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1. Introduction 
Many researchers have studied different aspects of semiring. The notion of semiring was 
first introduced by Vandiver in 1934. Vandiver introduced an algebraic system, which 
consists of non empty set S with two binary operations addition (+) and multiplication (.). 
The system (S; +, .) satisfies both distributive laws but does not satisfy cancellation law 
of addition. The system he constructed was ring like but not exactly ring. Vandiver called 
this system a ‘Semiring’.  Luce [10] characterized the invertible matrices over a Boolean 
algebra of at least two elements. Rutherford [2] has introduced that a square matrix over a 
Boolean algebra of 2 elements is invertible.  Additively inverse semirings are studied by 
Karvellas [9]. Kaplansky [4], Petrich [6], Goodearl [4], Reutenauer [1], Fang [5] have 
studied semiring. 
 
2. Preliminaries 
In this section, we present some definitions and examples of algebraic structures of 
semigroup and semiring. We support these definitions by some examples. In some cases 
works are done by MATLAB function scripts. MATLAB function scripts are not 
presented in this paper but input and outputs from the computer are given. 
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Definition 2.1. Let S be non empty set with  binary operation *. Then the algebraic 
structure  (S; *) is called a semigroup iff ;,, Scba ∈∀  cbacba *)*()*(* = . 
                
Definition 2.2. Let S be non empty set with two binary operations +  and .  . Then the 
algebraic structure (S;  +, .) is called a semiring iff   Scba ∈∀ ,, ; 

  (i)       (S; +) is a semigroup 
  (ii)      (S;  .) is a semigroup 

                            (iii)      a. (b+c) = a.b + a.c and  (b+c).a = b.a + c.a. 
Example 2.2(a). (B = {0,1}, +, .) is a  semiring, where + and . are defined by 
 
 
 
 
 
Example 2.2(b).   (I =[0,1]; +, .) is a semiring, where order in [0,1] is usual  ≤  and  
+  and . are defined as follows: 

a + b = max{a,b}, a.b = min{a,b}; ., Iba ∈∀  
 

Example 2.2(c).  (A class of finite semirings) 
 
For integers inmnin −=<≤≥ let,0and2  and  }1.....,,2,1,0{ −= nNn   

On nN , define 





≥+
−≤++

=+
+ nyxifl

nyxifyx
yx in

1
,  

and 





≥

−≤
=

nxyifl

nxyifxy
yx in *,

1
*  

where   1−≤≤ + nli and +≡+ lyx m  

            1* −≤≤ nli and *lxy m≡  

inin ,, *and+    are well defined binary operations on nN , In fact if 2≥n and 

),,(,,0 nNkinnkni ∈≥≤≤ , then by division algorithm, there exists unique r  such 

that inr −<≤0  and ,)( rjinik +−=−  so that niri <+≤  and .)( irjink ++−=   

which implies , taking irl += , nli <≤ and  .lk in−≡  Note that 

iinikl +−−= ),mod( . 
        As addition and multiplication of integers are associative and commutative, so 

)*,,( ,, ininnN + is a commutative semiring with zero (0) and identity (1). 

We denote this semiring by .,inN  

Two examples: 

+ 0 1 

0 0 1 
1 1 1 

. 0 1 
0 0 0 
1 0 1 
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(i) nn ZN =0, with usual residue addition and multiplication is a semiring. 

(ii) BN =1,2 is a semiring. It is also called Boolean semiring. 

 
Example 2.2(d).   L = {0,1, 2, 3, 4, 5, 6, 7, 8, 9} is a commutative semiring with zero, 
where  addition and multiplication are defined as 2.2(c). Here n = 10, i = 7. 
 
The MATLAB function scripts are not shown. Outputs are presented below. 
 
>> A = [0 1 2 3 4 5 6 7 8 9] 
 
A = 
     0    1    2    3    4    5    6    7    8    9 
 
>> ClassSemiring(A) 
ans = 

10,7+    0    1    2    3    4    5    6    7    8    9 

 
0       0    1    2    3    4    5    6    7    8    9 
1       1    2    3    4    5    6    7    8    9    7 
2       2    3    4    5    6    7    8    9    7    8 
3       3    4    5    6    7    8    9    7    8    9 
4       4    5    6    7    8    9    7    8    9    7 
5       5    6    7    8    9    7    8    9    7    8 
6       6    7    8    9    7    8    9    7    8    9 
7       7    8    9    7    8    9    7    8    9    7 
8       8    9    7    8    9    7    8    9    7    8 
9       9    7    8    9    7    8    9    7    8    9 
 
>> A=[0 1 2 3 4 5 6 7 8 9] 
A = 
     0    1    2    3    4    5    6    7    8    9 
>> ClassSemiringMult(A) 
ans = 

10,7*       0    1    2    3    4    5    6    7    8    9 

 
0     0    0    0    0    0    0    0    0    0    0 
1     0    1    2    3    4    5    6    7    8    9 
2     0    2    4    6    8    7    9    8    7    9 
3     0    3    6    9    9    9    9    9    9    9 
4     0    4    8    9    7    8    9    7    8    9 
5     0    5    7    9    8    7    9    8    7    9 
6     0    6    9    9    9    9    9    9    9    9 
7     0    7    8    9    7    8    9    7    8    9 
8     0    8    7    9    8    7    9    8    7    9 
9     0    9    9    9    9    9    9    9    9    9 
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Definition 2.3. Let  (S; +, .) be  a semiring. Then S is called   
     (i)  additively commutative iff  .,, xyyxSyx +=+∈∀  

(ii)  multiplicatively commutative iff  ...,, xyyxSyx =∈∀  
(S;  +, .) is called a commutative semiring iff   both (i) and (ii) hold. 

Example 2.3(a). }0:{0 ≥∈=+ xRxR , }0:{0 ≥∈=+ xZxZ , }0:{0 ≥∈=+ xQxQ are 

commutative semirings with zero which are not rings. 
 
Definition 2.4. Let  (S;  +, .) be  a semiring. Then an element  S∈0  is called zero of  S 
iff ;x S∀ ∈   

                 xxxxx .000.and00 ==+==+ . 
 
Definition 2.5. Let  (S;  +, .) be  a semiring. Then an element  S∈1  is called identity of 
S iff ;x S∀ ∈  

xxx .11. == . 
 
Proposition 2.6. Let  (S;  +, .) be  a semiring. Then both a zero and an identity element of 
S (if exist) are unique. 
Proof : Trivial. 
 
Definition 2.7. Let  (S;  +, .) be  a commutative semiring with zero. It is called Boolean 
semiring iff ;x S∀ ∈  

.. xxx =  
Example 2.7(a).  
(i) (B = {0,1}; +, .)  is a  Boolean semiring; where “  + ” and “ .  “ are defined  in 2.2(a) 
 (ii) (I =[0,1]; +, .) is a Boolean semiring; where order in [0,1] is usual  ≤  and “ + ”  and  
“ . “ are defined as follows: 
                              a + b = max{a,b}, a.b = min{a,b}. 
(iii)     Let φ≠X and  P (X) is power set of  X. +  and . are defined by BABA ∪=+  

and A.B ).(,; XPBABA ∈∀∩=  Then (P (X); +, .) is a Boolean semiring, where φ  
and X are zero and identity of  P (X). 
 
Definition 2.8. Let  (S;  +, .) be  a semiring. Then an element Sx ∈  is called additively 
invertible in S iff   ,Sx ∈∀ Sy ∈∃!  such that 

.0 xyyx +==+  

Definition 2.9. Let  (S; +, .) be  a semiring with identity. Then an element Sx ∈  is called 
multiplicatively invertible in S iff ,Sx ∈∀ Sy ∈∃!  such that 

    ..1. xyyx ==  
Definition 2.10. Let  (S; +,.) be a semiring. Then S is called regular semiring  iff 

,Sx∈∀ Sy ∈∃  such that xxyx =  
 
Definition 2.11. Suppose (S; +, .) is semiring . Then S is called additively inverse if  
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(S; +) is an inverse semigroup i.e. for each SxSx ∈∃∈ '!,  such that xxxx ++= '  and 

''' xxxx ++= . 
 
Proposition 2.12. (B = {0,1};  +, .)  is a  regular semiring. 

Proof : We have   B = {0,1}. By using . table 
 
 
 
 
Let us construct a table: 
 

x y x. y. x 
0 0 0.0.0 = 0 
0 1 0.1.0 = 0 
1 0 1.0.1 = 0 
1 1 1.1.1 = 1 

 
ByBx ∈∃∈∀ , such that  

                                     ... xxyx =  
Therefore (B = {0,1}; +, .)  is regular semiring.                                                          ∆          
 
Proposition 2.13. ++

00 and QR  are  regular semiring under usual addition and 

multiplication. 
Proof : We have  

        .0 RR ⊂+  

For ++ ∈∈= 00 anyfor,0 RyRx and  x y x = 0.y.0 = 0 = x. 

For 0thanother,0
+∈= Rax we get  +∈= 0

1
R

a
y and  

       x y x = a
a

a .
1

.  = a  = x. 

++ ∈∃∈∀ 00 , RyRx such that 
                     .xxyx =  

The case for +
0Q  is similar.  

  
Proposition 2.14. +

0Z ={ }0: ≥∈ xZx }0:{and}0:{ 00 ≥∈=≥∈= ++ xQxQxRxR  

are commutative semiring with zero but not rings. 
Proof : We have  

        .0 ZZ ⊂+  

Clearly +
0Z is commutative semiring with zero. 

Let us show ( +
0Z ; +, .) is not ring: 

. 0 1 
0 0 0 
1 0 1 



Some Structural Properties of Semirings 

163 
 

For +∈= 02 Zx  

But +∉−= 02 Zy  

So that  x + y = 0 

Therefore ( +
0Z ; +, .) is not a ring. 

The case for  +
0R and +

0Q  are similar. 

 

Remark 2.15. +
0Z ={ }0: ≥∈ xZx is  not a regular semiring. 

 
Let us show it by an example: Suppose x = 3. 
 
 
Now  

3.y.3 = 3 
3

1
13 =⇒=⇒ yy +∉ 0Z . 

Hence  +
0Z ={ }0: ≥∈ xZx is  not a regular semiring.                                                                          

 
3. Some Structures of Semirings 
In this section, we discuss about additively inverse semiring, idempotent semiring and 
Boolean semiring.   
 
Definition 3.1. Let  (S; +, .) be a commutative semiring with zero (0) and identity (1). 
Then (S; +, .) is called idempotent semiring iff ;x S∀ ∈   

x + x = x = .xx  
 
Example 3.1(a). Let SS ∈⊆ 1,0thatsuchbe]1,0[ .  +  and . are defined by    

                                        x + y = max{x , y}  and  x . y = min {x , y}; ., Syx ∈∀   
Then (S;  +, .) is an idempotent semiring having 0 and 1 as its zero and identity. 
 
Example 3.1(b). Let φ≠X and  P(X) is the power set of  X. +  and . are defined by 

BABA ∪=+  and A.B ).(,; XPBABA ∈∀∩=  Then (P(X);  +, .) is an idempotent 

semiring, where φ  and X are zero and identity of  P(X).  
 
Proposition 3.2. Let  (S; +, .) be  a Boolean semiring. Then  
(i) xxSx 42, =∈∀  

(ii)  If Sx ∈ is an additively invertible element of S, then 2x = 0. 
(iii) If S has an identity 1, then 1 is the only multiplicatively invertible element of S. 
Proof: (i) ,Sx ∈∀  

                                       xxx +=2  

        2)( xx +=  
         = (x+x)(x+x) 
         = x.x+x.x+x.x+x.x 
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         = x+x+x+x             [by Definition 3.1] 
         = 4x 
 
(ii) Since Sx ∈  is an additively invertible element in S, so Sy ∈∃ such that   x + y = 0. 
  Then    

2x+2y = 0 
  Now 
  2x = 2x +0 
        = 2x + 2x+2y 
                  = 4x +2y 
       = 2x +2y  [ by (i)] 
       = 0 
 
(iii)  Since S has an identity 1, then ,Sx ∈∀  
      1.x = x = x.1 
  Suppose Sy ∈ is inverse of x. Then  xy =1. 
   Now 
          x = x.1 
  = x.(xy) 
  = (x.x)y 
  = xy   [by Definition 3.1]                   
  =1  
This shows that 1 is the only multiplicatively invertible element of S.                  
 
Proposition 3.3. Let (S; +,.) be an additively inverse semiring and Sx ∈ . Sx ∈′ is 
unique inverse of .x Then andxx ′+ xx +′ are additive idempotents. 

Proof:   Here     ,xxxx =+′+ xxxx ′=′++′  
So  
  )()()( xxxxxxxx ′++′+=′++′+  

                              .xx ′+=  
Again 
    
                         )()()( xxxxxxxx +′++′=+′++′  

          .xx +′=                                                                     

Proposition 3.4. In an additively inverse semiring S, if fe, are additive idempotents 

then so are fe + and ef + . 
Proof:   Let gfe =′+ )( , where g is unique. 
Then           
   fefegfe +=++++ )()(  
and                    .)( ggfeg =+++  
 
Let          egh += . 
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Then   )()()()()( feegfefehfe +++++=++++  

           =  feegfe +++++  

           fegfe ++++=  
           )()( fegfe ++++=  

           )( fe +=  

   Again   )()()()( egfeeghfeh +++++=+++  

                                        egfeeg +++++= )(  

   egfeg ++++=  

   )()( egfeg ++++=  

   )( eg +=  

   h=  
So  hfe =′+ )(  

So .eghg +==  
By similar consideration, 
                      .gfg +=  

Let gfh +=1 . 

)()()()()( 1 fegffefehfe +++++=++++  

            fegffe +++++=  

                                    fegfe ++++=  

            )()( fegfe ++++=  

            fe +=  
 
     )()()()( 11 gffegfhfeh +++++=++++  

                                  gffegf +++++=  

                                  gfegf ++++=  

                                  gfegf ++++= )(  

          gf +=  

                                  1h=  

So 1)( hfe =′+  and gfhg +== 1 . 

Thus )()( gfeggg +++=+  

                  gfeg +++= )(  
                  g=  
So g is additively idempotent. 
It follows that gggggg =+=++  

and so .gg =′  

But .))(( fefeg +=′′+=′  

So gfe =+ and fe + is additively idempotent.                                   
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Proposition 3.5. In an additive inverse semiring, any two additive idempotents are 
additively commutative. 
 
Proof : Let fe, be additive idempotents. 

Then the Proposition 3.4, fe + , ef +  are also additive idempotents. 

Now )()()( feeffe +++++ feeffe +++++= )()(  

                                                  fefe +++=  

              )()( fefe +++=  

                                                  fe +=  

        )()()( effeef +++++ effeef +++++= )()(  
                                                  effeef +++++= )()(  

                                                  )()( efef +++=  

                                                  ef +=  

So effe +=′+ )(  

Also fefe +=′+ )(  

So effe +=+ .                                                                               
 
Proposition 3.6. Let (S; +,.) be an additively inverse semiring, then ,, Syx ∈∀  

    (i) xx =)''(  

   (ii) '')'( xyyx +=+  

   (iii) '')'( xyyxxy ==  

(iv)  .'' xyyx =  
  
Proof :  (i) This follows from the definition of x′  and its uniqueness:  
   ,xxxx =+′+ xxxx ′=′++′  

          ⇒ xx =′)'( . 

(ii) )()''()( yxxyyx +++++ yxxyyx +++++= )'()'(        

                yyyxxx +++++= )'()'(    [By the Proposition 3.5] 

                                                    )'()'( yyyxxx +++++=  
                 yx +=  
Again 

)''()()''( xyyxxy +++++ ')'()'(' xyyxxy +++++=        

         yyyxxx +++++= )'()'(  

                                             )'()'( yyyxxx +++++=  
         yx +=  

So '')'( xyyx +=+  

(i) By definition of  'y  
      ,yyyy =+′+ yyyy ′=′++′  
  )yyy(xxy +′+=⇒ , )yyy(xyx ′++′=′  



Some Structural Properties of Semirings 

167 
 

  xyyxxyxy +′+=⇒ , yxxyyxyx ′++′=′  

  '.)'( xyxy =⇒  
From  
     ,xxxx =+′+ xxxx =+′+  

                       .)(,)( ' yxyxxxxyyxxx =′++′=+′+⇒  

                       ., ' yxyxxyyxxyxyyxxy =′++′=+′+⇒  

                       .)( yxxy ′=′⇒  

Therefore    '')'( xyyxxy ==  

(iv) .)'())'((')'( yxxyxyxyxyxy ′′=⇒′=′⇒=                                          
 
Acknowledgement: The authors would like to thank the learned referees for their 
valuable suggestions which have led to improvement in the presentation.     
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