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Abstract. Let G(V, E) be a graph withp vertices andgedges. A(p,q) graphG(V,E)
is said to be an adjacent edge graceful grapheifettexists a bijection f : E(G)
-{1,2,3,.....,q Jsuch that the induced mappingf * from V(G) by f*(u)
:Z f(e) over all edgese incident to adjacent vertices af is an injection. The

function f is called an adjacent edge graceful labelingsah this paper, we prove path
P,(n=5), cycle C (n25), fan f (n=3), Helm H (n=3), triangle snake

T,(n=3)and alternate triangle snaké\(T,)(n= 4,68,...)are the adjacent edge

graceful graphs and we also promebistar B, complete bipartite grapk star

n,n? m,n?

graph K, and graphg, are not the adjacent edge graceful graphs.
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1. Introduction
All graphs in this paper are finite, simple and wected graphs. Lefp,q)be a graph

with p =|V(G) |vertices andq =| E(G)| edges. Graph labeling, where the vertices and

edges are assigned real values or subsets of @resatubject to certain conditions. A
detailed survey of graph labeling can be foundlinTerms not defined here are used in
the sense of Harary in [3].The concept of edgeefta labeling was first introduced in
[2] and the concept of strong edge graceful lalgelias introduced in [4]. Some results
on strong edge graceful labeling of graphs areudised in [4]. In this paper, we
introduced a new edge graceful labeling. We use ftllowing definitions in the
subsequent sections.

Definition 1.1. A (p,q) graphG(V,E) is said to be an adjacent edge graceful graph if
there exists a bijectionf : E(G) - {1,23,.....,9} such that the induced mappinf*
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from V(G) by f*(u) = Z f(e) over all edges incident to adjacent vertices of
i

is an injection. The functiot is called an adjacent edge graceful labelingsof

Definition 1.2.[1] The bistar graptB,  is the graph obtained from two copies of star
Ky, by joining the vertices of maximum degree by ageed

Definition 1.3.[1] The helmH  is the graph obtained from a wheel by attaching a
pendent edge at each vertex of the n-cycle.

Definition 1.4.[1] The fan f_(n= 2) is obtained by joining all nodes &, to a further
node called the center and containg-1 nodes an®n -1 edges.

Definition 1.5.[1] A graph g,(n=2) be a graph withn+ 2 nodes andn -1 edges
obtained by joining all nodes d?, to two additional nodes.

Definition 1.6.[1] A triangular snakeT  is obtained from a pathu, u,.....u, by
joining u; andu,,, to a new vertey, fori=1,2,....,n-1.

Definition 1.7.[5] An alternate triangular snakeA(T,) is obtained from a path
U, U,.....u, byjoining u; andu,,, (alternatively) to new vertey, .

2. Main results
Theorem 2.1. The triangle snakd (n>3) admits an adjacent edge graceful labeling.

Proof: LetV(T,) ={u, 1<i<n; v, :1<i<n-1}
e =uu, if 1<is<n-1
Let E(T,) =€, =uyVv, if 1<i<n-1
€naei = U,V If 1<isn-1
Define a bijectionf : E(T,) - {123,....3n=3} by
f(e)=i if 1I<isn-1; f(e_,)=n+2(i-1 if 1<i<n-1;
fle,,.i)=2n-2+2 if 1<i<n-1.
Let f * be the induced vertex labeling of .
The induced vertex labels are as follows:
If n=3, f*(u)=6n+1; f*(u,)=10n; f*(u,)=7n+2;
f*(v)=5n+1; f*(v,)=6n+2.
If n=4, f*(,)=5n+3; f*(u,)=1In+3; f*(u,)=14n ;
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f*(u,)=9n+1; f*(v,)=4n+3; f*(v,)=8n+2; f*(v;)=85n.
If n=25, f*(u)=4n+7; f*(u,)=7n+19;
f*(u,;)=24n-40; f *(u,)=14n-19; f *(v,)=3n+7;
f*(v,)=12n-16; f *(u,,)=8n+18+20 if 1<i<n-4;
f*(v,)=4n+6+12 if 1<i<n-3.

Example 2.2. An adjacent edge graceful labeling of a triangafaakeT, is shown in
Fig.1.

Figure 1:

Theorem 2.3. The alternate triangular snal&T,) (n= 4,68,...) is an adjacent edge
graceful graph.
Proof: Case (i) If the triangle starts fronu, .

Let V(A(T,))={u :1<isn; v :1sisg}.
e =uu.,, if 1<isn-1

Let E(A(T,))=1e . =u,v. if 1sisg

B . N

€naia “UpVy  if i<

: 2

Define a bijectionf : E(A(T,)) - {123,......2n-1} by

=]

f(e)=2i if 1<i<n-1; f(e

n—1+i

y=4i-3 if 1<i<- ;

N

f(€ypy) =4I -1 if 1ist.
T 2
Let f * be the induced vertex labeling of .In this case the induced vertex label are as
follows:
If n=4, f*(u)=3n+1; f*(u,)=5n+2; f*(u,)=8n+2 ;
f*(u,)=6n+3; f*(v)=3n; f*(v,)=7n.
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If n26, f*(u)=13; f*(u,)=22; f*(u,,)=32+10 if 1si5(n;4j;

f*(u _,)=14n-22; f*(u,)=10n-13; f * (u,,,) =32 +22 if 1sis(n;4j;

f*(v)=12; f*(v,)=24i+12 if 1<i S[n;4j ; f*(v,)=10n-12 .
2
Case (ii) If the triangle starts fronu,

Let V(AT.))={u, :1<i<n; v :1sisg}.

€ =Uuu, if 1<isn-1

i i+l

Let E(AT.) =le . =uv.  if 1sis[n;2j

€ aiz = Uy If 1si< (n;Zj

2

Define a bijectionf : E(A(T,)) - {123.......2n-3} by

f(g)=2-11if 1<i<n-1; f(e,)=4i-2 if 1si5[n;2j;

f(€y,0y) =4 if 1gis (”‘Zj.
> 2
In this case the induced vertex label are asvidl

If n=4, f*(u)=n+2; f*,)=4n+3; f*(u;)=4n+1; f*(u,)=3n;
f*(v,)=4n+2.

If n25, f*(u)=6; f*(u,)=19; f*(v)=24-6 if 1sis(n;2j;

P U)=6n=12; 1% (U;,) =32 ~2 if 1si5(n;4j;

> 4j ; F*(u,)=12n-31.

f*(U,.,)=32+18 if 1<i s(”

Example 2.4. An adjacent edge graceful labeling of an altert@@eagular snakeA(T,)
are shown in Fig. 2 and Fig. 3 respectively.
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A /\ / \
L L
1 3 5 7 9 11 13

Figure2:
2 4 B 8 10 12 14
Figure3:

Theorem 2.5. The Path P,(n>5) is an adjacent edge graceful graph.
Proof: Let V(P,) ={v, 1<i<n}.Let E(P,)={e =vv,, 1<i<n-1}.
Define f:E(P,) - {123,...... n-1} by

Case(i) nisodd,f(g)=i if 1<i<n-1.

Case(ii) n iseven, f(e)=2i-1 if 1SisD ;

N

fle.,)=n-2 if 1=i<n=2

2
Let f* be the induced vertex labeling of .The induced vertex labels are as follows:

If nisodd ,f*(v)=3; f*(v,)=6; f*(v,_,)=3(n-2);
f*(v,)=2n-3; f*(v,,)=4i+6 if 1<i<n-4.

If n=6, f*(v)=n-2; f*(v,)=n+3; f*(v;)=2n+1;
f*(v,)=2n; f*(v.)=2n-5; f*(v,) =6.

If n=8, f*(v)=n-4; f*(v,)=n+1; f*(v;)=2n; f*(v,)=2n+5;
fr(v)=3n; f*(v)=2n+3; f*(v;)=2n+2; f*(vy) =n-2.

If n210,f*(v))=4; f*(v,)=9; f*(v,)=6; f*(v,,)=12;
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f*(v.,)=8i+1 if 1i<”

6; f*(v,)=4n-11; f*(v.,,) =4n-10;
2 2

f*(v,.,)=4n-13; f*(v_,,)=4n-12-8 if 1sisn7_8.

2 2
Example 2.6. The adjacent edge graceful labelingsigf and P, are shown in the Fig.
4 and Fig. 5 respectively.

1 2 3 4 5 6 7 8
. ® L . . . . . .
Figure4:
1 3 5 7 g 8 6 4 2
. - - - - . * . * .
Figure5:

Theorem 2.7. The cycle is an adjacent edge graceful graph.
Proof: Let V(C,) ={v, 1<i<n}. Let
E(C,)={e =vyv,, 1<i<n-1l;e =vV,}.

Define f:E(C,) - {123,......n} by
Case(i) nisodd ,f(e)=i if 1<i<n.

Case(ii) niseven ,f(e)=2-1 if 1<i<

NI|>D

fle.,)=n-20-1) if 1<i<].
> 2
Let f * be the induced vertex labeling of .The induced vertex labels are as follows:

If nisodd ,f*(v,)=2n+2; f*(v,)=n+6 ;
f*(v,)=3n-2;f*(v,,)=4i+6 if 1<i<n-3;

If n=6, f*(v)=n+4; f*(v,)=n+5; f*(v;)=2n+3;
fr(v,)=3n; f*(v;)=2n+5; f*(v,) =2n+1.

If n28, f*(vy)=10; f*(v,)=11; f*(v.,) =8(i+1) if 1si£n;6;
f*(v,)=4n-9; f*(v,,,)=4n-6; f*(v_,)=4n-7;

. . . _h—-6
f*(v,)=4@2+3) if 1<is< = f*(v)=13.
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Example 2.8. The adjacent edge graceful labelings©f, and C,; are shown in the
Fig. 5 and Fig. 6 respectively.

1 3 5 7 1 2 3
L 4 & & & 9 L . 3 L .
11
2 E 1
L] [ ] [ ]
4 11 10 *
[ ]
'Y [ ] 5
6 13 9
. L » - L ) - L - &
8 10 12 14 8 7 6
Figureb: Figure6:

Theorem 2.9. The graphg,, is not an adjacent edge graceful graph.
Proof: Let V(g,) ={V, 1<i<n; v, ; V,.}-
e=vv, if 1<i<n-1
Let E(9,) =<€ i =VV,, If 1<i<n
€4 = ViV, If 1<i<n
Let f bea bijection from E(g,) to {123,....... 3n-1}.
Let I,,1,, ...l . hqsenil 5o bE the label of edges,e,,.....€,,€,.4,. 650
by f respectively. And f induces that f*:V(g,) - {123......} by

f*(u)= z f(e) over all edge incident to adjacent vertices of.

I
The verticesv,,, and v,,, have the same adjacent verti¢eg ,V, ,....,V, } .
Then f*(v,,,) =201, +1, + ..+l )+, + g et l50)
n-1 3n-1 n-1 3n-1 . 3n 3n _ 1 n-1
DL =D +> 0= m+% , where m=>" 1,
i=1 i=1 i=1 i=1 =

Sincev,,, and v,,, have the same adjacent vertices,

3n(3n-1)
2

n+l
f*(V.,)=m+ . That is f * is not injective. Henceg, is not an adjacent

edge graceful graph.

Theorem 2.10. The graph n-bistar B is not an adjacent edge graceful graph.
Proof: Let V(B,,) ={Vv, 1<i<n+1; u, 1<i<n+l}.
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e=uu if 1<i<n

i n+l

Let E(B,,) =<€, =VV,, if 1<i<n

e2n+l = un+an+l
Let f bea bijection fromE(B, ) to {123....... 2n+1} .

And f induces thatf*:V(B,,) - {123....} by f*(u) =) f(e)

over all edges, incident to adjacent vertices of.

Step 1.

The adjacent vertices ofi,,, areu,,U,,....... u,,V
2n+1 2n+l

F*(Upa) = Zf(Q)+ 2. f(e) ‘Zf(Q)

i=n+1
:1+2+3+ ......... +(2n+1) =(n+)(2n+1).
Step 2:
The adjacent vertices (Wml arevy,Vy,....... v, u
2n+1

F* (Vo) = Zf(Q) + Zf(Q)’f F (&) ‘Zf(Q)

i=n+l

-1+2+3+ ......... +(2n+1) = (n+1)(2n+1)
From step(1) and step(2), the vertex labelsigf, and v,,, are same.
Thatis f * is not injective.Hencd3,  is not an adjacent edge graceful graph.

Theorem 2.11. The HelmH (n=3) is an adjacent edge graceful graph.
Proof: Let V(H,) ={u, 1<i<n+1; v, 1<i<n}
e =uu, if 1<i<n-1
Let E(H,)={0 h
€. =Vvyv, if 1<i<n
i = U U, If 1<i<n
Define a bijectionf : E(H,) - {123,.....3n} by f(g)=2 if 1<i<n;
fe,)=2-1if 1<i<n; f(e,,)=2n+i if 1<i<n.
Let f * be the induced vertex labeling of .
The induced vertex label are as follows:
If n=3, f*(u)=22n; f*(u,)=22n+1; f*(u;)=20n+2 ;
f*U,)=1%; f*(v)=5n+1; f*(v,)=5n+2; f*(v;) =8n.

5n’ +23n+18 5n +13n+50

If n24, f*(u)= (u,)= >
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2 _ 2
f*(un):Sn +31In 14; f*(un+l):11n +5n
2 2
2 .
f () =0 +9”;’50+32' if 1<i<n-3;

fr(y)=dn+4; f*(v,)=2n+4+7i if 1<i<n-1.

Theorem 2.12. Complete bipartite grapK  , is not an adjacent edge graceful graph.
Proof: Let V(K ) ={u, :1<i<m ;v :1<i<n}.
Let E(K,,)={g =uv; :1<sisml<i<n}.

Define a bijectionf from E(K ) to {123,....... n}.

edgese incident to adjacent vertices of..
Case(i) m<n

f*(vi):zmlzn:f(qj) =1+2+3+......... +mn

i=1 j=1

=wfor 1<i<m.

mn(mn + 1)

The label of each vertex is for 1<i<m.

Case (i) m=n

f*(ui)=f*(vi):znlzn:f(qj) =142+t

i=1 j=1

2 2
:M for 1<i<n.

n’(n® +1 :
The label of each vertew;, andv, are n(n”+9 for 1<i<n.
Case(iii) m>n

f*(ui)=zm“zn:f(qj) =1+2+3+......... +mn

i=1 j=1

=wfor 1<i<n.

mn(mn +1)

The label of each vertett, is for 1<i<n.

In the above three cased * is not injective.
Hence the complete bipartite grapl, , is not an adjacent edge graceful graph.
Corollary 2.13. The Star graph K, is not an adjacent edge graceful graph.

Proof: By putting m=1 in the result of the above theorem 2.12 , wegsrthe
result of this corollary.

Theorem 2.14. Every fan f (n=4) is an adjacent edge graceful graph.
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Proof: Let V(f,)={v, 1<i<n+l}.
Let E(f,) ={e =vv,,, 1<i<n-1;e_., =VV,, 1<i<n}.
Define a bijectionf : E(f,) - {123...... 2n-1} by
Case(i) nisodd,f(e)=i if 1<i<n-1and
f(e, n)=n-1+i if 1<i<n.
Case(ii) niseven, f(e)=2-1 if 1<i<n-1;
f(e,)=2 Iif 1<i<n-1;f(e,,)=2n-1.
Let f* be the induced vertex labeling of .
The induced vertex labels are as follows:

2 2 _
If n isodd,f*(vl):3n+—2n+8 : f*(vn_l):E}nLZSnZO ;
3n*+7n-10 nGn-3
f*(Vn):— ; f*(vn+1)=¥ :
2 2
2
f*(vi+1)=3”+3”+16+6(i—1) if 1<i<n-3 .

If n=4, f*(v)=6n+3; f*(v,)=9n; f*(v;)=9n+3;
f*(v,)=8n+1; f*(v,)=9n+1.

If n>6, f*(v,)=n*+n+7; f*(v,)=n*+n+16;
f*(v)=n*+11n-21; f*(v,)=n’+7n-11;
f*(v,)=3n"=3n+1; f*(v,,)=n’+n+15+12i if 1<i<n-4.
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