Then clearly x# y. As (X ,t) is fuzzy — T, space, then there
existu, , v, [J tsuchthau, (x) =1,u (y)=0andv, (x) =0, v, (y) = 1. Thus we see
that A [ U{ v, 1yl Ay Yie. { v, :yO A, }is a countable open cover of in

(X ,t). But A is countably compact fuzzy set, sb has a finite subcover i.e. there

n
exist v, 0 { v,} (k =1,2 ... , n) such thad O kvak. Now, let v =
=1
v, O v, O...... O v, and u =u, N U, N ... N u, . Hence we see that v and u
1 2 n 1 2 Yn

are open fuzzy sets, as they are the union antk fintersection of open fuzzy sets
respectively i.e. v, I t. FurthermoreA O v*(0,1]and u(x) =1, asl, (x) =1 for

eachk.

Theorem 3.7. Let A and i be disjoint countably compact fuzzy sets in ayuzz T,
space( X ,t)with Ao, My O X (proper subsets ). Then there exist U] vsuch that

A, O u™(0,1]and u, O v*(0, 1].

Proof: Lety U A,. Then yO u,, asA and u are disjoint. Sinceu is countably
compact fuzzy set iI6 X, t ) then by previous theorem 3.6, there exist, v, [1 t such
that u,(y) = 1 and y, U v;l( 0,1] Asu,(y) =1, then{u, 1yl A, }isa
countable open cover ot . But A is countably compact fuzzy set (nX ,t ) then A
has a finite subcover i.e. there exigt [ { U} ( k=12 .... , n) such thad O

n n
Ju,, . Furthermore,y O(v, , asu O v, for eachk. Now, let u =u, LI
k=1 k=1

u, O ... O u, and VIV, NV, N nv, . Hence we see that, [ u‘l(O 1

]and u, U v*(0, 1] Thus u and v are open fuzzy sets, ag &éine the union and
finite intersection of open fuzzy sets respectivedyu, v[ t.

Remark : If A(x) # 0 forallxO Xi.e. A, =X, then the above two theorems 3.6 and
3.7 are not at all true.
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Theorem 3.8. Let A be a countably compact fuzzy set in a fuzzy Hadfdpace
(X ,t) (in the sense of Definition 2.17 ) with, [] X ( proper subset ). Let(XA,

(A(x) =0), then there exist u ,[v t such that u(x) =1 A, U v*'(0,1landunv=
0.

Proof : Lety 1A, . Then clearly x# vy . Since( X, t) is fuzzy Hausdorff , then there
existu, , v, U t such thatu (x) =1,v, (y) =1andu, n v, =0. Thus we see that
AO00{ v, ylUA, Yie {v,:y A, }is a countable open cover ofl. As A is

countably compact fuzzy set i@X ,t) , then A has a finite subcover i.e. there exist

n
v, D{v,}(r =12 ... ,n)suchthat O( Jv, . Now, letv=v, Ov, O ...
r=1
Ov, and u =u, nou, N n u, . Hencev and u are open fuzzy sets, as they

are the union and finite intersection of open fuzeys respectively i.e. v, U t .
Furthermore A, U vi(0,1]andu(x)=1, sincayr (x) = 1 for eachr .

Finally, we have to show that n v = 0. First, we observe that,, n v, =0 implies
that u n v, = 0, by distributive law , we see thatmv =u n (v, Uv, L ...
Uv,)=0.

Theorem 3.9. Let A and u be disjoint countably compact fuzzy sets in a juzz
Hausdorff space(X ,t) (in the sense of Definition 2.17 ) with, , 1, U X ( proper

subsets ) . Then there exist u [ vt such thatd, 0 u™(0,1], 4, O v*(0, 1] and
unv=0.

Proof: Lety A, . Then yO u, , asA and p are disjoint . Asy is countably
compact fuzzy set il’( X, t) , then by theorem 3.8, there exis , v, U t such that
u,()=1, 4, 0 v;'(0,1]andu, n v, =0. Sinceu,(y) =1, then{u, :y Ll A,

} is a countable open cover ol . As A is countably compact fuzzy set (rD( , t) ,
then A has a finite subcover i.e. there exigf U{u}(r =12 ..... , N ') such that

n n

AU Ju,, . Furthermore y U (v, ,asu Lv, foreachr.Now, letu=u, [
r=1 r=1

u, U ... Ou, andv=v, nv, n ... n v, . Thus we see that, 0 u™(0,

1] and y, U v (0, 1] . Hence u and v are open fuzzy sets he are the union and

finite intersection of open fuzzy sets respectivedyu , vLI t.
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Finally, we have to show thatm v = 0. First, we observe thaalp/r nv, = 0 implies that

u, nv =0, by distributive law, we see thatuv = (u, U u, 0 ... Ou, ) nv
=0.

Remark : If A(x) # 0 forall xJ Xi.e. A, =X, then the above two theorems 3.8 and

3.9 are not at all true.
The following example will show that the countablympact fuzzy set in a fuzzy

Hausdorff spacé X, t) (in the sense of Definition 2.17 ) need not lused.

Example3.10. Let X={a,b}and 1=[0, 1] Leu,, u, U | * defined byu(a)=1,
u(b) =0, andu,(a) = 0 ,u,(b) = 1. Take t = { O, 1,u, , U, }, then we see that
(X ,t) is fuzzy Hausdorff space. Let [ 1* defined by A (a) = 0.4, 1 (b) = 0.6.
Hence by definition of countably compact fuzzy seg observe thatd is countably
compact fuzzy set ilﬁ X ,t). But A is not closed, as its complemedlt is not open in

(X ,t).
Theorem 3.11. Let A be a countably compact fuzzy set in a fuzzy Hardfdpace
(X ,t) (in the sense of Definition 2.18 ) with, [I X ( proper subset ) . LetXA,

(A(x)=0), then there exist u ¥ t such that u(x) =1 A, 0 v™*(0, 1] and ul 1 —
V.

Proof: Lety [l A,. Then clearly x# y . As ( X, t) is fuzzy Hausdorff, then there exist
u, , v, Utsuchthatw, (x) =1,v,(y) =1andu, U1 -V, . Thus we see that [J O {
v,:yOA, }ie. { v,:y A, }is a countable open cover ofl . Since A is countably

compact fuzzy set ir( X, t ) then A has a finite suvcover, i.e. there exi@E Ofv,}

n

(k=1,2,...... , n) such that [J vak .Now, letv=v, Ov, O ... Ov, andu
k=1

=u, n u, n ... n u, . Thus v and u are open fuzzy sets , as they arertton

and finite intersection of open fuzzy sets respetyii.e. v, ulJ t. Furthermore A, U
vV*(0,1]andu(x) =1, a8, (x) =1 for eachk.

Lastly, we have to show thatii 1 —v . First, we observe that, [J 1 -v,
implies that ull 1 -v, . Sinceu, (x) < 1-v, (x) for all x[J X and for eachk, thenu
[0 1 —v.Ifnot, then there existlx X , such thatu, (x) <1 -v, (x) . We haveu, (x)
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< u, (x) for eactk. Then for somek , u, (x) < 1 -v, (x) . But this is a

contradiction , asi, (x) < 1-v, (x) for eachk .Hence ul 1-v.

Theorem 3.12. Let A and u be disjoint countably compact fuzzy sets in a yuzz
Hausdorff spaceéx ,t) (in the sense of Definition 2.18 ) with, , , U X ( proper
subsets ) . Then there exist u [ v such thatd, [] u™(0,1], ¢, O v*(0, 1] and
ulll-v.

Proof: Lety [JA,. Then y[ u,, as A and u are disjoint. Sincey is countably
compact fuzzy set ilﬁ X ,t), then by previous theorem (3.11) , there ewist, v, [J t
such thatu (y) =1, 4, U v;l( 0,1]andu, 001 —-v,.Asu,(y) =1, then{u, :y
JA, } is a countable open cover of. Since A is countably compact fuzzy set in
(X ,t ) then A has a finite suvcover i.e. there exigt L{u,} ( k =1, 2, ... ,n)

n n
such that1 [ Uuyk . Furthermore O ﬂVyk ,aspu v, foreachk. Now, let u
k=1

r=1
— — -1
=u, Ou, O ... Ou, andv=v, nv, n ... nv, . Henced, U u—(0, 1]

and i, U v(0,1]. Thus u and v are open fuzzy sets , @g dne the union and finite

intersection of open fuzzy sets respectively i.evll t .
Finally, we have to show hatll 1 —v . First we observe tha;k 01- vy, for

eachk implies thatu, [11- v for eactk and itis clear that i 1 —v.

Remark : If A(x) # O forallxO Xi.e. A, = X, then the above two theorems 3.11 and

3.12 are not at all true.
The following example will show that the countabtympact fuzzy set in a fuzzy

Hausdorff space{ X ,t) (in the sense of Definition 2.18 ) need not losed.
Example 3.10 will surve the purpose.

Theorem 3.13. Let A be a countably compact fuzzy set in a fuzzy regslzace
(X ,t) with A, O X ( proper subset ). If for eachX A, there exist UJt® with

u(x) =0, we have v, Wl tsuch that v(x) = 1, i w, A, U vi(0,1]and v 1—-w.

Proof: Let (X ,t) be a fuzzy regular space aridbe a countbly compact fuzzy set in
X. Then for each X1 A, there exists @ t® with u(x) = 0. As( X, t) is fuzzy regular,
we havev,, w, [J t such thatv, (x) =1,u, LI w, andv, Ll 1 —-w,. Thus we see that
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AU U{ v, :xUO A, }ie. { v, : xO A, }is a countable open cover df. Since A
is countably compact fuzzy set in X, thdnhas a finite subcover, i.e. there exst LI

n
VI(r=12 ... ,n)suchthal O [ Jv, . Now, letv=v, Ov, O ... Ov
r=1

and w=w, n W n ... n W, . Hence we see that v and w are open fuzzy sets, as
they are the union and finite intersection of ofigrry sets respectively i.e. v, W t.
Furthermore A, [ vi(0,1],v(x)=1and W w, as ull w, for eachr .

Lastly, we have to show thatM 1 — w. First, we observe thai[Kr 01- W,

for eachr implies thatv, U 1 —w for eactr and hence it is clear thatly 1 —w.

Theorem 3.14. Let (X , T ) be a topological space afiK , (T )) be an fts. Letd
be a countably compact fuzzy set G@( ,w(T )). Then A*( 0, 1] is countably
compact in( X, T ) The converse is not true.

Proof : Supposed be countably compact fuzzy setﬁr)( ,w(T )). Let{V, : kK U
N } be a countable open cover df*(0,1]in(X ,T)ie. A*(0,1]0 Ve - As

kON
1, islsc, therl, O a(T)and{l, :1, U a(T)}isa countable open cover of
Ain (X ,w(T)). Since is countably compact fuzzy set (X , @ (T )), then
A has afinite subcover i.e. there exigt U { 1, }(r =1,2, ...... , ) such that [

n n
Ji, - Now, we can writeA™(0, 110 | J1, and thereforel™ (0, 1] is countably
T r:l T

r=1
compact in( X, T )

Conversely, let X ={a, b,c}and T = { {a}, {bH{a, b}, ¢ , X }, then (X ,T) is a
topological space. Let, , U, , Uy, U [ * with y(@=0.4,u()=0,u(c)=0;u,(a)
=0,u,(b) =0.7 ,u,(c) = 0 andu,(a) = 0.4 ,u,(b) = 0.7 ,u,(c) = 0. Thena (T ) =
{u,u,u ,0,1} and(X ,w(T )) is an fts. Again, let G = { a, b }. Then clearly
G is countably compact ir(X ,T). 1, is not countably compact fuzzy set in
(X ,w(T)) as there do not exist, [1{ «(T)}(k =1, 2, 3) such that, O

3
Uu,-
k=1
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