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Abstract. Let ),( EVG be a graph with p vertices and q edges. A ),( qp  graph ),( EVG  

is said to be an adjacent edge graceful graph if there exists a bijection  : ( )f E G  

{1,2,3,....., }q→ such that the induced  mapping  *f   from  )(GV  by  *( )f u  

( )i
i

f e=∑ over all edges ie  incident to adjacent vertices of u  is an injection. The 

function  f  is called  an adjacent edge graceful labeling of  G.In this paper, we prove path  
)5( ≥nPn , cycle )5( ≥nCn , fan  )3( ≥nf n , Helm )3( ≥nH n ,   triangle snake  

)3( ≥nTn and alternate triangle snake ,...)8,6,4()( =nTA n are the adjacent edge 

graceful graphs and we also prove n -bistar  nnB , , complete bipartite graph nmK , , star 

graph  nK ,1  and  graph ng  are not the adjacent edge graceful graphs. 
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1. Introduction 
All graphs in this paper are finite, simple and undirected  graphs. Let ),( qp be a graph 

with |)(| GVp = vertices and |)(| GEq =  edges. Graph labeling, where the vertices and 
edges are assigned real values or subsets of a set are subject to certain conditions. A 
detailed survey of graph labeling can be found in [1].Terms not defined here are used in 
the sense of  Harary in [3].The concept of edge graceful labeling was first introduced in 
[2] and the concept of strong edge graceful labeling was  introduced in [4]. Some results 
on strong edge  graceful labeling of graphs are discussed in [4]. In this paper, we  
introduced a new edge  graceful labeling. We use the following definitions in the 
subsequent sections. 
 
Definition 1.1.  A ),( qp  graph ),( EVG  is said to be an adjacent edge graceful graph if 

there exists a bijection  },.....,3,2,1{)(: qGEf →  such that the induced  mapping  *f   
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from  )(GV  by  )()(* ∑=
i

iefuf over all edges ie  incident to adjacent vertices of u  

is an injection. The function  f  is called  an adjacent edge graceful labeling of  G. 
 
Definition  1.2.[1] The bistar graph nnB ,  is the graph obtained from two copies of star 

nK ,1  by joining the vertices of maximum degree by an edge. 

 
Definition 1.3.[1]  The  helm nH  is the graph obtained from a wheel by attaching a 

pendent edge at each vertex of the n-cycle. 
 
Definition 1.4.[1] The fan )2( ≥nf n  is obtained by joining all nodes of nP  to a further 

node called the center and contains  1+n  nodes  and 12 −n  edges.   
 
Definition 1.5.[1]  A graph  )2( ≥ngn  be a graph with  2+n  nodes and 13 −n  edges  

obtained by joining all nodes of nP  to two additional nodes. 

 
Definition 1.6.[1] A triangular snake nT   is obtained from a path nuuu ......21 by 

joining iu  and 1+iu  to a new vertex iv  for i=1,2,….,n-1. 

 
Definition 1.7.[5] An alternate triangular snake )( nTA  is obtained from a path 

nuuu ......21 by joining iu  and 1+iu  (alternatively) to new vertex  iv . 

 
2. Main results 
Theorem 2.1. The triangle snake )3( ≥nTn   admits  an adjacent edge graceful labeling. 

Proof: Let }11:;1:{)( −≤≤≤≤= nivniuTV iin  

Let  








−≤≤=
−≤≤=

−≤≤=
=

++−

+−

+

11

11

11

)(

112

1

1

niifvue

niifvue

niifuue

TE

iiin

iiin

iii

n  

Define  a bijection }33,....,3,2,1{)(: −→ nTEf n   by  

11)( −≤≤= niifief i ; 11)1(2)( 1 −≤≤−+=+− niifinef in ; 

11222)( 12 −≤≤+−=+− niifinef in .                 

Let *f  be the induced vertex labeling of  f . 
The induced vertex   labels are as follows: 
If  3=n  , 16)(* 1 += nuf  ; nuf 10)(* 2 =  ; 27)(* 3 += nuf  ;  

15)(* 1 += nvf  ; 26)(* 2 += nvf . 

If  4=n  , 35)(* 1 += nuf  ; 311)(* 2 += nuf  ; nuf 14)(* 3 =  ;  
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19)(* 4 += nuf  ; 34)(* 1 += nvf  ; 28)(* 2 += nvf  ; nvf 85)(* 3 =  . 

If  5≥n , 74)(* 1 += nuf  ; 197)(* 2 += nuf  ; 

4024)(* 1 −=− nuf n ; 1914)(* −= nuf n  ; 73)(* 1 += nvf  ;  

1612)(* 1 −=− nvf n  ; 4120188)(* 2 −≤≤++=+ niifinuf i ; 

311264)(* 1 −≤≤++=+ niifinvf i . 

 
Example 2.2. An adjacent edge graceful labeling of  a triangular snake 8T  is shown in 

Fig.1. 
 
 
 

 
 
 
 
  

 Figure 1: 
 
Theorem 2.3. The alternate  triangular snake ,...)8,6,4()( =nTA n  is an adjacent edge 

graceful graph.    
Proof: Case (i) If the triangle starts from 1u . 

Let   }
2

1:;1:{))((
n

ivniuTAV iin ≤≤≤≤= . 

Let  
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Define  a bijection }12,......,3,2,1{))((: −→ nTAEf n   by 

112)( −≤≤= niifief i  ; 
2

134)( 1

n
iifief in ≤≤−=+−  ;  

2
114)(

2

223

n
iifief in ≤≤−=+− . 

Let *f  be the induced vertex labeling of  f .In this case the induced vertex label  are as 
follows:  
If  4=n  , 13)(* 1 += nuf  ; 25)(* 2 += nuf  ; 28)(* 3 += nuf  ;  

36)(* 4 += nuf  ; nvf 3)(* 1 =  ; nvf 7)(* 2 =  . 
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If  6≥n  , 13)(* 1 =uf  ;  22)(* 2 =uf  ; 






 −≤≤+=+ 2

4
11032)(* 12

n
iifiuf i  ; 

2214)(* 1 −=− nuf n  ; 1310)(* −= nuf n ; 






 −≤≤+=+ 2

4
12232)(* 22

n
iifiuf i ;  

12)(* 1 =vf  ;  






 −≤≤+=+ 2

4
11224)(* 1

n
iifivf i  ; 1210)(*

2

−= nvf n  . 

Case (ii) If the triangle starts from 2u  

Let   }
2

1:;1:{))((
n

ivniuTAV iin ≤≤≤≤= . 
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Define  a bijection }32,......,3,2,1{))((: −→ nTAEf n   by 

1112)( −≤≤−= niifief i  ; 






 −≤≤−=+− 2

2
124)( 1

n
iifief in  ;  








 −≤≤=+− 2

2
14)(

2

243

n
iifief in . 

 In this case the induced vertex label  are as follows: 
If  4=n  , 2)(* 1 += nuf  ; 34)(* 2 += nuf  ; 14)(* 3 += nuf  ; nuf 3)(* 4 = ; 

24)(* 1 += nvf .   

If  5≥n  , 6)(* 1 =uf  ;   19)(* 2 =uf  ; 






 −≤≤−=
2

2
1624)(*

n
iifivf i ; 

126)(* −= nuf n ; 






 −≤≤−=+ 2

4
1232)(* 12

n
iifiuf i ; 








 −≤≤+=+ 2

4
11832)(* 22

n
iifiuf i  ; 3112)(* 1 −=− nuf n . 

 
Example 2.4. An adjacent edge graceful labeling of  an alternate triangular snake )( 8TA  

are shown in Fig. 2 and Fig. 3  respectively. 
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Figure 2: 
 
 
 

 
 
 
 
 
 

 
Figure 3: 

 
Theorem  2.5. The Path  )5( ≥nPn   is an adjacent edge graceful graph. 

Proof: Let  }1:{)( nivPV in ≤≤= .Let  }11:{)( 1 −≤≤== + nivvePE iiin . 

Define  }1,......,3,2,1{)(: −→ nPEf n   by  

Case (i)  n  is odd , 11)( −≤≤= niifief i .  

Case (ii)  n  is even,  
2

112)(
n

iifief i ≤≤−=   ; 

2

2
12)(

2

2

−≤≤−=+
n

iifinef in . 

Let *f  be the induced vertex labeling of  f .The induced vertex   labels are as follows: 

If  n  is odd  , 3)(* 1 =vf  ; 6)(* 2 =vf ; )2(3)(* 1 −=− nvf n ;  

32)(* −= nvf n ; 4164)(* 2 −≤≤+=+ niifivf i . 

If  6=n , 2)(* 1 −= nvf  ; 3)(* 2 += nvf  ; 12)(* 3 += nvf  ;  

nvf 2)(* 4 =  ; 52)(* 5 −= nvf  ; 6)(* 6 =vf . 

If  8=n , 4)(* 1 −= nvf  ; 1)(* 2 += nvf  ; nvf 2)(* 3 =  ; 52)(* 4 += nvf  ;  

nvf 3)(* 5 =  ; 32)(* 6 += nvf ; 22)(* 7 += nvf ; 2)(* 8 −= nvf . 

If  10≥n  , 4)(* 1 =vf  ; 9)(* 2 =vf ; 6)(* =nvf ; 12)(* 1 =−nvf ; 



T. Tharmaraj  and   P.B.Sarasija 

30 
 

2

6
1)1(8)(* 2

−≤≤+=+
n

iifivf i ; 114)(*
2

−= nvf n  ; 104)(*
2

2 −=+ nvf n  ; 

134)(*
2

4 −=+ nvf n ;  
2

8
18124)(*

2

24

−≤≤−−=++
n

iifinvf in  . 

Example 2.6. The adjacent edge graceful labelings of  9P  and  10P  are shown in the Fig. 

4  and  Fig. 5  respectively. 
 
 

 
 

Figure 4: 
 
 
 
 

Figure 5: 
 
Theorem  2.7. The cycle  is an adjacent edge graceful graph. 
Proof: Let  }1:{)( nivCV in ≤≤= . Let 

};11:{)( 11 nniiin vvenivveCE =−≤≤== + . 

Define  },......,3,2,1{)(: nCEf n →  by  

Case (i)  n is odd , niifief i ≤≤= 1)( .  

Case (ii)  n  is even  ,  
2

112)(
n

iifief i ≤≤−=   ;  

2
1)1(2)(

2

2

n
iifinef in ≤≤−−=+ . 

Let *f  be the induced vertex labeling of  f .The induced vertex   labels are as follows: 

If  n  is odd  , 22)(* 1 += nvf  ; 6)(* 2 += nvf  ; 

23)(* −= nvf n ; 3164)(* 2 −≤≤+=+ niifivf i  ; 

If  6=n , 4)(* 1 += nvf  ; 5)(* 2 += nvf  ; 32)(* 3 += nvf  ;  

nvf 3)(* 4 =  ; 52)(* 5 += nvf  ; 12)(* 6 += nvf . 

If  8≥n  ,  10)(* 1 =vf  ;  11)(* 2 =vf  ; 
2

6
1)1(8)(* 2

−≤≤+=+
n

iifivf i ; 

94)(*
2

−= nvf n  ; 64)(*
2

2 −=+ nvf n  ; 74)(*
2

4 −=+ nvf n  ; 

2

6
1)32(4)(*

−≤≤+=−
n

iifivf in  ;  13)(* =nvf  . 



  Adjacent Edge Graceful Graphs 

31 
 

Example 2.8. The adjacent edge graceful labelings of  14C  and  11C  are shown in the 
Fig. 5  and  Fig. 6  respectively. 

                                    Figure 5:                                           Figure 6:   
 
Theorem 2.9. The graph ng    is not an adjacent edge graceful graph.    

Proof: Let  };;1:{)( 21 ++≤≤= nnin vvnivgV . 

   Let 




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
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Let  f   be a  bijection    from  )( ngE  to }13,.......,3,2,1{ −n . 

Let 13121 ,....,,,....,, −+ nnn lllll  be the label of  edges 13121 ,....,,,....,, −+ nnn eeeee   

 by f  respectively. And   f  induces that   ,......}3,2,1{)(:* →ngVf   by  

 )()(* ∑=
i

iefuf over all edges ie  incident to adjacent vertices of u . 

The vertices  1+nv   and  2+nv   have the same adjacent vertices },....,,{ 21 nvvv . 

Then )......(2)(* 1211 −+ +++= nn lllvf +( )...... 131 −+ +++ nnn lll  

                     = ∑∑
−

=

−

=

+
13

1

1

1

n

i
i

n

i
i ll = ∑∑

−

=

−

=

+
13

1

1

1

n

i

n

i
i il  = 

2

)13(3 −+ nn
m   , where  ∑

−

=

=
1

1

n

i
ilm  

Since 1+nv   and  2+nv   have the same adjacent vertices,  

2

)13(3
)(* 2

−+=+
nn

mvf n . That is *f  is not injective. Hence  gn  is not an adjacent 

edge graceful graph. 
 
Theorem 2.10. The graph  n -bistar  nnB ,   is not an adjacent edge graceful graph.    

Proof: Let  }11:;11:{)( , +≤≤+≤≤= niunivBV iinn . 
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Let  




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=
≤≤=
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+++
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+

1112

1

1

, 1

1

)(

nnn

niin

nii

nn

vue

niifvve

niifuue
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Let   f  be a  bijection from  )( ,nnBE  to }12,.......,3,2,1{ +n . 

And   f  induces that ,......}3,2,1{)(:* , →nnBVf  by )()(* ∑=
i

iefuf   

over all edges ie  incident to adjacent vertices of u .  

Step 1: 
The adjacent vertices of  1+nu  are 121 ,,.......,, +nn vuuu . 

)()()(*
12

11
1 ∑∑

+

+==
+ +=

n

ni
i

n

i
in efefuf  =∑

+

=

12

1

)(
n

i
ief  

                = )12(.........321 +++++ n  = )12)(1( ++ nn . 
Step 2: 
The adjacent vertices of  1+nv  are 121 ,,.......,, +nn uvvv . 

)()()()(* 12

2

11
1 +

+==
+ ++= ∑∑ n

n

ni
i

n

i
in efefefvf  =∑

+

=

12

1

)(
n

i
ief  

                = )12(.........321 +++++ n = )12)(1( ++ nn . 

From  step(1)  and  step(2), the vertex labels of  1+nu  and  1+nv  are same. 

That is *f  is not injective.Hence nnB ,  is not an adjacent edge graceful graph.    

 
Theorem 2.11. The Helm )3( ≥nH n   is  an adjacent edge graceful graph.    

Proof: Let  }1:;11:{)( nivniuHV iin ≤≤+≤≤=  

Let  
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
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



≤≤=
≤≤=

=
−≤≤=

=

++

+

+

niifuue

niifvve

uue

niifuue
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Define  a bijection }3,......,3,2,1{)(: nHEf n →  by niifief i ≤≤= 12)(  ; 

niifief in ≤≤−=+ 112)(  ;  niifinef in ≤≤+=+ 12)( 2 . 

Let *f  be the induced vertex labeling of  f . 
The induced vertex label  are as follows: 
If  3=n  , nuf 22)(* 1 =  ; 122)(* 2 += nuf  ; 220)(* 3 += nuf  ;  

nuf 19)(* 4 =  ; 15)(* 1 += nvf  ; 25)(* 2 += nvf  ; nvf 8)(* 3 = . 

If  4≥n  , 
2

18235
)(*

2

1

++= nn
uf  ;   

2

50135
)(*

2

2

++= nn
uf  ; 
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2

14315
)(*

2 −+= nn
uf n  ;  

2

511
)(*

2

1

nn
uf n

+=+  

; 31
2

325095
)(*

2

2 −≤≤+++=+ niif
inn

uf i ; 

44)(* 1 += nvf  ;  11742)(* 1 −≤≤++=+ niifinvf i . 

 
Theorem 2.12. Complete bipartite graph nmK ,  is not an adjacent edge graceful graph.    

Proof: Let  }1:;1:{)( , nivmiuKV iinm ≤≤≤≤= . 

Let  }1,1:{)( , nimivueKE jiinm j
≤≤≤≤== . 

Define  a bijection  f   from  )( ,nmKE  to },.......,3,2,1{ n . 

And   f  induces that ,......}3,2,1{)(:* , →nmKVf  by )()(* ∑=
i

iefuf   over all 

edges ie  incident to adjacent vertices of u .. 

Case (i) nm <  

)()(*
1 1
∑∑

= =

=
m

i

n

j
ii j

efvf =
2

)1(
.........321

+=++++ mnmn
mn  for mi ≤≤1 . 

The label of each vertex iv   is  
2

)1( +mnmn
 for mi ≤≤1 . 

Case (ii) nm =  

)(* iuf = )()(*
1 1
∑∑

= =

=
n

i

n

j
ii j

efvf =
2

)1(
.........21

22
2 +=+++ nn

n  for ni ≤≤1 . 

The label of each vertex iu  and iv  are   
2

)1( 22 +nn
 for ni ≤≤1 . 

Case (iii) nm >  

)()(*
1 1
∑∑

= =

=
m

i

n

j
ii j

efuf =
2

)1(
.........321

+=++++ mnmn
mn  for ni ≤≤1 . 

The label of each vertex iu   is  
2

)1( +mnmn
 for ni ≤≤1 . 

In the above three cases , *f  is  not injective. 

Hence the complete bipartite graph nmK ,  is not an adjacent edge graceful graph.    

Corollary 2.13. The Star graph   nK ,1  is not an adjacent edge graceful graph.    

Proof: By putting  1=m in the result of the  above  theorem 2.12 , we can get the 
result  of  this corollary. 
 
Theorem  2.14. Every  fan  )4( ≥nf n   is an adjacent edge graceful graph. 
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Proof: Let  }11:{)( +≤≤= nivfV in .  

Let }1:;11:{)( 111 nivvenivvefE niiniiin ≤≤=−≤≤== ++−+ . 

Define  a bijection }12,......,3,2,1{)(: −→ nfEf n  by  

Case (i)  n is odd , 11)( −≤≤= niifief i  and  

niifinef in ≤≤+−=+− 11)( 1 .  

Case (ii)  n  is even ,  1112)( −≤≤−= niifief i   ; 

112)( 1 −≤≤=+− niifief in  ; 12)( 12 −=− nef n . 

Let *f  be the induced vertex labeling of  f . 
The induced vertex   labels are as follows: 

If  n  is odd , 
2

83
)(*

2

1

++= nn
vf  ;  

2

20133
)(*

2

1

−+=−
nn

vf n  ;  

2

1073
)(*

2 −+= nn
vf n  ;  

2

)35(
)(* 1

−=+
nn

vf n  ; 

31)1(6
2

1633
)(*

2

1 −≤≤−+++=+ niifi
nn

vf i   . 

If  4=n  , 36)(* 1 += nvf  ; nvf 9)(* 2 =  ; 39)(* 3 += nvf  ;  

18)(* 4 += nvf  ;  19)(* 5 += nvf  . 

If  6≥n  , 7)(* 2
1 ++= nnvf  ;  16)(* 2

2 ++= nnvf  ; 

2111)(* 2
1 −+=− nnvf n  ; 117)(* 2 −+= nnvf n  ; 

133)(* 2
1 +−=+ nnvf n  ; 411215)(* 2

2 −≤≤+++=+ niifinnvf i . 
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