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Abstract. A broom graphB, 4 is a specific kind of graph amvertices, having a pa

with d vertices andh-d pendant vertices, all of these being adjacenttteethe origiru

or the terminuw of the pathP. Here we consider the eccentric graptBf§ and obtain
its structure, besides deriving its eccentric catimity index and domination number.
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1. Introduction
There are many special classes of graphs withmwaryy interesting properties. One such
specific kind of graphs is the class of broom geafdee for example [4, 6, 8, 9]) which
are in fact one of the types of chemical treesQ#.the other hand, based on the distance
kind of property, the notion of an eccentric grayfla given graph has been considered
and its properties have been investigated [1]. dduentric graphs are indeed underlying
graphs of eccentric digraphs which have also beelivimvestigated [3, 5]. Here we
consider the eccentric graph of a broom graph &taimits structure. Also, we compute
the eccentric connectivity index and the dominatimmber of the eccentric graph of a
broom graph.

We consider graphs which are only undirected. Foexplained notions and
notations, we refer to [1, 4, 13]. A pdhn a graphG is a sequence of verticagu,, ...,
U, such thaty, is adjacent tai,, for alli, 1<i<n-1. The distancel(u,v) between two

verticesu andv in a graphG is the length of the shortest path betweeandv. The
eccentricity e(u) of a vertexu in G, with vertex setV(G), is defined ase(u) =

max d(u,Vv). A vertexv is an eccentric vertex of a vertexf d(u,v)= e(u) The set of
vOV (G)

all eccentric vertices afl is denoted byE(u). A vertexv is an eccentric vertex of the
graphGif vis an eccentric vertex of some vertexzfThe set of all eccentric vertices of
G is denoted b¥P(G). The eccentric connectivity index [6, 8, 9] of apinG is defined
as & (G) = Zdeg@) g(v) - The diameter oG is defined by diam(G)=max e(u). A

VOV (G) ugv(G)
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vertexu is a peripheral vertex @ if e(u) = diam(G) The set of all peripheral vertices is
denoted byP(G). A subseS [ V(G)is said to be a dominating set@f if every vertexu
LV(G) —S has at least one neighbor3nThe domination numbexG) of a graph G is
the cardinality of a minimal dominating set®f A complete grapl, onn vertices has
an edge between every pair of distinct verticee ¢bmplement of a grap@ has the
same vertex set & and two verticesi andv are adjacent i if and only if they are
non-adjacent its. A graphG is called &-partite graph if it is partitioned intlodistinct
sets and no edge has both ends in the same partitio

The union of the graphs; = (V1, E1) andG,= (V,, E) is the graphG, 0 G, =
(V10O V,, E; O Ey) and the sunG;+ G, is the graphs; O G, with each vertex o6,
joined to every vertex oB,. For three or more grapl, G,, ..., G, , the sequential
join Gy + G, +G3+...+G,, is the graph G+ G, ) O (G, +G3) O ( Gs+Gy) O ... O
(Gh.1+G,). The sequential join of ¥+ K, + K3 is shown in Fig. 1.

e b

3 1y Uy
Figure 1. KatK+K5

The broom graph [8, 9B, consists of a patP with d vertices, together with
(n-d) pendant vertices all adjacent to the same ertdwefP. The eccentric grapB. [1]
of a graphG is defined as a graph having the same set ofcesriss with two verticequ
andv adjacent inG if and only if eitheru is an eccentric vertex efor v is an eccentric
vertex ofu. A broom graptBgs and its eccentric graph are respectively showrign2
and Fig. 3.
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Figure 2: Broom graptBy 5
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Another broom grapBss and its eccentric graph are shown in Fig.4 agd i
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Figure 3: Eccentric graph dBy s
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Figure 4: Broom graptBg s
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Figure 5: Eccentric graph dBys
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2. Eccentric Graph of a Broom graph

In this section, we derive in Theorem 2.1, thecttme of the eccentric graph of a broom
graph. We also obtain the domination numbers lmfoeam graph and its eccentric graph
in Theorems 2.2 and 2.3. The eccentric connegtimilex of a broom graph is known
[9]. Here we obtain this in Theorem 2.5, for theesttric graph of a broom graph.

Theorem 2.1. Given the broom grapB8 = B, 4, the eccentric grapB. is

(i) K(%} PR K K(%) , whend is odd

(i) a 3-partite graph., wheahis even.

Proof. Let G =B, 4= (V,E) be a broom graph. L&G)={ uy, W, Us,..., W, Vi, Vo, V3, ...,
Vh.gt Such that uuy Us... Wy is a path ord vertices ands, Vs, Va,..., g are pendant
vertices that are adjacentup. Then P(G) = EP(G)= {uyVi, V2, Vs, ...,Vng}. In oOrder to
prove () , letd be odd. Then

EU) ={Vy, Vo, V5,..., g}, for 1< i < d+1
E(ui) ={ u}=E(v) fori> d*1 and 1< j<n-d. This implies that the
eccentric grapl, has the same vertex set@snd inGe , every vertexu;, i > d+1 is

adjacent tay, the vertexy, is adjacent to al’s, 1 = | < n-d | that are adjacent 19’s,
1<i< d+1 ThereforeG, is of the form
2

Kga #Ki+ Kpg + Ky
2 2

In order to proveil) , letd be even. TherE(u;) = { Vi, W, Vs,..., g}, fOr 1< <%+1
E(u;) = { u} = E(vw) for i>%+1 and 1= jsn-d

and E(u(d,2+1)) = { Uy, v, Vo, Vs,..., ugh. This implies that the eccentric gradh has
the same vertex set @ and every verten; 1<ij <% +1, is adjacent to al’s ,

- . . u .
1< jsn-d everyverten, j> d,1is adjacent ta, and the verte [%uj is
2

adjacent ta;, and allv's ,1< j = n-d |nother words, the vertex set of. i&

partitioned intosset%u )} {ul,uz,ug ----- “[d]} and

{“[dﬂ)' u[i+3) """ Uag Vi Voo V(n-d)} such that no edge i, has both ends

2
in the same partition. Therefoi®, is a 3-partite graph.
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9+1 % 4 is odd

Theorem2.2. y(B, ) =
—,if d is even

Proof. Let G =B, 4= (V,E) be a broom graph witi(G) is as in proof of Theorem 2.1t.

is clear that whed is respectively odd and even, the sets {s, W, ..., 4} and {Up, U,

Us, ..., 4 } are minimal dominating sets @. Thus we have the domination number as
given in the statement of the theorem.

Theorem 2.3. If G =B, 4is a broom graph, the y(G,)= 2

Proof. Let G =B, 4= (V,E) be a broom graph witti(G) is as in proof of Theorem 2.1.
Now the eccentric grapB, has the structure as given in Theorem 2.1. Sohehéts
odd or even, the set consisting upand any one of’s is a minimal dominating set.

Thereforiy(G, )= 2.

Theorem 2.4. [9] The eccentric connectivity index of a broom gr&ph is

2
2dn—n—[d7j—d +1, whend is even
§°(Bg)= 1
E(3—2o| —d?-2n +4dn), whend is odd

Theorem 2.4. If G is a broom grapB, 4 then

End—gdz +§n+d—§, whendis odd

c =12
5(69)_ 5

“nd +3n—9—§d2 -1whend is even
2 2 2

Proof. Let G =B, 4= (V,E) be a broom graph witti(G) is as in proof of Theorem 2.1.
If dis odd, then by Theorem 2.1, the eccentric grapis G

K d-l HK K K(%) and every vertex in the set

{ ;5J ¢ } is adjacent toevery vertex in the set

{ [dglj} is adjacentto aliy’s, 1 = j < n—d and allys,

1< j=sn-d areadjacentto,. Thisimplies that II’Ge,e(Lh) e(y) =2,

1< j<n-d ande(y)=3,2<isd, <i<d, deg(u
._d+1

=n-d, 2<i=< 3 ,deg(q):n—i(dz)anddeg(\()— 11<J<n—0|.
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This implies that to the eccentric connectivitgen ofG. , the vertexu; contribute2n-

. d+1 . .
d+1), each vertexs, 2 < i < contributes3(n-d), each vertexi, djy <d,
2 2

contributes 3 and each vertex 1< jsn-d contributesi+1. On summing up, we
obtain

£(G,) = 2n—(d +1) +39 _1)§”_d)+3(d2_1) +(n—-d)(d +1)

Ond-2g2+3n4g-2
2 2 2 2

If dis even, then by Theorem 2.1, the eccentricty@&ps a 3-partite graph with

partitions{u(gq]},{”1'”2'”3 """ “(g]} and

u d u d reallg sV Vo e V(nq) ¢ SUCH thatu(%u) is adjacent ta, as well as all
ety

2 2

. . d . .
Vv/'s, 1< j<n-dandeachvertes,1<i < > is adjacent to all;’s,

1< j=sn-d andeach vertey, §+ 2 <i<d,isadjacent toy. This implies that

in Ge, e(w) =e(y) = e[“[gﬂj] =2, 1< j s n-d ande(u) =3,

=230, 5. 5+ 2,0 d . Also,deg(y) :1,%+2si <d, deg)=n-d, 2<is 3
d d )
deg u =n-d+1,degw)= N ~ - anddeg(y) =5 *+1,1< j=<n-d,
(5
2

. d
Hence the vertey; contribute2n-d, each vertexs, 2 < i < o contributes3n-3d,
d . . u .
each vertexi, E+ 2 <i<d | contributes 3, the verte (%uj contribute2n -2d +2

. d
and each vertex ,1 < ] < n- d | contributes 2(5 +1] to the eccentric connectivity
index of Ge. On summing up, we obtain
¢°(Ge) =2n-d+ 3(‘2’— )(n—d)+ 2(n-d+1)+ 3(‘2’ —1j+ 2(n—d)[c2’+1)

=§nd +3n—9—§d2—l
2 2 2
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3. Conclusion

Eccentric graphs of other special kinds of graphshsas intersection graphs [10],
trapezoid graphs [2] and so on can be investigdteull also be of interest to examine
the role of eccentric graphs of the type considdrece in graph based probabilistic
models such as Bayesian networks that have widécappns in biometrics, medical

image analysis and so on, as for example, the Bayewtwork based frame work to
recognize complex faces proposed in [12].
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