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1. Introduction

Many researchers have studied different aspeaenofring.The notion of semiring was
first introduced by Vandiver in 1934. Vandiver mdiuced an algebraic system, which
consists of non empty set S with two binary operatiaddition (+) and multiplication (.).
The system (S; +, .) satisfies both distributivedaut does not satisfy cancellation law
of addition. The system he constructed was ring lilit not exactly ring. Vandiver called
this system a ‘Semiring’. Luce [10] characterizlbd invertible matrices over a Boolean
algebra of at least two elements. Rutherford [2]inroduced that a square matrix over a
Boolean algebra of 2 elements is invertible. Agidly inverse semirings are studied by
Karvellas [9]. Kaplansky [4], Petrich [6], Goodeyl], Reutenauer [1], Fang [5] have
studied semiring.

2. Preliminaries

In this section, we present some definitions andngles of algebraic structures of
semigroup and semiring. We support these defirdtionsome examples. In some cases
works are done by MATLAB function scripts. MATLABumMction scripts are not
presented in this paper but input and outputs fteercomputer are given.
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Some Structural Properties of Semirings

Definition 2.1. Let S be non empty set with binary operatiomhenthe algebraic
structure (S; *) is called semigroup iff [Ja,b,cdS; a* (b*c) =(a*b) *c.

Definition 2.2. Let S be non empty set with two binary operationand. . Then the
algebraic structure (S; +,igcalledasemiringiff Oa,b,cOS;
0] (S; +) is a semigroup
(i)  (S; .)is asemigroup
(i)  a.(b+c) sba+ a.cand (b+c).a=b.a+c.a.
Example 2.2(a). (B ={0,1}, +, .) is a semiring, where + and eatefined by

+]|] 0|1 ) 0 1
0 o1 0 0 0

Example 2.2(b). (1 =[0,1]; +, .) is a semiring, where order ;1] is usual < and
+ and . are defined as follows:
a + b =max{a,b}, a.b = min{a,b}{1a,b 1.

Example 2.2(c). (A class of finite semirings)

For integersn=2 and O<i<n,letm=n-i and N, = {01,2,.....,n-1}
On N, , define

{x+y if x+ysn-1
X+n,i y:

I if x+y=n
and
xy if xysn-1
X *ni = * .
I if xy=n
where i<l"sn-landx+y=_1"
i<l"sn-landxy=_I
+,, and * . are well defined binary operations dN,, In fact if n=2and

0<i<nkz=n,(n,i,kON,), then by division algorithm, there exists uniquesuch
thatO<r <n-i andk—i=(n—i)j+r, sothati<r+i<n andk=(n—i)j+r +i.
which implies , taking =r +i, i <l <nand k =, |. Note that
| =modk —i,n—i)+i.

As addition and multiplication of integease associative and commutative, so
(N, *ni» *ni)is a commutative semiring with zero (0) and idgn(t).
We denote this semiring byN, ;.
Two examples:
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(i) N,o=Z, with usual residue addition and multiplication iseaniring.

(i) N,, =B is asemiring. Itis also called Boolean semiring.

Example2.2(d). L={0,1, 2, 3, 4,5, 6, 7, 8, 9} is a commutatisemiring with zero,
where addition and multiplication are defined &4@. Here n = 10, i = 7.

The MATLAB function scripts are not shown. Outpate presented below.
> A=[01234567 809]

A =
0 1 2 3 4 5 6 7 8 9

>> (Cl assSem ring(A)
ans =

+107 0 1 2

w
D
ol
(o3}
~
(o]
©

O©CoO~NOOUITA_WNEFO
©CoOoO~NOOUTAWNEFO
NOoO~NO O, WNE
coO~NOoO~NOORWN
OCO~NOO~NOOTA~W
NOoO~NOOo~NOO U
CO~NOOO~NWOO~NOOU
O©CONOO~NOWNO®
~N©O©O00~NOO0W~N OO
00O ~NWOO~NWOWOWN©O
©O© 0O ~NOOWO~NOOWw~N OO

>>A=[0123 456789

0 1 2 3 4 5 6 7 8 9
>> (Cl assSemringMult (A
ans =

*oal 0 1 2 3

N
()
()]
~
(00]
©

©Co~NOOUIT~WNEFO
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Definition 2.3. Let (S; +, .)be asemiring ThenS is called

(i) additively commutativeiff [IX,yS, X+y=y+X.

(i) multiplicatively commutativeiff [Ix, y[S, xX.y = y.x.
(S; +, .)is calleda commutative semiring iff both (i) and (ii) hold.
Example2.3(a). Ry ={x0OR:x=0},Z; ={x0Z:x=0}, Q; ={x0Q:x=0} are
commutative semirings with zero which are not rings

Definition 2.4. Let (S; +, .Joe asemiring Then an elemenO[S is calledzero of S
iff OxOS;

X+0=x=0+xand x0=0=0.x.

Definition 2.5. Let (S; +, .be asemiring Then an elemenfL[] S is calledidentity of
Siff OxOS;

x1=x=1X.

Proposition 2.6. Let (S; +, .Joe asemiring. Then both a zero and an identity eleroént
S (if exist) are unique.
Proof : Trivial.

Definition 2.7. Let (S; +, .Jbe acommutativesemiring with zerolt is calledBoolean
semiring iff (xS
XX = X.

Example 2.7(a).
() (B ={0,1}; +, .) is aBoolean semiring; where “* + " and “. “ are defined in 2.2(a)
(i) (1=[0,1]; +, .) is aBoolean semiring; where order in [0,1] is usuak and “+ " and
“. " are defined as follows:

a + b = max{a,b}, a&lmin{a,b}.
(i) Let X #g¢and P (X) is power set of X.+ and . are defibgdA+B = ALl B
and A.B = An B;0A BOP(X). Then (P (X); +, .) is @8oolean semiring, where ¢
and X are zero and identity of P (X).

Definition 2.8. Let (S; +, .)be asemiring Then an elemenk ] S is calledadditively
invertiblein Siff xS, [!'ydS such that

X+y=0=y+x
Definition 2.9. Let (S; +, .)be asemiring with identityThen an elemenk 1S is called
multiplicatively invertible in Siff [Ix[JS, [!y[]S such that

Xy=1=y.x

Definition 2.10. Let (S; +,.) be a semiring. Then S is callegular semiring iff
UxOS, CydS such thatxyx = x

Definition 2.11. Suppose (S; +, .) is semiring . Then S is cadldditively inverse if
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(S; +) is an inverse semigroup i.e. for eachl S,[!X'JS such thatx = x+ X'+x and
X'=X+X+X.

Proposition 2.12. (B ={0,1}; +,.) is a regular semiring.
Proof : We have B ={0,1}By using. table

.10 1
0J]0] O
1101
Let us construct a table:
X y X. Y. X
0 0 0.0.0 = (
0 1 0.1.0=(
1 0 1.0.1=(
1 1 1.11=:
[xUB, L ylB such that
XYy.X=X
Therefore (B ={0,1}; +, .) is regular semiring. A

Proposition 2.13. R and Q; are regular semiring under usual addition and

multiplication.
Proof : We have

R OR
For x=00R] ,foranyydR;and xyx=0.y.0=0=x.

For x=alOR; ,otherthan0 we get yzlﬂ R, and
a

1
Xyx=a—.a=a=x
a
OxOR; , OyOR; such that
XY X=X
The case foQ; is similar.

Proposition 2.14. Z;={ x0Z:x20} R ={x0OR:x=0} and Q; ={x0JQ: x=0}
are commutative semiring with zero but not rings.
Proof : We have

Z, 0Z.
Clearly Z; is commutative semiring with zero.
Let us show Z; ; +, .) is not ring:
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For x=202Z;
But y=-202Z;
Sothat x+y=0
Therefore ; ; +, .) is not a ring.

The case forR;and Q, are similar.

Remark 2.15. Z; ={ x[JZ : x>0} is not a regular semiring.

Let us show it by an example: Suppose x = 3.

Now
3y.3=3=3y=1=> y:% 0z,.

Hence Z; ={ x(Z : x>0} is not a regular semiring.

3. Some Structures of Semirings
In this section, we discuss about additively ingegsmiring, idempotent semiring and
Boolean semiring.

Definition 3.1. Let (S; +, .) be a commutative semiring with zépand identity (1).
Then (S; +, .) is callelempotent semiring iff [IX[IS;
X+ X=X=XX.

Example 3.1(a). Let S [01] besuchthat 0,10S. + and . are defined by
x+y=nfaxy} and x.y=min {x, y};[x,yOS.
Then (S; +, .) is an idempotent semiring haviran@ 1 as its zero and identity.

Example 3.1(b). Let X #¢gand P(X) is the power set of X. + and . arerdfiby
A+B=A0B and AB=An B;0A BOP(X). Then (P(X); +, .)is an idempotent
semiring, wheregg and X are zero and identity of P(X).

Proposition 3.2. Let (S; +, .)be aBooleansemiring. Then
() OxOS,2x =4x
(iiy If xOSis an additively invertible element of S, then 20.=
(iii) If S has an identity 1, then 1 is the only ltiplicatively invertible element of S.
Proof: (i) OxOS,
2X=X+X

= (x+x)*

= (X+X)(X+X)

= XXHEXXFX XXX
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= X+X+HX+X [by Definition 3.1]
=4x

(i) Since xS is an additively invertible element in S, By 1S such that x+y=0.
Then

2x+2y =0
Now
2x =2x+0
= 2X + 2x+2y
= 4x +2y
=2x +2y [ by ()]
=0

(iii) Since S has an identity 1, theémx[]S,

1x=x=x.1
Supposey [ Sis inverse of x. Then xy =1.
Now
Xx=x.1

= x.(xy)

= (X.X)y

=Xy [by Definition 3.1]

=1

This shows that 1 is the only multiplicatively imtible element of S.

Proposition 3.3. Let (S; +,.) be aradditively inverse semiring an&[1S. X Sis
unique inverse ok. Then x + X'and X' + x are additive idempotents.

Proof: Here x+xX +x=X, X+x+X =X
So
(X+X)+(X+X)=x+(X+x+X)
=x+X.
Again

(X+X)+(X+Xx) =X+ (X+X+X)
=X+ X

Proposition 3.4. In an additively inverse semiring S, & f are additive idempotents
thenso are+f and f +e.
Proof: Let (e+f) =g, where g is unique.
Then

(e+f)+g+(etf)=e+f
and g+(etf)+g=g.

Let h=g+e.
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Then (e+f)+h+(e+tf)=(e+f)+(g+te)+(e+f)
= et+f+g+tete+f
—e+f+g+e+f
=(etf)+g+(etf)
=(et+f)

Again h+(e+f)+h=(g+e)+(e+f)+(g+e)
=g+(ete)+f+g+te
=g+e+f+g+te
=(g+e)+f+(g+e
=(g+e)
=h

So (e+f) =h

Sog=h=g+e

By similar consideration,

g=f+g.

Leth =f+g.

(et f)+h+(e+tf)=(e+f)+(f+g)+(etf)
—etf+f+gt+te+f
—e+f+g+e+f
=(etf)+g+(etf)
e+ f

h+(e+f)++h=(f +g)+(e+ f)+(f +9)
=f+g+e+f+f+g
=f+g+e+f+g
=f+g+(etf)+g
=f +9
=h
So(e+f)=handg=h="f+g.
Thusg+g=(g+e)+(f +9)
=gt(etf)+g
=9
So g is additively idempotent.
It follows thatg+g+g=g+g=g
and sog' =g.
But g'=((e+ f)) =e+ f.
Soe+ f =gande+ f is additively idempotent.
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Proposition 3.5. In an additive inverse semiring, any two additidempotents are
additively commutative.

Proof : Let e, f be additive idempotents.
Then theProposition 3.4e+ f , f +e are also additive idempotents.
Now (e+ f)+(f +e)+(e+f) =e+(f+f)+(e+te)+f
—e+f+e+f
(et f)+(e+f)
—e+f
(f+e)+(e+f)+(f+e) =f+(ete)+(f+f)+te
f+(et+te)+(f+f)+e
(f +e)+(f +e)
=f+e

So(e+f)=f+e
Also (e+ f) =e+ f
Soe+f=f+e.

Proposition 3.6. Let (S; +,.) be aadditively inverse semiring, thelnx, y (] S,
(i) (x)'=x
(i) (x+y)'=y+x
(i) (xy)'=xy=xy'
(iv) X'y'=xy.

Proof : (i) This follows from the definition o' and its uniqueness:
X+X' +x=% X+x+xX=X
= (X') =x.

(i) (x+y) +(y+x)+(x+y) =x+(y+y)+(X+x) +y
=x+(X+x)+(y+Yy')+y [Bythe Proposition 3.5]
= (X+X+X) +(y +y'+y)
=X+ y

Again

(Y+X) +(X+y) +(y+X) = y+(X+x) +(y+y) + X

=X+H(X+X)+(y+y)+y
= (X+X+X) +(y+y'+y)
=X+ y
So (X+y)'=y+X
(i) By definition of V'
y+ty'+ty=y, y+y+y=y
=XY=X(Y+Y +Y) Xy =X(Y +y+y)
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= XYy =Xy +Xy' +Xy ,Xy' =Xy +Xy+Xxy'

= (y)'=xy".

From

X+X +X=X, X+xX +Xx=X
= (X+X+X)y=xy, (X +X+X)y=XYy.
= Xy+Xy+Xy=xy, Xy+Xxy+Xy=xy.
= (xy)' = XYy.

Therefore (xy)'=X'y=xy'
(iv) Oy)'=xy'= (%)) = () = xy =Xy
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