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Abstract. In this paper, matrices over semirings are invasdd This is done by
introducing some examples of semirings and presgnébme results on regular and
invertible matrix semirings. These include conditdor regularity and invertibility of
matrices over semirings as generalization of cpoeding results on matrices over rings.
Examples and results are illustrated by computsigguMATLAB.
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1. Introduction

The notion of semiring was first introduced by H\&ndiver in 1934. H.S. Vandiver
introduced an algebraic system, which consists @f ampty set S with two binary
operations addition (+) and multiplication (.). Tilsgstem (S; +, .) satisfies both
distributive laws but does not satisfy cancellationv of addition. The system he
constructed was ring like but not exactly a ringndiver called this system a ‘Semiring’.
The study of matrices over general semirings hlas@ history. In 1964, Rutherford [3]
gave a proof of Cayley —Hamilton theorem for a cartative semiring avoiding the use
of determinants. Since then, a number of workshmory of matrices over semirings
were published [1, 12]. In 1999, J S Golan desdrisemirings and matrices over
semirings in his work [5] comprehensively. The t@gaes of matrices have important
applications in optimization theory, models of déte event network and graph theory.
Luce [10] characterized the invertible matricesro&eBoolean algebra of at least two
elements. Rutherford [2] has introduced that a joeatrix over a Boolean algebra of 2
elements is invertible. Additively inverse semjggnare studied by Karvellas [12].
Kaplansky [4], Petrich [9], Goodearl [6], Reutenajid, Fang [8] have studied semiring.

2. Preliminaries

In this section, we present some definitions andnmgles of semiring. MATLAB
function scripts are not presented in this papefdputs and outputs from the computer
are given.
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Definition 2.1. Let S be non empty set with two binary operati®nand. . Then the
algebraic structure (S; +,igcalleda semiring iff
Oa,b,cdsS;
0] (S; +) is a semigroup
(i) (S; .)is a semigroup
(i) a. (b+c)=a.b+a.cand (b+tc).a=h.a+c.a.

Example2.1(a). (L ={5, 10, 20, 25, 40, 50, 100, 20¢},;+, .) is a semiring, where

a+b=Icm{a, b}, a.b = gcd{a, b}.
The MATLAB function scripts are not shown. Outpate presented below.

>> A=[5 10 20 25 40 50 100 200];

A =

5 10 20 25 40 50 100 200
>> join(A)
ans =
+ 5 10 20 25 40 50 100 200
5 5 10 20 25 40 50 100 200
10 10 10 20 50 40 50 100 200
20 20 20 20 100 40 100 100 200
25 25 50 100 25 200 50 100 200
40 40 40 40 200 40 200 200 200
50 50 50 100 50 200 50 100 200
100 100 100 100 100 200 100 100 200
200 | 200 200 200 200 200 200 200 200

>> neet (A)

ans =

. 5 10 20 25 40 50 100 200
5 5 5 5 5 5 5 5 5
10 5 10 10 5 10 10 10 10
20 5 10 20 5 20 10 20 20
25 5 5 5 25 5 25 25 25
40 5 10 20 5 40 10 20 40
50 5 10 10 25 10 50 50 50
100 5 10 20 25 20 50 100 100
200 5 10 20 25 40 50 100 200

Definition 2.2. Let (S; +, .Jbe asemiring ThenS is called
(i) additively commutativeiff [Ix, yS,Xx+y=y+X.
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(i) multiplicatively commutativeiff [Ix, y[S, x.y = y.x
(S; +, .)is calleda commutative semiring iff both (i) and (ii) hold.

Example 2.2 (a). Every bounded distributive lattice is a commutateeniring
under join and meet.

Definition 2.3. Let (S; +, .)be asemiring Then an elemen00S is calledzero
of Siff OxOS,

x+0=x=0+xand x0=0=0.x.
Example 2.3 (a). Consider the set of positive integeZSwith the operations
a+b=Icm{a, b}and a.b =ab. Thg ;+,.)is a semiring with zero element 1,
but 1 is not zero, since l.a=a.l #aforanyaldZ anda#1.

Definition 2.4. Let (S; +, .Joe asemiring Then an elemenflS is called
identity of Siff OxOS, x.1=x=1x.

Example 2.4 (a). Let X Z¢gand P(X) is power set of X. + and . are defilgd
A+B=A0B and AB =An B;TA BOP(X). Then (P(X); +, .) is a semiring,
where¢ and X are zero and identity of P(X) respectively.

Definition 2.5. Let (S; +, .) be a commutative semiring with zépand identity (1) .
Then (S; +, .) is callelempotent semiring iff (xS,

X+ X=X=XX.
Example 2.5 (a). (1 =[0,1]; +, .) is aan idempotent semiring, where order in [0,1] is
usual< and + and . are defined as follows:

a+b=max{a, b}, a.b =min{a, b}.
Proposition 2.6. Let (S; +, .) be an idempotent semiring with z@pand identity (1).
Then

(@) Ox,ydS , x+y=0=>x=0=y

(b)Ox yOS,xy=1= x=1=y.
Proof: (a) By the definition of idempotent semiririgx L] S,

X+x=x=x,
Let
x+y=0 -0
Putting x for y in (i)
X+x=0
= x=0

Putting y for x in (i)

y+y=0
=y=0
Hencex=0=y
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(b) Let
Xy =1. .. (i)
Putting x for y in (ii)
Xx=1
=x*=1
=>x=1
Putting y for x in (ii)
yy =1
=y?=1
=>y=1
Hencex=1=y A

3. Matrices over semirings
Throughout this sectiof8; +, .) is an additively commutatigemiring with zero (0) and

identity (1) (1% 0). n is positive integer an¥  (S) is set of allnxn matrices over S.

Proposition 3.1. For any semiring S,NI (S); +, .) is a semiring. Further if S is
additively commutative theM _(S) is additive commutative. If S has zero thigh, (S)
has zero. If S has zero as well as identity tMp(S) has identity. InM (S), + and .

are defined by{a;] +[b;] =[a; +b;] and[a;1[]=> a,k, .
k=1
Proof: We know
A BOM (S)= A+BOM(S).
Again + is associative on the set of matricespsall A, B, CLOM (S),
A+(B+C)=(A+B)+C.

Therefore M ,(S) ; +) is semigroup.
Similarly
A BOM_ (S) = ABOM,(S).
Again . is associative on the set of matricespsall A, B, CLOM (S),
A. (B.C) = (A.B).C.
Therefore M ,(S) ; .) is semigroup.
Moreover for allA, B, COOM (S),
A B+C)=AB+A.C
and (A +B).C=A.(BtC.
Therefore M ,(S); +, .) is a semiring.
Again + is commutative on the set of matricesA€B = B+A.
Since0,100S, so0OM  (S)andl OM, §).
We have A+ 0=A=0+Aand Al= A =IA.

4



On Matrices Over Semirings
Hence M, (S); +, .) is additively commutative semiring withraeand identity. A

Example 3.1(a). (B = {0,1}, +, .) is a commutative semiring, whereand . are defined as
in [7]. ThenM,(B), set of allnxn matrices over B is an additively commutative
semiring.

Here|M,(B)|==2"".

For exampleM, (B) has2? =16 elements:

>> Mat Li st

oot els ok ()
ooy (il o))
A A A T e

generated by MATLAB function script. The additi@bte also generated by MATLAB
function scripts is shown below:

>> Mat Sum

Mat Sum =
+ [8] C D E F G H P 4] I 5 T 1i) v W X
[} o C D E F & H B @ I 5 T U ¥V W X
C C C E] P I G u F A" I w X o v w X
D D G D ] 2 6 T W @ WV s T X Vv W X
E E 2 ] E H W H B T U 5§ T U X W X
F F I G H F v H U Qo I T T 19 v . X
G G G G W vV 6 X W ¥ ¥ W X X ¥V W X
H H U T H H X H U T 19) T T o X X X
P P P W P 9] w a F X 19) w X 19 X w X
Q ) v 4] T Q ¥ T ¥ 0 vV T T X Vv X X
I I I v 15) I v u U v I X X 15) v X X
5 5 W 5 5 T W T W T X 5§ T ¥ X W X
T T X T T T X T X T X T T X X X X
T o U X T U X U U X U X X U X X X
v | v vV X v ¥ X ¥ ¥ ¥ X X X v X X
W w W w w X w X W X X w X X X w X
X X X X ¥ ® X X ¥ X X X % X X x X

00 _ , 10
Here zero,0 = and identity, | 5 .
00 01
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Proposition 32. M (Z;), M, (Qp), M, (R})are additively commutative semiring
with zero under usual addition and multiplicatiome®e are not multiplicatively

commutative. Also, none of them are rings.
Proof : OA,B,COM, (Z;)
Clearly M (Z;)is anadditively commutative semiring with zero.

Let us show by an exampM  (Z;)is not multiplicatively commutative:
Let
12 31
A= and B =
01 0 2
Now
1 2)(3 1 3 5
AB = =
010 2) (0 2
3 1)1 2 3
and BA= =
0 2\0 1 0 2
Therefore AB # BA

HenceM ,(Z;)is not multiplicatively commutative.

Last Part:
We have

\‘

A

1 2 .
5 ZJome

-1 -2 .
a3 Zome

Then

Such that
A+ (-A)=0.
HenceM, (Z;)is not a ring.

The case foM ,(Qg) and M ,(R7) are similar. A

Definition 3.3. Let (S; +, .) be a semiring. Then S is calkedegular semiring iff
OxOS, Ly S such thatxyx = X.

Proposition 3.4. Let (S; +, .) be an additively commutatsemiring with zero (0) and n
a positive integer. M (S) is a regular semiring, then so is S.

Proof: Let M (S) be a regular semiring.
Then DAOM, (S), (BOM (S) such thaABA = A.
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0,0, jONwith (,))# (1,1

Define AOM, (S) by A(i’j):{a for (i, j)=(1,2)

a 0 0...... 0
0 0 0.1 0
Then A=|0 0 O....... 0
0 0 O...... 0
For this A, let
B@1) B(12) B@I........ B(@,n)
B(2) B(22) B(23........ B(2,n)
B=|BB) B(32 B(@33..... B(3,n)
B(n) B(n,2) B(nJ....... B(n,n)
be such thafABA=A.
aB(l1) 0 0
0 0 0
Now AB = 0 0 0
0 0 0
aB(l,1)a 0 0
0 0 e 0
0 ABA= 0 0 0
0 0 0
Now ABA= A= aB(lDa=a A

Remark 3.5. The converse of the above Proposition 3.4 is eoessarily true for n=2.

Let us show it by an example:
(=11, 2, 3, 6};| , +, .) is aregular semiring, where a + b =lcmfa, a.b = gcd{a , b};
Oa,b0OS.

But M, (S) is not regular semiring.

Let A=[L?|om (S)
(36 2
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b, b,

1 ™22

Now ABA:(l 2}(% blzj(l 2}
36)\b,b,\36
_(1b,+2b, 1b,+2b,)1 2

- (S-bn +6.b,, 3.b,+6b, j(s 6]

For this A, letB :( ]such that ABA=A.

_(1(@b,;+2b,)+3.(Lb,+2b,) 2(b,+2b,)+6.(Lb,+2b,)
“(1(3h,+6,)+3.3b,+6h,) 2(3b,+6.h,)+6.3h,+6h,)

_(Lb,+2b,)+3(Lb,+2b,) 2(1b,+2by)+(Lb,+2b,)
) (L(abu +61,)+3.(3h,+6b,) 2(3b,+6.b,)+ (3, +6b,) J

A=ABA follows that

1.(1b,+2Db,)+3.(1b,+2b,,)=1. ()
2.(3b,+6.b,,)+@.b,+6b,,)=6. ..(ii)
From (i) we get
3.(2b,) =1=Db,, =1
From (i), clearly
2.(3b,+6.b,)<2

From (ii) we get
3.b,+6b,,) =6
Butb,, =1, so
6=3b,+61=3Db,+1=3Db,<3,
which is a contradiction.

So M, (S) is not regular.

Example 3.7. (B ={0,1}; +, .) is a commutative semiring witke, where + and . are
defined as in [7]. TheM ,(B), set of all2x2 matrices over B is regular semiring.

Remark 3.8. (B ={0,1}; +,.) is a commutative semiring, whereand . are defined as
in [7]. ThenM,(B), set of all2x 2 matrices over B is not idlempotent semiring.

From Example 3.1(a), the Matlist generated by MAB_function script. The
multiplication table also generated by MATLAB fuiwgt scripts is shown below:
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>> Mat nul t

Mat mul t =

W OE g CH W H©O®W D ™| E-OQo)|-
o0 0000000000000 0l0
I o T T e I o B o I B o R o B o T R o B o B e R N 5
o0 9o 8 008" 080000
Mmoo mWBE W oD oo R
o N e I o T N o e N R T o T R o B o Y o Y o Y o N I
E T Y R~ = VI o = S I o T = N o T I T i
Moo mE M OmE MO D OE O 00 0|s
momomom™ oW o oMo oM Mo R E R0 O
(o T o T o T o T o T o o T o T o B = I TN = I = B e T | &
WE 4 d A mH oY E OB 0| R
M d 2 A dH Do EOE” 0 Q o n
HMoa oM A K A Ko Do s g oA
WoE M d MW =S gdWroE o E oo o|C
A - T - o - = I T = - w Iy B T
WM E K d ds g E oD o0 6n o |8
T T A A A O R 1) = VA R o -

From Matmult Table we see that
D?=0#D, E?’=0#E, =1 #S, T?=X#T,W? =X #W.

Acknowledgement. The authors thank to the referees for their suggestwhich have
made the paper more readable.
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