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Abstract. The aim of this paper is to prove a common fixednppdheorem which
generalizes the result of Djoudi by weaker condi&icuch as compatible mappings of
type (P) and associated sequence. We constructe@xample in which the mappings
are only compatible mappings of type (P) but not ane of compatible, compatible
mappings of type (A), compatible mappings of t{Be
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1. Introduction
Two self maps S and T on a metric space (X,d) said to be commute if ST= TS.
According to Jungck [1], Two self maps S and T ghetric space (X,d) are said to be

compatible mappings if lim d(STx, ,TSx) = 0, whenever <g is a sequence in X
n- oo
such thatlim Sx, = lim Tx, = t for some @X.

n- o n - oo

From Jungck and others [2], two self maps S amaf a metric space (X, d) are said
to be compatible mappings of type(A), [fm d(STx, TTx,)= 0 and lim d(TSx, SSx)

= 0 whenever <gis a sequence in X such tHi#i Sx, = lim Tx, =t for some HX.

n - oo n- o

By Pathak and others [3], two self maps S and @ ofetric space (X,d) are said to be
compatible mappings of type (P),lifn d(SSx,TT.)= 0, when ever <g is a sequence

in X such that lim Sx, =lim Tx,=t for someX.

n- oo n-oo

In view of Pathak and others [4], two self mapsn8 & of a metric space (X,d) are said
to be weak compatible mappings of type(A)JiN d(STx, TTx,) < liM d(TSx ,TTx,)
n- o n - o
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and lim d(TSx,SSx) < lim d(STx,SSx) whenever <yis a sequence in X such that
n - oo n - o

[im sx, = lim Tx, =t for some X.

n - oo n - oo
According to Pathak and Khan [5], two self mapar@ T of a metric space (X,d) are
said to be compatible mappings of type(B), if

lim d(STx%, TTx,) < %[Iim d(STx,,St) + lim d(St,SS¥)] and
n- oo n- o n-oo

lim d(TSx, SSx)< %[Iim d(TSx, Tt) + liIMm d(Tt,TTx)] whenever <xis a sequence
n - oo n- oo [ Y

in X such thatlim Sx, = lim Tx, =t for some {X .

n - oo n- oo
Definition 1.1: A function: [0,00) —[0, =) is said to be aontractive modulus if ¢@(0)=0
andg(t) <t for t>0.
Eg: @ [0, ©) —[0, ) defined byy(t) = ct, where € c<1 is a contractive modulus.

Definition 1.2: A real valued functionp defined on X R is said to beéJpper semi
continuous if lIM @(t,) < ¢(t), for every sequence &IX with t,_, t as A-w. Every
n- oo

continuous function is upper semi continuous butcooversely.

2. A common fixed point theorem

Let R. be the set of non negative real numbers an@:é®>, — R, be a function
satisfying the following conditions:

¢ is upper semi continuous in each coordinate bkriand non decreasing.

o(t) = max{p (0,t,0,0,1),¢ (t,0,0,t,1),¢ (t,t,t,2t,0),$6(0,0,t,t,0) } <tforanyt> 0.

The following is the theorem proved by Djoudi [6].

2.1 Theorem
Letl, J, S and T be mappings from a completeimspace (X,d) into itself satisfying
the conditions
(2.1.1) S(X)J I(X) and T(X) I(X)
(2.1.2)d(Sx, Tyermax{$p(d(Ix,Jy),d(Ix,Sx),d(Jy, Ty), d(Ix,Ty),d(Jy,S®)) for all x,yIX.
(2.1.3) one of S,I,T and J is continuous
(2.1.4) the pairs (S,I) and (T,J) are compatibl@pirags of type(B)

Then S,I,T and J have a unigue common fp@dt z. Furthermore z is the unique
common fixed point of both mappings.

2.2 Associated Sequence

Suppose S,I,T and J are self maps of a metric gpadpsatisfying the condition S(X)
J(X) and T(X)JI(X). Then for any ¥1X, Sx OS(X) so that there is aXX with Sx; =
Jx. Now Tx[OTX and hence there isXX with Tx;= Ix,. Repeating this process to each
XX, we get a sequence xin X such that Sx= Jx%n+1 and T%n.1= IXonse fOr n= 0.
We shall call this sequence as #ssbciated sequence of x, “relative to the four elf maps
S,I,T and J.
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Lemma 2.3. [6] Suppose S,I,T and J are three self maps of aarstece (X, d) for
which the conditions (a). S(X) J(X) and T(X) I(X) and satisfying the condition

[d(x,Ty)] <¢{d(Ix,Jy).d (1x,5X),d @y Ty).d (x.Ty)d dy )}

Further if (X,d) is a complete metric space then &my %X and for any of its
associated sequence #xrelative to four self maps, the sequence, %, SxTXs, ...
S¥on, TXon+1, ... CONVerges to some poinflx D
The converse of the lemma is not true. That ispesse S,I, T and J are self maps of a
metric space (X,d) satisfying the conditions mamtid in the lemma and even for each
associated sequence=xof X, the sequence in (1) converges, the metric spadd (X,
need not be complete.

Example 2.4.Let X = [0,1/2) with d(x,y) 5x~y| Define self maps S, |, T and J of X

by Ix=Jx=%—x if x 1[0,1/2) and
1 if xO O,1
4 4
1

if XD(E—lj
4 2

Clearly S(X) J(X) and T(X)UI(X). The associated sequence o,SKx;, S¥,TXs,...,
S¥om T Xon+1, --- , CONVErges to the point 1/4 . But X is nabanplete metric space.

Sx =Tx

3. Main Result

Theorem 3.1.Let S,I,T, and J are self maps of a metric spacd)(satisfying the
conditions

(3.1.2). S(X)I J(X) and T(X) I I(X)

(3.1.2)[d(SX,Ty)] <¢{d(Ix,Jy),d (Ix,X),d Qy,Ty).d (x,Ty)d gy S )} for all xy
in X.

(3.1.3) One of S,I,T, and J is continuous

(3.2.4) (S,))and (T,J) are compatible mappioigype(P).

(3.1.5) The sequence $kx; Sx, TXs,..,S%n, TXon+1.-. ., CONVErges tolzX.

Then S, I, T and J have a unique comfixed point in X.
Proof: From condition (3.1.5)Sx,, — zandTx,,,, - Z asn - «

Suppose S is continuous then $SxSz, Slx,— Sz as - .

Since(S]) is compatible mappings of type(P)
lim d(SSx,,,, 11X,,) =0. This givesSXx,, -~ Az as1 - o
lim S8, =lim 1Ix,, = Sz

n- oo n
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Put x=1X,, y= %, in (3.1.2)
[d(SIX, TX 5 )] SAA(1IX 3 K 4 ), A(HIX 5, SIX ),
d(IXopers TX e ), A (XL, TX 5y ), d (X 5y, ;S X L)}
Lettingn —
[d(Sz,2)| <¢{d(Sz,2),d(S2,52).d (z,2)d (Sz.,2)d € Sz}
d(Azz) < go{d(Sz, z),0,0d (&,z)d ,&}
d(Az,z) < @d(S,z)<d(Szz) ,acontradictionf Sz # z

Thereforez=1z .
Since S(X)JJ(X) implies there exists [UX such that z=Sz=Ju

To proveTu=zin (3.1.2)

Put x=x,,,y=u

[d(SX,, TU)] <@{ d (X, Ju),d (1X 5, SX ), @u,Tu)d ( X, Tu)d QU SX,,}
Lettingn - o

[d(z.Tu)|<¢{d(z,2).d(z,2).d (z,Tu)d Tu)d € z}
d(z,Tu)<¢{0,0d @z, Tu)d € Tu),

d(z,Tu) < @d(z,Tu)<d(zTu) ,acontroductionf Tu # z

[d(Tu,2)]=00r Tu=2z

ThereforeJu=Tu=2z

Since(T J) is compatible mappings of typg(®e have
d(TTu,JJu)=0.This givesd Bz Tz F 0ofz=Jz

To proveTz=2z.

Put x= x,,,y=zin (3.1.2)

[d(SX,,, T2)] <@{ d(1X,,,32),d (1X,,, X ,,).d (02,T2).d ( X, T2)d 0z SX,,}
Lettingn - oo

[d(zT2)]| <¢{d(zT2).d(z,2).d (z,Tz)d @ Tz)d Tz z}
[d(zT2)]<¢{d(2T2),0,0d € Tz)d Tz z)

d(z,Tz) < @d(z,Tz) <d(zTz),acontradiction iffz# z

[d(Tz 2)]=0.

ThereforeTz=z .
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ThereforeJz=Tz=1z .
Since [ X) O 1 ( X) implies there existd] X such thatT =k
To proveSv=1z.

Putx=v,y=zin (3.1.2)
[d(Sv, T2)| <g{d(Iv,Jz),d (Iv,Sv),d (Jz,Tz)d (v;Tz)d 0z Sv }
Lettingn — o
[d(Sv,2)] <¢{d(z,2),d(z,),d (z,2)d (z,2)d € Sv}
[d(Sv,2)] <¢{0,d (z,9),0,0d ¢ Sv)
d(Sv,2) < @d(z,9v) <d(z.Sv) ,acotradiction if Sv # z
[d(Tz,2)] = 00r v =z.
Thereforez=Sv=1v .
Since(S ) is compatible mappings of type(P) ,we have

d(SSy,1lv)=0. This givesd & |z F 0 o&z=1z
To prove&x=z.

Putx=z,y=z in (3.1.2)
[d(S2,T2)| <¢{d(I2,32),d (12, S2),d Uz, Tz) d (z;Tz)d 0z Sz}
[d(Sz,2)] <¢{d(S2,2),0,0d & z)d & z)

d(Sz,2) < @d(Sz,2) <d(Sz,z) ,acontradiction itz # z
[d(S2,2)]=00r Sz=z.
Thereforez=S=1z.

Since 1z=Jz=Sz=Tz=z, we get z in a common fixedhpof S,I,T and J. The uniqueness
of the fixed point can be easily proved.

Example 3.2. Let X = [0,1/2) with d(x,y) 3x~|. Define self maps S,I,T and J of X

by Ix=Jx:%—x if xd [0, 1/2) and
1 if xO 0,E

4 4

1

if XD(E—lJ
3 4 2

Clearly the pairs (S,l) and (T,J) are not commuégtand it can be easily verified that the
mappings are not compatible, compatible of typg (#eak compatible of type (A), and
also not compatible of type (B) but they are cotilyba of type (P).

Sx =Tx =
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Also the condition (3.1.2) holds. We note that Xh&& a complete metric space and It is
easy to prove that the associated sequengd@»)Sx, TXa,..,S%n, T Xon+1....., CONVErges
to the point 1/4 which is a common fixed point®f, T and J. In fact 1/4 s the
unique common fixed point of S, I, T and J.
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