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1. Introduction
The fixed point theory is an important area of tioear functional analysis. The study of
common fixed point of mappings satisfying contraettype conditions has been a very
active field of research during the last three desaln 1986, Jungck [1] introduced the
notion of compatible mappings, which is more geh¢éhan commuting and weakly
commuting mappings introduced by Sessa [12]. In31RAfhgck et al. [2] gave a
generalization of compatible mappings called coibfmmappings of type (A) which is
equivalent to the concept of compatible mappingdearsome conditions. In 1995,
Pathak and Khan [3] introduced the concept of cdibleamappings of type (B) with
some examples to show that compatible mappinggpef (B) need not be compatible of
type (A). In 1998, Pathak et al. [4] introduced #ueo extension of compatible mappings
of type (A) called compatible mappings of type (C).

In 1999, Pant [11] introduced the concept of nemplly continuous mappings
and obtained common fixed point theorem.The purpmisthis paper is to establish a
common fixed point theorem involving compatible aadiprocally continuous mappings
in a complete metric space with example.
We start with the following.
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Definition 1.1. [1] The mappings A and S of a metric space (X, d) aid ® be

compatible iff lim d(ASx,, SAx,) = 0 whenever {}} is a sequence in X such thhi Ax,
n-oo n—-oo

= lim Sx, = t for some €& X.

n—oo

Definition 1.2. [2] The mappings A and S of a metric space (X, d) aid ® be

compatible of type (A) if lim d(ASx,, SSx) = 0 andlim d(SAx,, AAX,) = 0 whenever
n—-oo n—oo

{Xn} is a sequence in X such thAtm Ax,, = lim Sx,= t for some & X.

n—oo n—oo

Definition 1.3. [3] The mappings A and S of a metric space (X, d) aid ® be
compatible of type (B) if lim d(ASx,, SSx,)s% (lim d(ASx,,At) + lim d(At,AAX,)), and
n—oo n—oo n—oo

Tllingo d(SAX%, AAX,) < %( rllingo d(SAX, St) +rllino1O d(St, SS¥)),whenever{x} is a sequence
in X such thatlim Ax, = lim Sx,= t for some €& X.

n—-oo n—co

Definition 1.4. [4] The mappings A and S of a metric space (X, dsai@to be
compatible of type (C), if

lim d(ASx., SSx) < é[ lim d(ASx,,At) + lim d(At,AAX,)+lim d(At,SSx)],
n—-oo n—-oo n—-oo n—-oo
andlim d(SAx, AAX,) S%[ lim d(SAXx,, St)+ lim d(St, SSY)
n—oo n—oo n—o0o
+lim d(St,AAx,)],whenever{x} is a sequence in X such thhn Ax,, = lim Sx,= t for
n—-oo

n—oo n—oo

some te X.

Definition 1.5. [11] The maps A and S of a metric space (X, d) aré ®abereciprocally
continuous if lim,,_,., ASx,=A(t) andlim,,_,., SAx,, = S(t), whenever {} is a sequence
in X such thatim,,_,,, Ax,, =t andlim,,_,,, Sx,, = t, for some EX.

It is noted that compatible, compatible of type,(&pmpatible of type (B) and
compatible of type (C) are all equivalent if A aBdire assumed to be continuous. Also,
the reciprocally continuous mappings need not Ingirwaous [10].

We need following proposition and lemma to estabdiar main result.

Proposition 1.6. If A and S are compatible and reciprocal continumeppings on a
metric space (X, d).Then, wehave
() A() = S(t) where {x} is a sequence in X such thah Ax, = lim Sx,= t for

n—-oo n—-oo
some te X

(i) If these exist @ X such that Au = Su =t, then ASu = SAu.
Proof: (i) By definition of compatible mappings, we have
lim,, 00 SAX, =1im,_ ASX,.
Also, by definition of reciprocal continuous, we vieim,_. ASx,= A(t) and
lim,,_, o, SAx, =S(t).So0, we getA(t) = S(t).

(i) Suppose Au = Su =t for some K. Then we have ASu = At and SAu = St.
But, from (i), we get At = St. So, we have ASu =l5A
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Lemmal.7. [5] Let A,B,S and T be self-mapping of metric sped) such that

AX C TX,BXC SX. Also, assume further that giverr 0, there exist6> 0 such that for
all x, y in X, we have e<M(x, y) <e + § = d(Ax, By)< g,and

d(Ax, By) < M(x, y) whenever M(X, y)>Owhere M(x,\39 max{d(Sx, Ty), d(Ax, Sx),
d(By, Ty), [d(Sx, By) + d(Ax, Ty)]/2}.

Then, for eachg€ X, the sequence {§in X defined by the rule

Yon = AXon = TXon+1Yon+1= BXon+1 = S¥n+2iS @ Cauchy sequence.

2. Main Result
Theorem 2.1. Let (A, S) and (B, T) be compatible and reciprocalbntinuous pairs of
self-mappings in a complete metric space (X,d) ¢hah

(@) AX C TX and BXC SX,

(i) Givene> 0, there exist§ > 0 such thafor all x, y € X, we have ¢ < M(x, y)
<e + § = d(Ax, By) <g, and d(Ax, By) < M(x, y)where M(%, y) = max
{d(Sx, Ty), d(Ax, Sx), d(By, Ty), [d(Sx, By)+d(AXTY)])/2}, and

(i) d(Ax, By) < max{k[d(Sx, Ty)+ d(Ax, Sx)+ d(By, Ty)],
ko[d(Sx, By)+d(Ax, Ty)]/2} for 0< kq k.< 1.
Then, the mappings A,B,S and T have unique comtixed point.

Proof: Let % be any point in X. Define sequencegiand {y,} in X given by the rule

Yon = AXen = TXon+t; Yane1 = BXone1 = S¥onsz (2.1)
This can be down from (i).Then, by lemma (1.7),H{is a Cauchy Sequence.

Also, since X is complete, so there exists a ppimt X such that y— z.Now, from (1),

we getyn=AXzn = TXon+12Z, Y1 = BXons1 = Sknez—2Z. (2.2)
Since (A, S) is compatible andreciprocal continyaising the proposition (1.6), we have
Az = Sz. (2.3)

We claim that Az = z. If Azz, then, from (iii), we get d(Az,Bx.)
<max{ki[d(Sz,Txn+1)+d(Az,Sz)+d(BX%n+1, TXon+1)], Ko[d(Sz, BX%n+)+d(AZ, Txon+1)]/2}.
Letting n—oo, we get d(Az, z) < d(Az, z) , a contradiction. Henee get Az = z.
Therefore, we have Az = Sz = z.

Hence z be the common fixed point of A and S. Atdloce AXCTX there exists
a point w in X such that Az = Tw. We claim that BwWw. If Bw=Tw from (iii), we get
d(Tw, Bw) =d (Az, Bw) < max{d(Sz,Tw)+d(Az, Sz)+d(Bw, Tw)],
ko[d(Sz, Bw)+d(Az,Tw)]/2which implies d(Az, Bw) < d(Az,Bw), a contradiction. So,
we get Tw = Bw.

Hence, Az =Sz =Tw=Bw =2z. (2.4)
Now, using the proposition (1.6), we get BTw = TBw. (2.5)
Moreover, we get

BBw = BTw and TTw = TBw. Hence, BBw = BTw = TTw =Biv. (2.6)

Again, we claim BBw = Bw. If BBw: Bw. Then, from (ii), we get

d(Bw,BBw) = (Az, BBw) < max{d(Sz, TBw), d(Az, Sz)l(BBw, TBw),

[d(Sz, BBwW)+(Az, TBw)]/2}= max {d(Az, BBw),0,0,d(AzBBw)},

which implies d(Az, BBw) < d(Az, BBw). This is a ieradiction. Hence, we have Bw =
BBw. Now, from relation (2.6), we get BBw = TBw =B So, we have Bw = Az = z.
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Moreover, BBw = TBw implies that Bz = Tz = z whiehthe common fixed point of B
and T.

Hence z is the common fixed point of A, B, Sand T.
For uniqueness of the common fixed point,letziis another fixed point. Then, we get
Au = Su = Bu = Tu. Finally, using relation (iii),enget
d(Az, Bu) < max{k[d(Sz, Tu)+ d(Az, Sz)+ d(Bu, Tu)].kl(Sz, Bu)+d(Az, Tu)]/2}.
This implies d(Az, Bu) < d(Az, Bu) which is a coatiiction. Hence, thecommon fixed
point of A, B, S and T is unique.
This establishes the theorem.

Example 2.2. Let X =[2,10] and d the Euclidean metric on Xefibe A, B, Sand T :
X— X as follows
Ax = 2 for all x,
Bx=2ifx<4and 5, Bx=3+xif&x<5,
Sx = xif x<8, Sx=8ifx>8, and
Tx=2ifx<4o0r>5 Tx=5+xif4&<x<5.

Then A, B, S and T satisfy all the conditions of #ibove theorem and have a
unique common fixed point x = 2.

If we take A = B and S = T. Then, the Theorem Ztluces to following
corollary.

Corollary 2.3. Let (A, S) be a reciprocal continuous and compatg#!f-mappings of a
complete metric space(X, d) such that

0] AX C SX,
(i) Givene>0, there exists > 0 such thafor allx, y € X, we have € < M(x,y)
<e + 8 = d(Ax, Ay) <e with d(Ax, Ay) < M(x, y)where M(%, y) = max
{d(Sx, Sy), d(AX, Sx), d(ay, Sy), [d(Sx, Ay)+d(Asy)]/2}, and
(i) d(Ax, Ay) < max{k[d(Sx, Sy)+ d(Ax, Sx)+ d(Ay, Sy)],
Ko[d(Sx,Ay)+d(AX, y)]/2} for 0 < ky, ko< 1.
Then, A and S have a unique common fixed point.

Remarks. The main theorem remains true for compatible oét{fv), compatible of type
(B) and compatible of type (C) in place of complatith A, S, B and T are assumed to be
continuous. Our result improves the result of dhal. [6, 7], Pant and Jha [8, 9], Pant
[11] and other similar results in literature.
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